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1 Opinions of the Moderns concerning the Author of 
1 the Elements of Geometry, which go under Euclid's 

name, are very different and contrary to one another. Peter 

Ramus aſcribes the Propoſitions, as well as their Demonſtra- 
tions, to Theon; others think the Propoſitions to be Euclid's, 
but that the Demonſtrations are Theon's; and others main- 
tain that all the Propoſitions and their Demonſtrations are 
Euclid's own: John Buteo and Sir Henry Savile are the 
Authors of greateſt Note who aſſert this laſt; and the greater 
part of Geometers have ever ſince been of this Opinion, as 
they thought it the moſt probable. Sir Henry Savile after 
the ſeveral Arguments he brings to prove it, makes this Con- 
cluſion, (Page 13. Praelect.) That, excepting a very few 
% Interpolattons, Explications, and Additions, Theon altered 
nothing in Euclid.“ But, by often conſidering and com- 
paring together the Definitions and Demonſtrations as they 
are in the Greek. Editions we now have, I found that Theon, 
or whoever was the Editor of the preſent Greek Text, by 
adding ſome things, ſuppreſſing others, and mixing his own 
with Euclid's Demonftrations, had changed more things to the 
worſe than is commonly ſuppoſed, and thoſe not of ſmall mo- 
ment, eſpecially in the Fifth and Eleventh Books of the Ele- 
ments, which this Editor has greatly vitiated ; for inſtance, 
by ſubſtituting a ſhorter, but inſufficient Demonſtration of 
the 18th Prop. of the 5th Book, in place of the legitimate one 
which Euclid had given; and by taking out of this Book, 
beſides other things, the good Definition which Eudoxus or 
Euclid had given of Compound Ratio, and given an abſurd 
one 1n place of it in the 5th Definition of the 6th Book, 
| Which neither Euclid, Archimedes, Appolonius, nor any 
| Geometer before Theon's time, ever made uſe of, and of 
which there is not to be found the leaſt appearance in any of 
their Writings ; and, as this Definition did much embarraſs 
Beginners, and is quite uſeleſs, it is now thrown out of the 
Elements, and another, which, without doubt, Euclid had 
given, is put in its proper place among the Definitions of the 


Sth 
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th Book, by which the doctrine of compound Ratios i is ren- | 
dered plain and eaſy. Beſides, among the Definitions of the 


4 Planes of the ſame Number and Magnitude.” Now this 
med; and, therefore, though this were a.true Propoſition, it 
1 ought to have been demonſtrated. But, indeed, this Propo- 


not true univerſally, except in the caſe in which each of the 


contained by fimilar Planes of the ſame Number and Magni- 


dent in the Notes ſubjoined to theſe elements. In like manner, 
in the Demonſtration of the 26th prop. of the 11th Book, it is 


another which are contained by plain Angles of the ſame Num- 


9 


Aagles are contained by no more than three plain Angles ; 
nor of this Caſe is there any Nemonſtration in the Elements we 


Nou, upon the 10th Definition of this Book depend the 25th 


37th, and qoth of the ſame Book; and the 12th 5 the 12th 


which is not a right Definition; becauſe there may be Solids 


his Elements have been much corrupted by unſkilful Geome- 
ters; and, though theſe are not ſo groſs as the others now 
mentioned, they ought by no means to remain uncorrected. 


Feat acceptable to all Lovers of accurate Reaſoning, and of | 


xith Book, there is this, which is the 1oth, viz. * Equal and 
% fimilar ſolid Figures ate thoſe which are contained by fimilar 


Propoſition is a Theorem, not a Definition ; becauſe the equa- 
lity of Figures of any kind muſt be demonſtrated, and not aſſu- 


ſition, which makes the 1oth Definition of the 11th Book, is 


ſolid angles of the Figures 1 is contained by no more than three 
plane Angles ; for in other caſes, two ſolid Figures may be 


tude, and yet be unequal to one another, as ſhall be made evi. 


taken for granted, that thoſe ſolid Angles are equal to one 


ber, and Magnitude, placed in the ſame order; but neither is 
this univerſally true, except in the caſe in ieh the ſolid | 


now have, though it be quite neceſſary there ſhould be one. 


and 28th Propoſitions of it; and, upon the 2 15 and 20th 
depend other eight, viz. the 21th, 31ſt, 32d, 33d, 34th, 36th, 


Book depends upon the eighth of the ſame; and this eighth, and 
the Corollary of Propoſition 17. and Prop. 18th of the 12th 
Book, depend upon the gth Definition of the 11th Book, 


contained by the ſame number of ſimilar plane Figures, which BW 
are not ſimilar to one another, in the true Senſe of Similarity | 
received by Geometers ; and all theſe Propoſitions have, for 
theſe Reaſons, been inſufficiently demonſtrated fince Theon's 
time hitherto. Bcfides, there are ſeveral other things, which 
have n thing of Euclid's accuracy, and which plainly ſhew, that 


Upon theſc Accounts it appeared neceſſary, and I hope will 


athematical W to remove : ſuch Blemiſhes, and reſtore 


PREFACE. _— 


the 3 Books of the Elements to their i Accuracy, - 
as far as I was able; eſpecially fince theſe Elements are the 

Foundation of a Science by which the Inveſtigation and Diſco- 

very of uſeful Truths, at leaſt in Mathematical Learning, is 
promoted as far as the limited Powers of the Mind allow; and 
which likewiſe is of the greateſt Uſe in the Arts hoth of Peace L 
and War, to many of which Geometry is abſolutely neceſſary, 
This I have endeavoured to do, by taking away the inaccurate 


| and falſe Reaſonings which unſkilful Editors have put into the 


place of ſome of the genuine Demonſtrations of Euclid, who 
has ever been juſtly celebrated as the moſt accurate of Geo- 
meters, and by reſtoring to him thoſe Things which Theon or 
others have ſuppreſſed, and which have theſe many ages been 
buried in Oblivion. 

In this Ninth Edition, Prolemy's Propoſition concerning a 
Property of 8 Figures in a Circle is added at the 
End of the ſixth Book. Alſo the Note on the 29th Prop. 
Book 1ſt, is aired, and made more explicit, and a more gene- 
ral Demonſtration is given, inſtead of that which was in the 


Note on the roth Definition of Book 11th; beſides, the Tranſ- 


lation is much amended by the friendly aſſiſtance of a learned 


| Gentleman, 


To which are alſo. added, the Elements of Plane and Spherical 
Trigonometry, which are r nent! after the mean 


ef Euclid. 
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BOOK I 
DEFINITIONS. 


| 
Point is that which hath no parts, or which bath no o Sox Note, | 
magnitude. 8 | 
EX | 


A line i 1s length without breadth. 
. III. 
The extremities of a ne are points. 
| _ 
K ſtraight line is that which lies 2125 between its extrems N 


points. | 
1 
A ſuperficies is chat which hath only length ond breadth, ; 
VI. 


The extremities of a ſuperſicies are lines. 
VI. 
A plane ſuperficies i is that in which any two points being taken, 
as . line between them lies wholly in that ſuperficies. 
5 VIE - 
KA plane an gle is the inclination of two lines to one another 
in a plane, which meet together, but are not in the ſame See N. 
6 direction. * 
IX. 


A views refiilinesl angle i is the inclination of two > right lines 
to one another, which meet together, but are not in the 
ſame ſtraight line. 1 


See N. 
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| N. B. When ſeveral angles are at one point B, any one of 
them is expreſſed by three letters, of which the letter that is 


s at the vertex of the angle, that is, at the point in which the 


* ſtraight lines that contain the angle meet one another, is put 
* between the other two letters, and one of theſe two is ſome- 
s where upon one of thoſe ſtraight lines, and the other upon 


the other line: Thus the angle which is contained by the 


* ſtraightlines AB, CB, is named the angle ABC, or CBA; that 


© which is contained by AB, BD is named the angle ABD, or 
DBA] and that which is contained by BD, CB is called the 


angle DBC, or CBD ; but, if there he only one angle at a 


point, it may be expreſſed by a letter placed at that paint; ag 


P the Angle at SE | 
SA Ea | X. 


When a firaight line ſtanding on ano- 


ther ſtraight line makes the adjacent 
angles equal to one another, each of | 
the angles is called a right angle; 6 gs 
and the ſtraight line which ſtands on . 
the other is called a perpendicular to 
— N = - 


© as 


XI. = 


An obtuſe angle is that which is greater than a right angle. 


* 
4 * 
— 
V 7 


TT 


Vs; 


An acute angle is that which is leſs than a right angle. 


RS, 5 XIII. 
A term or boundary is the extremity of any thing.“ 
A figure is that which is incloſed by one or mere boundaries. 
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XV. . 
A circle i is a a pleas figure contained bs one line, which i 18 ; called nz 
the circumference, and is ſuch that all ſtraight lines drawn 
from a certain point within the fi gure t to the circumference, 


ty * by one another, Y 


XVI. 
And this point is ; cilled the centre of the circle. 
XVII. Nt 
A diameter of a circle is a ſtraight line drawn through the cena 
tre, and terminated both Vill“ the circumference. N 
XVI 


A ſemicircle is the figure contained by a diameter and the part i 


of the circumference cut off b the diameter. 
{ Xl | 


«A ſegment of a circle is the figure contained by a nraight 


ine, and the circumference it cuts off. * 
TX. 


Kectilineal figures 2 are thoſe which are 3 by ftraight. 


lines. 
XXI. 


1 Trilateral figures, or triangles, by three Araight lines. | ; 


XXII. 
Quadrilateral, by four ſtraigh ht lines, 
III. 


5 Multilateral figures, or polygons, by more than four Reaight 


lines. 


XXIV. 


Of three ſided figures, an equilateral triangle ! is chat which has 


three equal ſides. 
XXV. 
An iſoſceles triangle i is that which has only two 2 e wt 
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XXVI. 


A FT triangle, is that which has three unequal ies 


XXVII. 


| A cight angled anke, is that which has a right angle. 


XXVIII. 


| | An obtuſe angled triangle, 3 is that which his. an obtuſe e angle 


— 


— 


XXIX. 
An acute angled triangle, i is that which has three acute an ages 
X. 


Of four ſided figures, a ſquare 1s that which has al; its ſides 
equal, and all its . . angles. 


3 | 
XXI. 


An oblong, i is that which has all i its angles right angles but has 


not all its des equal. 
XXXII. 


A active: is that which has all its ſides equal but its s angles. 


are not gn . 


XXXIII. | 
A rhomboid, is that which has its wake ſides equal to one 
another, but all its ſides are not equal, nor its s angles right 


angles. 
XXXNIV. 


ides, 
gle, 


les. 


des 


aas 


les 
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XXXIVV. Book 1. 
All other. four ſided figures beſides theſe, are called Trapeziums, — 
XXV. 


Parallel ſtraight lines, are ſuch as are in . ſame plane, and 
which, being produced ever ſo far both ways, do not meet. 


* 


1 


POSTULATES. 


1. 
Lr; it be granted that a ſtraight line may be drown from 
any one point to any other point. 
II. | 
That a terminated ſtraight line _y be produced to any length 
in a ſtraight line. 
. 


And that a cirele may be deſcribed from. a centre, at any 
diſtance rom that centre. 


. M 8. 
1. | 


Tae which a are re equal to the ſame are 1 to « one an- 
other. , | 
Bo 3 
| 11 equals be added to equals, + wholes : are equal. . 5 FE 


If equals be taken from equals, the remainders are . 


IV. 


it equals be added to unequals, the wholes are uriequal, 


"Wo | 
If equals be taken from unequals, the remainders are unequal, ps ; 


Things which are double of the ſame, are equal to one another, 
VII. 


Things which are e halves of the 3 are equal to one another. 


VIII. 


Magnitudes which coincide with one another, that i is, which 


exactly fill the ſame ſpace, are | equal to one another, _ 


— ü EE ak — LE — DT 3. 
— N — 
— — — —— — a. — 


| ” 
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aw . whole 3 is greater man: its part. 


reo Arai ght lines cannot Wel a ſpace, 


XI. 


| All Tight angles are equal to one another. 


XII: 


« If a ſtraight line meets two ſtraight lines, ſo as to make the 


two interior angles on the ſame fide of it taken together 

«. Jeſs than two right angles, theſe ſtraight lines _ con- 
„ tinually produced, ſhall at length meet upon that fide on 
_ & which are the angles which are leſs than two right angle: 
See che notes on . * of Book I,” 


; 
| 


8 uerin 1 
N I. PROBLEM. bert l. 
 ÞRoOPOSILTIO 2 


IO deſcribe an equilateral - ne upon 4 given” e 
finite ſtraight line. 5 


Let AB be the given ftraight line; it is e to deteribe 
an equilateral triangle upon it. 


From the centre A, at the di · OE 
ſtance AB, deſcribe. 2 the circle X 
BCD, and from the centre, B, at 
the diſtance BA, deſcribe the 
circle ACE ; and from the point 
C, in which 'the circles cut one\ 
another, draw the ſtraight linesd \ 
CA, CB to the points A, B; ABC 
ſhall be an equilateral triangle. 3 > 

Becauſe the point A is the centre * the rus BGB, AC i is 5 85 
equal < to AB; and becauſe the point B is the centre of the c. 15. Deß - 
circle ACE, BC is equal to BA: But it has been proved that CA dition. 
is equal to AB; therefore CA, CB are each of them equal to 
AB; but things which are equal to the ſame are equal to one 
another d; therefore CA is equal to CB; wherefore CA, AB, BC d. rift A＋. 
are equal to one another; and the triangle ABC is therefore on. | 


equilateral, and it is deſcribed upon the — . line AB. 
Which was required to be done. 


PROP. mn. PROB. 


"ROM a given point to draw a Nraight line equal to 
a given ſtraight line. 


Let A be the given point, and BC the given ſtraight line; it is "I 
required to draw from the point A a — line _— to BC. | 


From the point A ton draw * 
the ſtraight line AB; and upon it 
deſeribe b the equilateral triangle / 
DAB, and produce e the ſtraight 
lines DA, DB, to E and F; from 
the centre B, at the diſtance BC, \ 
deſcribe 4 the circle CGH, and 
from the centre D, at the ee | 
DG, deſcribe the circle GL. AL NV 
Mali be equal to BC. 


16 


8 * 


e. 15. * DL is equal to DG, and DA, DB, s of them, are equal; 


f. 3. Ax. 


ftraight line 8 Which was to be done. 


ſtraight lines, whereof AB is the 


to C, the leſs. 


a. 2. 1. : 


b. 3, Poſt. 


Cc. 2. Ax. 


they ſhall likewiſe have their baſes, or third ſides, equal; 
and the two triangles ſhall be equal; and their other 
angles ſhall be equal, each to each, viz, thoſe to which 
the equal ſides are oppoſite. 


AB, AL equal to the two hdes DE, DF, each to each, VIZ. 


ſtraight line AD equal to C; and 


of the circle DEF, AE ſhall be equal to AD; 5 the Araight 
line C is likewiſe equal to AD; whence AE and C are each 
of them equal to AD; wherefore the ſtraight line AE is equal 


AE has been cut off _ to C the leis. Which was to be. 


T two triangles have two ſides of the one equal to two 
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Berauſe the point B is the centre of the cliche CGH, BC is 
ual e to BG; and becauſe D is the centre of the circle GL, 


therefore the remainder AL is equal to the remainder f BG: 
But it has been ſhown, that BC is equal to BG; wherefore AL 
and BC are each of them equal to BG; and thin gs that are 
equal to the ſame are equal to one another ; therefore the 
ſtraight line AL is equal to BC. ' Wherefore from the given 
point A a ſtraight line AL has been drawn equal to the n 


PROP. m. PRO B. 


ROM the greater of two given ſtraight lines to cut 
off a part equal to the leſs. | 
Let AB and C be the two given 


rome. It is required to cut off 
rom AB, the greater, a part 9 1 : 


From the point A draw a the | 


from the centre A, and at the —_ 
tance AD, deforibe b the circle 
DEF ; and becauſe A 1s the centre 


to © C, and from AB, the greater of two ſtraight lines, a part 
done. 
PROP. IV. THEOREM. 


ſides of the other, each to each; and have likewiſe 
the angles contained by thoſe ſides equal to one another; 


Let ABC, DEF be two triangles hich have the two fides 


cut | 


two 
wile 
her; 
ual; 
ther 


hich 


fides 


VIZ. 


AB, 


\ 


6x vets. 


AB to DE, andAC to DF; | 
and the angle BAC equal to A 
the angle EDF, the baſe BE N 
ſhall be equal to the baſe 
EF ; and the triangle ABC - 

to the triangle DEF ; and 
the other angles, to which 
he equal ſides are oppoſite, 
tall be equal each to each, 4 
viz. the angle ABC to the B 


kogle DEF, and the angle 
ACB to DFE. 


For, if the triangle ABC be applied to DEF, ſo that the point 
\ may be on D, and the ſtraight line AB upon DE ; the point 
3 ſhall coincide with the point E, becauſe AB is equal to DE; 
ind AB coinciding with DE, AC ſhall coincide with DF, be- 
auſe the angle BAC is equal to the angle EDF; where fore 
lſo the point C ſhall coincide with the point F, becauſe the 
traight line AC is equal to DF : But the point B coincides with 
he point E; wherefore the baſe BC ſhall coincide with the baſe 
F; becauſe the point B coinciding with E, and C with F, if 
he baſe BC does not coincide with the baſe EF, two ſtraight 
ines would incloſe a ſpace, which is impoſſible 2, 
he baſe BC ſhall coineide with the baſe EF, and be equal to 
' Wherefore the whole triangle ABC ſhall coincide with the 
hole triangle DEF, and be equal to it; and the other angles, 
f the one ſhallcoincide with the remaining angles of the other, 
id be equal to them, viz. the angle ABC to to the angle DEF, 
d the angle ACB to DFE. Therefore, if two triangles have 
wo fides of the one equal to two ſides of the other, each to 
ach, and have likewiſe the angles contained by thoſe fides e- 
al to one another, their baſes ſhall ikewiſe be equal, and the 
angles be equal, and their other angles to which the equal 


des are oppoſite ſhall be ne; each to each. Which was to 
þ iemonEretial, | 


2 


e 


PROP. v. THEOR. 


— 


"HE, angles at the baſe of an Iſoſceles wriangle are 
equal to one another; and, if the equal fides be 


e the angles upon the other ſide of the baſe 
all be equal. 


Let ABC be an Ifoſceles triangle, of which the fide AB is e- 
B.. — 


5 


* 


Therefore 2 10 Az. 


18 


Book I. 


2 3. 1. 


FA, AG are equal to the two GA, AB, each to each; and 
they contain the angle FAG com- : 
mon to the two triangles AFC, =. 


b 4. 1 qual b to the baſe GB, and the tri- 


of the other, each to each, to which 
the equal ſides are oppoſite ; 5 VIZ. 


and the angle AFC to tha angle 


the parts AB, AC, are equal; the 


£3. Ax. 


are equal to the two CG, GB, each to each; and the angle 7 
BFC is equal to the angle CG B. and the baſe BC is common to 


and their remaining angles, each to each, to which the equal 
ſides are oppoſite; therefore the angle FBC is equal to the angle 


E. D. 
5 7 


; e, ſhall be equal to one another. 


AG equal a to AF, the leſs, and join FC, GB. 


maining angle ACB, which are the angles at the baſe of the 
triangle ABC: And it has alſo been proved that the anlge FBC 
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gil to AC, and let the ſtraight lines AB, AC be produced to 
D and E, the angle ABC ſhall be equal to the angle ACB, and F 
he angle CRD to the angle BCE. 


In BD take any point F, and from AE the greater, cut off 
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| Becauſe AF is equal to AG, and AB to AC, the two fides 


AGB; therefore the bafe FC is e- 


angle AFC to the triangle AGB; 
and the remaining angles of the one 
are equal Þ to the remaining angles 


the angle ACF to the angle AEG, F. 


AGB: And becauſe the whole Ab 1 | * 
is equal to the whole AG, of which D oe. E 


remainder BF ſhall be equal to the eater c; and FC 2 
was proved to be equal to GB; therefore the two ſides BF, FC 


the two triangles BFC, CGB; wherefore thetriangles are equal b, 


GCB, and the angle BCF to the angle CBG : And, ſince it has I 
been demonſtrated, that the whole angle ABG is equal to the 
whole ACF, the parts of which, the angles CBG, BCF are alſo 
equal; the remaining angle ABC is therefore equal to the re- 


is equal to the angle GCB, which are the angles upon the o- 
ther fide of the baſe. Therefore the angles at the baſe, &c. 


CoroLLary, Hence every equilateral triangle i is equip 


PROP. VI. THE OR. 


FF two angles of a triangle be equal to one another, 
the ſides alſo which ſubtend, or are oppoſite to, the 


- 


ff 
Ws . 


Let 


OF EUCLID. 


Wt ABC be a triangle having the angle ABC qual to the 
ngle ACB ; the fide AB is alſo equal to the fide AC. 
For, if AB be not equal to AC, one of them is greater than 

e other: Let AB be the greater, and from it cut 3 off DB e- oe 
alto AC, the leſs, and join DC; there- A 
re, becauſe in the triangles DBC, ACB, 
DB is equal to AC, and BC common to h 
Woth, the two ſides DB, BC are equal to 
We two AC, CB, Par to each; and the 
eagle DBC is equal to the angle AB; 
erefore the baſe DC is equal to the baſe 
eB, and the triangle DBC is equal to 3 
bb je triangle b AC, the leſs to the great- 
J; which is abſurd. Therefore AB is B 
Wot unequal to AC, that is, it is equal to 
=. Wherefore, if two angles, &c. Q. E. D. 

Cor. Hence every equiangular triangle. 1 1s alſo equilateral. 


PROP. VII. THEOR. 


"PON the ſame baſe, and on the ſame fide of i it, See N. 
there cannot be two triangles that have their ſides 


2 l hich are terminated in one extremity of the baſe equal 
e one another, and likewiſe thoſe which are terminated 


the other extremity. 


ual b | 

equal Tf. it be poſſible, let there be two o triangles ACB, ADB, up- 
angle the ſame baſe AB, and upon the ſame fide of it, which have 

t has Meir ſides CA, DA, terminated in the extremity A of the baſe 


Wual to one aher, and likewiſe 
Peir ſides CB, DB, that are termi- 

ated in Z. 5 
Join CD; then, in the caſe in 


8 


f the 

FBC Which the vertex of each of the tri- 
the o- gles is without the other triangle, 
„cc. ecauſe AC is equal to AD, the 


gle, ACD is equal 2 to the angle 
DC: But the angle ACD is greater PR 
Wan the angle BCD; therefore the A 
Pele ADC is greater alſo than BCD; 
a Puch more then is the angle BDC greater than the angle BCD. 
ther, garh, becauſe CB is equal to DB, the angle BDC is equal a to 
„ the Wie angle BCD ; but it has been demonſtrated to be e 
| jan it; which is impoſſible. | 5 
Let B 2 73 But 


40 


Bl 


Book. I. 
aw ACB; produce AC, AD to E, E; there- | 


45.1,equal © to one another, but the angle 


 wherefore the angle FDC is likewiſe 


BOD. Again, becauſe CB is equal to A 


THE E L E MEN T 8 

But if one of the vertices, as D, be within the other rriangi 

fore becauſe AC is equal to AD in the 

triangle ACD, the angles ECD, FDC 

upon the other fide of the baſe CD are 
ECD is greater, than the angle BCD; 


greater than BCD; much more then is 
the angle BDC greater than the angle 


DB, the angle BDC is equal à to the Y, 
angle BCD ; but BDC has been proved to be greater than tha 
ſame BCD; which is impoſſible. The caſe in which the ver. 
tex of one triangle is upon a ide of the other, needs r no o de ' 
monſtration. bY 


terminated in one extremity of the baſe 1 5 to one another, 4 
joſe which are terminated in the other extremity. 


PROP. vm. THE OR. 


IF two o triangles have two ſides of the one equal to two 4; 
ſides of the other, each to each, and have likewiſe 
their baſes equal; the angle which is contained by the 
two ſides of the one ſhall be equal to the angle contain- 
ed by the two ſides equal to them, of the other. 8 
Let ABC, DEF be two triangles having the two ſides AB, 
AC, equal to the two ſides DE, by, each to each, VIZ. AB te 
ae 1 
DPF; and alſo the 
| baſe BC equal to \ 
the baſe EF. The 
angle BAC is e- 
qual to the angle 
EDF. = 
For, if the tri- 


angle, ABC beap- B . CE- + 197:3- 
plied to DEF, fo 3 
that the point B be on E, and the raight line BC upon EF; 
the point C thall alſo coincide with the point F. Becauſe 


BC 
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301 is equal to EF; therefore BC coinciding with EF, BA and Book l. 

Ac ſhall coincide with ED and DF; for, if the baſe BC coin- 

Fides with the baſe EF, but the aer BA, CA do not coincide 

ith the ſides ED, FD, but have a different fituation as EG, 

FG ; then, upon the ſame baſe EF, and upon the ſame fide of 

it, there can be two triangles that have their ſides which are 

erminated in one extremity of the baſe equal to one another, 

nd likewiſe their ſides terminated in the other extremity : But 

nis is impoſſible 2; therefore, if the baſe BC coincides with the a 7. f. 

Baſe EF, the ſides BA, AC cannot but coincide with the fides 

pd, DF; wherefore likewiſe the angle BAC coincides with the 
2 EDP, and is equal b to it. Therefore if two triangles, b 8. AH 

Kc. Q. E. D. : | 


ting 


3s 


han thel 


he ver. . 
no de PROP. IX. PROB. 
e of it O biſe& a given rectilineal angle, that is, to divide 
ich are it into two equal angles. 
nother i Let BAC be the siven rectilineal angle, i it is required to bi- 
"emit y, ect it. | 
| Take any point D. in AB, and from AC eut a off AE equal to | 15 


* 7 2248) 4 WH i 8 * * — N 
* . a ES 8 777 THe ee N = M- 
1 CR FEE MIN 8 EIT EE oe ft oe eg! 8 5 A 
1 7: OS N „ Fa r rz A . 


D; join DE, and upon it deſcribeb 1 
5 equilateral triangle DEF; then i A 
in AF; the ſtraight line AF biſeds 


to twol 

kewiſe e angle BAC. : 

by the Becauſe AD is equal to AE, and 
y the . 

ntain- = XF is common to the two triangles « D 


Par, EAF; the two ſides DA, AF, 
 _ ire equal to the two ſides EA, AF, 2 
4 * Nach to each; and the baſe DF 1s e- B 

B te 1 


val to the baſe EF; therefore the * ; 
Ingle DAF is equal c to the angle c 8. L. 
Fa; wherefore the given rectilinesl angle BAC i is biene by 

ie ſtraight line AF. Which was to be done. ©". 


PROP. Y PROB. 


O biſect a given finite ſtraight line, that is, to di- 
vide it into two equal parts. 


Let AB be the given ſtraight! line; * 18 required t to divide it 


3 f to two equal parts. 
n EF; Deſcribe a upon it an equilateral triangle ABC, and bilect 4 1. f. 
ecauſe the angle ACB by the ſtraight line . AB is cut into two d 9. 1. 
BC wal parts in the . D. 


= WP : Becauſe 


— — — 


— 


EE ˙ ͤi Gas "aa, eve oo a tt 2 


— 


— — — —— — — 
= 
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| Book). Becauſe AC is . to CB, and CD 
won common to the two triangles ACD, 


BCD ; the two ſides AC, CD are e qual | 
to BC, CD, each to each ; and "he 
angle ACD is equal to the angle BCD; 

5 therefore the baſe AD is equal to the 

k baſe © DB, and the ſtraight line AB is 
divided into two equal parts in the point 


D. Which v was to be done. 3 


PROP. XI. PROB. 


NI IO 0 Io, a ae dB S TTT m — Te 2 by | 
- i 3 Ne eos” % 3. N 25 CEE 42 Is . 8 - * 5 3 
e 2.64) 1 % 8 ** 3 n . nd „ ß FI us. r * 3 
I OV AIP; Po e . 2 - 
Wes FFF ² TNT „1 © NE On RF» SEN — * 2 . . 
0 Se SORE: > 23h © NEE" OE * * - - PS 7 \ 


0 draw a ſtraight line at right angles to a givel : 
ſtraight line, from a given point in the lame. 2 


9 
See N. Let AB be a given ſtraight line, and Ca point given in it; 4 
it is required to draw a ſtraight line rom the point C at. "oY J 
angles to AB. | 1 
23. 1. Take any point D in AC, and a "la CE equal to CD, anlf 5 
| br. 1. upon DE deſcribe b the equi- 1 5 
lateral triangle DFE, and join  _, 

FC; the ſtraight line FCdrawn 

from the given point C is at 

right angles to the given 
ſtraight line AB. 
Hhecauſe DC is equal to CE 
and FC common to the two | LE Ns Cee | 
triangles DCF, ECF; the two A 5 6 B = 

ſides DC, CF, are equal to the two EC, CF, each to each; and 5 
the baſe DF is equal to the baſe EF; therefore the angle DCN 
1. . is equal e to the angle ECF; and they are adjacent angle 5 
But, when the adjacent angles which one ſtraight line make 
with another ſtraight line are equal to one another, each of then 
d 10. Def, is called a right d angle; therefore each of the angles DCI 
1. ECF, is a right angle. Wherefore, from the given point C, ii 
the given ſtraight line AB, FC has been drawn at right angle 
to AB. Which was to be done, f 
Cox. By help of this problem, it may be demonſtrated, tha 
two ſtraight lines cannot have a common ſegment. | 
If it be poſſible, let the two ſtraight lines ABC, ABD har! 
the ſegment AB common to both of them. From the point! 

draw BE at right angles to AB; and becauſe ABC 1s 1 
"oh 


GETS *- 
#1 * 
1 
8 
3 
* "4 
"ey 
. 
1 


* 
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wank ‚‚ » m oe 
che angle BA; in the ſame 7 | — 
manner, becauſe ABD is a hag 210. Def, 
W ftraight line, the angle DBE is ED 


equal to the angle EBA; where- | 
WE fore the angle DBE is equal to * | 
che angle CBE, the leſs to the 5 3 D . 
greater; which is impoſſible q! —— 
therefore two ſtraight lines can- * B = BY 
W not have a common ſegment. 

= NO. HI. FRO 

; O draw a ſtraight line perpendicular to a given 
4 ſtraight line of an unlimited length, from a given 
WT point without it. 5 TH 


8 » 


Let AB be the given ſtraight line, which may be produced 
any length both ways, and let C he a point without it. It is 
required to draw aſtraightline Ns „ 
perpendicular to AB from the Fe 
point GG — 
== Take any point D upon 
the other fide of AB, and 
from the centre C, at the 
= diſtance CD, deſcribe b the 
circle EGF meeting AB in F . . 
= G; and biſect, FG in H, „ 1 10 I. 
and join CF, CH, CG; the ſtraight line CH, drawn from the 
given point C, is perpendicular to the given ſtraight line AB. 


<3 ted. 


F == Becauſe FH is equal to HG, and HC common to the two 
h; 2% triangles FHC, GHC, the two ſides FH, HC are equal tothe two 
le D c 8 GH, HC, each to each; and the baſe CF is equal d to the baſe ha Def. 
"8 CG; therefore the angle CHF is equal © to the angle CHG ; 
2 0 and they are adjacent angles; but when a ſtraight line ſtanding 
or then on a ſtraight line makes the adjacent angles equal to one ano- 
Der ther, each of them is a right angle; and the ſtraight line which 
nt C. u ſtands upon the other is called a perpendicular to it; therefore 
* an from the given point C a perpendicular CH has been drawn to 
3 the given ſtraight line AB. Which was to be done. 
ted, than PROP. XIII. THE OR. 
D nau HE angles which one ſtraight line makes with ano- 
point I ther upon the one ſide of it, are either two right 
angles, or are together equal to two right angles. 


Rraighl 
line, | R 4 | Let 


— 


— — 
— 
— * 
— ͥ — — 
— ꝗ QL ůͥm! QE. 


— 1 — * — 
— as _ bo Rr 
_ - — — * 
= 
* 


= 
- — 
— — 


— meme er —＋˖§ͤß 8 — x— 


4 


Bock l. 


WV it, the angles CBA, ABD; theſe are either two right angles, J 4 


« Def. 10. richt? angle; but, if not, from the d B draw BE a at right : 
b 12. x. angles d to CD ; therefore the angles CBE, EB are two right Wl 
angles a 1 


8 2. Ax. fore the angles CBE, EBD are equal e to the three angles CBA, 


d 1. Ax, that are equal to the ſame are equal d to one another; therefore 


T H 4 E M ENTS 
Let the Araight line AB make with CD, upon one 7 off 5 


or are together equal to two right angles. 


3 if the angle LA be equal | to ABD, each of them 18 a * 


4 © 2PM 


and becauſe CBE is equal to the two angles CBA, 
ABE together, add the angle EB to each of theſe equals; there. b 


ABE. EBD. Again, becauſe the angle DBA is equal to the Wl 
two angles DBE, EBA, add to theſe equals the angle ABC, 
therefore the angles DBA, ABC are equal to the three angles 
DBE, EBA, ABC: but the angles CBE, EBD have been de- 
monſtrated to be equal to the ſame three angles; and things 


the angles CBE, EBD are equal to the angles DBA, ABC; but 

CBE, EBD are two right angles; therefore DBA, ABC are 

together equal to two right angles. Wherefore, when a ſtraight 

_ &c. Q. E. D. 
PROP. XIV. THE OR. 


IF, at a point in a ſtraight line, two other Araight lines, 
upon the oppoſite ſides of it, make the adjacent angles 
together equal to two right angles, theſe two ſtraight 
lines ſhall be in one and the fame ſtraight line. 
At the point Bin the ſtraight 
line AB, let the two ſtraight lines 
BC, BD upon the oppoſite ſides 
of AB, make the adjacent ang- 
les ABC, ABD equal together 
to two right angles. BD is in the 
" Jaws ſtraight line with CB. 
For, if BD be not in the ſame : nv. . 
Airnight line if CB, let BE be C 33 D 


OF EUCLID. 8 as. 


de of 8 


, the fame ftra1 ght line withit; therefore, becauſe the ſtraight Book I. 
*Y es, 


ine AB makes angles with the frai ght line CBE, upon one ſide 

4 it, the angles ABC, ABE are together equal à to two right'® 13. k. 
Ingles; but the angles ABC, ABD are likewiſe together equal | 

> two right angles; therefore the angles CBA, ABE are equal 

> the angles CBA, ABD: Take away the common angle ABC, 

e remaining angle ABE is equal d to the remaining angle b 3 Ar. 

BD, the leſs to the greater, which is impoſſible; therefore BE 

not in the ſame ſtraight line with BC. And, in like manner, 

may be demonſtrated, that no other can be in the ſame 

raight line with it but BD, which therefore is in the ſame 

8 — line with CB. Wherefore, if at a n 8. GE. D. 


m is i 


3 ' 1 - 4. . - 4 1 * * 
«x 2 FFT 55 S 
bed. 2 8 pf x rig. ra 8 


C 


right F PR 0 P. XV. T H E O R. 

right BY 

BW Ur two ſtraight lines cut one another, the vertical, ar 
t =. 

CBA. 7 | oppoſe te, angles ſhall be equal, . : 
to the 73 Let the two ſtraight lines AB, CD cut one another i in the 
ABC, Poiot E; the angle AEC ſhall be _ to the angle DEB, and 
angle: PEB to AED, : 
en de- 

things 

4 efore 7 Rocuinls the Rraight line AE 

; but nakes withCD the angles CEA, < 

C are Wi \ ED, theſe angles are together & 


raight 


n 
= Nan a to two 11 n angles. 


gain, becauſe the ſtraight line 
E makes with AB the nid) "lh 
ines, 1 \ED, DEB, theſe alſo are to- 
ngles 3 zether equal a to two right an- 
„ les; and CEA, AED have been 


aight We 


"JC lemonſtrated to be equal to two right angles ; : - wharafore the an- 
les CEA, AED are equal to the angles AED, DEB. Take ; 
ay the common angle AED, and the remaining angle CEA 
Ws equal b to the remaining angle DEB. In the ſame manner 
Wit can be demonſtrated that the angles CEB, AED are equal. 
lherefore, if two ſtraight lines, &c. oo. 


b 3. Ay 


= Cox. 1. From this it is manifeſt, that, if two ſtraight lines 
Neut one another, the angles they make at the point where they 
Wcut, are together equal to four right angles, 

= Cox. 2. And conſequently that all the angles wells by any 
number of lines meeting in one youre s are "gain equal to 


E 

'D 
| four ri ht an les. 5 

= ba F PROP. 


"es 
\ 


THE ELEMENTS 
PROP. XVI. THE OR. 


F one fide of a triangle be produced, the exterif 
angle is greater than either of the interior oppoliſ 2 
angles. Y 
Let ABC be a triangle, and let its fide BC be produced to I 
the exterior angle ACD is greater than either of the i inter 
oppoſite angles CBA, BAC. 1 
Biſet a AC in E, joinBE A 
and produce it to F, and 
make EF equal to BE; join 
alſo FC, and produce AC to 


2 10. 1. 


Becauſe AE is equal to 
EC, and BE to EF; AE, J 
Ez are equal to CE, EF, 
each to each; and the an gle 5 
p15. 2. AEBis equal b to the angle 
CEF, becauſe they are op- 
poſite vertical angles; there- 
c 4. 2. fore the baſe AB is equal c 
to the baſe CF, and the tri- DO 
angle AEB to the triangle CEF, and the remaining - lt : 
the remaining angles, each to each, to which the equal fide ; 
are oppoſite ; wherefore the angle BAE is equal to the ang 
ECF; but the angle ECD is greater than the angle ECF : 
therefore the angle ACD is greater than BAE: In the ſan 
manner, if the fide BC be biſected, it may be demonſtrated tha ; 
415. 1. the angle BCG, that is d, the angle ACD, is greater than E 
| angle ABC, Therefore, if one Hide, &c. Q. E. D. 


PROP. XVII. THEOR, | 


NY two angles of a triangle are cone {s than 
two right angles. 


Let ABC be any triangle; any 
two of its angles together are 
leſs than two right angles. 

Produce BC to D; and be- 
cauſe AC is the exterior angle 
of the triangle ABC, ACD is WO 
a 16, 1. greater ® than the interior and gd Q 

oppoſite angle ABC; to each of 5 3 


OF EUCLID. 27 
heſe add the angle ACB; therefore the angles ACD,ACB are Book. I. 
Wreater than the angles ABC, ACB; but ACD, ACE are to» Wornd 
Wether equal b to two right angles; ; therefore the angles ABC, b 13-1. 
SBCA are leſs than two right angles. In like manner, it may be 


Wc monſtrated, that BAC, ACB, as alſo CAB, ABC, are leſs tian 
= wo ** angles. Therefore any two angles, Ke. Q. E. D. | 


PROP. XVIII. HE OR. 


"HE greater fide of every triangle is oppoſite to the 
greater _ ; 


= Let ABC be a triangle, of 
which the fide AC is greater 

A than the fide AB; the angle 
ABC is alſo greater than the 
W Becauſe AC is 8 than 


AB, make AD equal to AB, 


and join BD; and becauſe ADB — _ 
5 is the exterior angle of the tri- B F 1 C FR in 
We angle BDC, it is greater b than M5 


el me interior and oppoſite angle DCB; but ADB is equal e to . . 
aaf Ap, becauſe the fide AB is equal is the fide AD ; theiwfors | 

he ane the angle ABD is likewiſe greater than the angle ACB; where- 
e E ph fore much more is the angle ABC greater than ACB. 1 85 
he fam fore the ou hide, &c. 2 E. D. | 


ted thai 


E. dender . of every Gies is ſubtended by 
the greater ſide, or has the greater ſide oppoſite to it. 


Let ABC be a triangle, of which the angle ABC is greater * 3 
than the angle BCA ; the fide AC is likewiſe greater than the 

fide AB. 

For, if it be not greater, AC 

= muſt either be equal to AB, or 

Wy leſs than it; it is not equal, be- 
W cauſe then the angle ABC would 

be equal ® to the angle ACB; 
but it is not; therefore AC'is 

not equal to 'AB; — 
leſs ; becauſe then the angle B | at 


/ ABE es 


JJ 


Book I. ABC would be leſs b than the angle ACB; but it is not; there, 
5 . fore the ſide AC is not leſs than AB; and it has been ſhewn 
that it is not equal to AB; therefore AC i 15 er than AR, 


- Wherefore the greater angle, &c. Q. E. D. / 
$2 PROP. XX. THEOR. 
see N. NV two ſides of a triangle are together greater 
than the third ſide. 

Let ABC be a triangle; any two ſides of ; it together are 
greater than the third fide, viz. the fides BA, AC greater than 
the fide BC; and AB, BC greater than AC; and BC, CA 
greater than AB. | 

Produce BA to the point D, D 
8 3-1, and make à AD equal. to AC; 1 „ 
| and join DC. | 4 | 


Becauſe DA 1s equal to AC, —5˙ 
the angle AD Cis likewiſe equal. _— . 
bs. 1. to ACD; but the angle BCD . — 
is greater than the angle Ac; e 'C 
therefore the angleBCDisgreat- 2 
er than the angle ADC; aud be- 
cauſe the angle BCD of the triangle DCB i is greater then ity 
619. 1. angle BDC, and that the greater © ſide is oppolite to the greater 
angle; therefore the fide DB is greater than the fide BC ; but 
DB is equal to BA and AC; therefore the ſides BA, AC are 
greater than BC. In the ſame manner it may be demonſtrated, 
that the ſides AB, BC are greater than CA, and BC, CA great- 
er than AB, Therefore any two ſides, &c. Q. E. D. ” 


PROP. XXI. Eos. 


See N. JF, from the ends of the 145 of a triangle, there be 
. drawn two ſtraight lines to a point within the tri- 


angle, theſe ſhall be leſs then the other two ſides of the 
triangle, but ſhall contain a greater angle. 


Let the two ſtraight lines BD, CD be drawn from B, C, ha 


ends of the fide BC of the triangle ABC, to the point D within 
it; BD and DC are leſs than the other two fides BA, AC 


of the triangle, but contain an n angle BDC greater than the 
angle BAC. 


| Produce BD to E; : and 3 two ſides of a triangle are 
greater than the third de, whe two ſides BA, AE of the tri- 
_ wg 


T 
| 
t 
| 
| 
( 
| 


HZ 8 


gain, becauſe the two ſides CE, 


| ſhewn that BA, AC are great- 
er than BE, EC; much more 


| GH, deſcribe b another 


| KG; the triangle KFG 


angle ABE are greater than BE. To each of _ add EC; . 
therefore the ſides BA, AC X. 2 


are greater than BE, EC: A- 


ED of the triangle CED are 
greater than CD, add DB to 
each of theſe ; therefbre the 
ſides CE, EB are greater tan 
CD, DB; but it has been 1 


then are BA, AC greater than BD, DC. | | 
Again, becauſe the exterior angle of a triangle is greater than | 
the interior and oppoſite angle, the exterior angle BDC of the 
triangle CDE is greater than CED; for the ſame reaſon, the 
exterior angle CEB of the triangle ABE is greater than BAC; 


| and it has been demonſtrated that the angle BDC is greater "Vis 


the angle CEB; much more then is the angle BDC greater than 
the angle BAC. Therefore, if from the ends of, &c. Q. E. D. 


PROP. 'XXN,, - 'PROB. 


'O male a triangle of which the ſides ſhall be equal See v. 
to three given ſtraight lines, but any two whatever 


of theſe muſt be greater than the third *. banda 


Let A; B, C be the three given fraight lines, of which any 


two bat ent are greater than the third, viz. A and B greater : 
, than C; A andC greater than B; and B and C than A. It is 


required to make a triangle of whieh the ſides mall be equal 

to A, B, C, each to each. 
Take a ſtraight line DE terminated at the point D, but un- 

limited towards E, and 

make a DF equal to A, 


FG to B, and GH equal t 
to C; and ſrom the cen- 

tre F, at the diſtance 

FD, deſcribe bthe circle b. 3. Poſt. 


DKL; and from the cen- 
tre G, at the diſtance X 


circle HLK; and joinKF, 


has its ſides equal to the Gin ſtraight lines, A, B, 0. 1 
Becauſe the point F 3s the centre of the circle DKL, FD is 
2 


— — — 


— a — 
— 9 —— — - 
- — — — — 

— —— — — — cy — — — 
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5 der 


fore the three ſtraight lines KF, FG, GK, are equal to the three 

A, B, C: And therefore the trian je KFG has its three ſides 

KF, FG, GK equal to the three given . I, A, B, C. 
Which was to be done. 


ſtraight line AB, that 


: any points D, E, and 6 / 
a 22. 1. join DE; and make 3 


| ſides of which ſhall be 


equal to the three 


b8. K. 


See N. 


it, and DCE the given rectilineal angle; it is 1 to make 


given rectilineal angle 


AG, and DE to FG; and Loan DC, CE are equal ts FA, 
AG, each to each, and the baſe DE to the baſe FG ; the angle 


TAE ELEMENTS 


anal. + e to FK; but FD is equal to the ſtraight line A; theres 
fore FK is equal to A: Again, becauſe G is the centre of the 
circle LKH, GH is equal e to GK; but GH is equal to C; 

therefore alſo GK is equal to C; and FG is equal to B; ; there. 


PROP. XXIII. P RO B. 


I a given point in a given ſtraight line, to * a 
rectilineal * equal to a given rectilineal angle. 


Let AB be the ven ſtraight line, and A the given point in 


an angle at the given | 
point A in the given C e A 


ſhall be equal to the 


DCE. 
Take in CD, CE 


the triangle AFG the 


ſtraight lines CD, DE, CE, ſo that CD be TOR” to AF, CE to 


DCE is equal b to the angle FAG. Therefore, at the given 
point A in the given ſtraight line AB, the angle FAG is made 


equal to the given roQulineal angle DCE. Which 1 was to be 


done. 


PROP. XXIV. THEOR. 


F two triangles have two fides- of the one equal to 
two ſides of the other, each to each, but the angle 
contained by the two fides of one of them .greater than 


the angle contained by the two ſides equal to them, of 


the other; the baſe of that which has the greater angle 
ſhall be gronter than the ap of the other. 


let 
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8 DE, and AC to DF; but the angle BAC greater than the 

ngle EDF; the baſe BC is alſo greater than the baſe EF. 
| Of the two fides DE, DF, let DE be the fide which is not 

reater than the other, and at the point D, in the ſtraight line 


JE, make = the angle EDG equal to the angle BAC; and 5 43. 


iake DG equal b to AC or DI , and join EG, GF, 

Becauſe AB is equal to DE, and AC to DG, the two fides 
A, AC are equal to the two ED, DG, each to each, and the 
ngle BAC is equal | _ | 
c oo angle EDG ; A . D 
erefore the baſe C N | 

equal e to the baſe 
G; and becauſe DG 
s equal to DF, the 
ngle DFG is equal d 
o the angle DGF; 
but the angle DG Fis 
greater than theangle B 
GF; thereforethe 
ngle DEG is greater than EGF; and much more is the angle 

EFG greater than the angle EGF ; and becauſe the angle EFG 
df the triangle EFG is greater than its angle EGF, and that 


e 4. 1. 


N 0 | d 5. I, 


the greater © fide is oppoſite to the greater angle; the fide EG © * 1 
is therefore greater than the fide EHF; but EG is equal to BC; 


and therefore alſo BC is er. than EF, | Therefore, if two 5 


triangles, Kc. Q. E. D. 


PROP. XXV. THEO R. 


Fr two triangles have two ſides: of the one equal to 
two ſides of the other, each to each, but the baſe of 
the one greater than the baſh of the other; the angle 
alſo contained by the ſides of that witch has the great- 
er baſe, ſhall be greater than the angle contained by the 

lides equal to them, of the other. 


Let ABC, DEF be two anos whbch * the two ſides 
AB, AC eq ual to the two fides DE, DF, each to each, viz. AB 
equal to DE, and AC to DF ; but the baſe CB 1s greater than 
ED . EF; the angle BAC is nevi * than the 9 


For, | 


> | 2s 
Let ABC, DEF be two triengles which have the two fides Book "0p 
\B, AC equal to the two DE, DF, each to each, viz. AB equal — 


3 
1 Bock 1. 


Ka the baſe BC would 
a 4. 1. be equal to EF; but 


EDF; neither is it 
| =” becauſe then the 


b 24. 1. b than the baſe EF; 
but it is not; there- 


the other. 


angles; viz. BC to 
EF; the other fides 
ſhall be equal, each 
to each, viz. AB to 
DE, and AC to DF; 
BAC to the third 


angle EDF. 
For, if AB be not 


il it is not; therefore 
1 the angle. BAC is not 
| equal to the angle 


fore the angle BAC 
is not leſs than the 3 EDF; and it was ſhewn that it is no 
equal to it ; therefore the angle BAC. is greater than the ang | 
EDF. Wherefore, if two triangles, &c. QE. 9. 


5 PROP. + <P 


Ir two triangles have two angles of one equal to two 
angles of the other, each to beach; and one ſide e. 
Wa to one fide, viz. either the ſides adjacent to thee. 
qual angles, or the ſides oppoſite to equal angles in 
each ; then ſhall the other ſides be equal, each to each; 
and alſo the third angle of the © one to the third angle of 


THE ELEMENTS 


| For, if it be not greater, it ail either be equal to it, or 10 
ll = but the angle BAG is not A to the angle EDF, ann 


- baſe BC wouldbe les - 


N 


"OUR 


| D | 2 
4 


A 


and the third angle 


9 | UG . 


THE OR. 


Let ABC, DEE be two triangles which have the angles ABC, 
BCA equal to the angles DEF, EFD, viz. ABC to DEF, and 
BCA to EFD; alſo one ſide equal to one ſide; and firſt let 
thoſe ſides be equal which are arent: to the angles that are e. 
qual in the two tri- 


B 
equal to DE, one cf them muſt he the greater. 


greater of the two, and make BG equal to 
th becauſe BG 1s equal to DE, a 


8 
Let AB be the 
o DE, and join GC; 


BC to EF, the two 
hides 


= which are oppolite to A. YL” ; N FA 2 


this caſe, the other 
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ſides GB, BC. are equal to the two DE, EF, each to each; and Book 1. 
the angle GBC is equal to the angle DEF; therefore the baſe 
GC is equal a to the baſe DF, and the triangle GBG to the tri. *+ 7* 
angle DEF, and the other angles to the other angles, each to + 
each, to which the equal ſides are oppoſite ; therefore the angle 
GCB is equal to the angle-DFE ; but DFE is, by the hypo- 
theſis, equal to the angle BCA; wherefore alſo the angle BCG ; 
is equal to the angle BCA, the leſs to the greater, which is im- 


poſfible; therefore AB is not unequal to DE, that is, it is equal 


to it; and BC is equal to EF; therefore the two AB, BC are 
equal to the two DE, EF, each to each ; and the angle ABC 
is equal to the angle DEF; the baſe therefore AC is equal a to 
the baſe DF, and the third angle BAC to the third angle EDF. 


Next, let the fides , 


ual angles in each 
triangle be equal to 
one another, viz. AB 


to DE; likewiſe in 


gden hall -be; equal ON No orice 30 
AC to DF, and BC T Tre. . 
to EF; and alſo the B 3 H C a 1 985 7 * 
third angle BAC to the third EDF. 


* 


For, if BC be not equal to EF, let BC be the greater of 
them, and make BH equal to EF, and join AH ; and becauſe 
BH is equal to EF, and AB to DE ; the two AB, BH are equal 
to the two DE, EF, each to each; and they contain equal an- 
ples ; therefore the baſe AH is equal to the baſe DF, and the 
triangle ABH to the triangle DEF, and the other angles ſhall 
be equal, each to each, to which the equal fides are oppoſite; 
thereiore the angle BHA is equal to the angle EFD; but EFD 


is equal to the angle BCA; therefore alſo the angle BHA is 


equal to the angle BCA, that is, the exterior angle BHA of the 
triangle AHC is equal to its interior and oppoſite angle BCA; 
which is impoſſible b; wherefore BC is not unequal to EF, b 16. 1. 
that is, it is equal to it; and AB is equal to DE; therefore the 
two AB, BC are equal to the two DE, EF, each to each; and 

they contain equal angles; wherefore the baſe AC is equal to 
the baſe DF, and the third angle BAC to the third angle EDF. 
Therefore, if two triangles, &c. Q. E. P). pls 


Unes AB, CD make the alternate angles Arb, EFD equal to 
one another; AB is parallel to CD. | 


wh 
. 
— 


interior and oppoſite angle 


' bas Def. 


oppoſite angle GHD upon the 


qual to the angle GHD, and the 5 


thefe two ſtraight lines ſhall be parallel. 


meet either towards B, D, or towards A, C; let them be pro. 


e duced and meet towards B, D in the point G; ; therefore GEF 
21 


EF; but it is alſo equal to 
it, whichi is impoſſible; there- A F FAY 
fore AB and CD being 7 > 

duced do not meet towards WO 
B, D. In like manner it 


they do not meet towards A, 
C; but thoſe ſtraight lines 


5 if a ſtraight line, &c. Q. E. D. 
4 F a ſtraight line falling upon two other fraight ua 


interior angles upon the ſame fide together equal to two 
right angles; the two ſtraight lines ſhall be parallel to 


Leet the ſtraight line EF, which | 
falls upon the two ſtraight lines 
A G 


Gb together equal to two right 


1 PROP. XXVII. THE OR. 


F a ſtraight line falling upon two other ſtraight lines 
| wakes the alternate angles equal to one another, 


Let the ſtraight line EF, which falls upon the two ſtraight 
For, if it be not parallel, AB and cD being produced ſhall 


is a triangle, and its exterior angle ARE 1s HO a than the 


may be demonſtrated that "SH Pe 


which meet neither way, though produced. ever ſo far, are pa- 
rallel b to one another. AB therefore is parallel to CD. \ 


PROP. XXVIII. THE OR. 


makes the exterior angle equal to the interior and 
oppoſite upon the ſame ſide of the line; or makes the 


one another. 


AB, CD, make the exterior angle 
EGB equal to the interior and f 


ſame ſide; or make the interior 
angles on the ſame fide BGH, C 


angles ; ; AB is parallel to CD. 
| Becauſe the angle EGB is e- 


„„ = © = ene . XY 


to the angle GHD; and they are the alternate angles; therefore 7 
ay; is parallel b to CD. Again, becauſe the angles BGH, GHD ; 0 45 
re equal e to two right angles; and that AGH. BGH, are alſo e By H 
3 to two right angles; the angles AGH, BGH are equal d 13. 1. 
to the angles BGH, GHD : Take away the common angle 
BGH ; therefore the remaining angle AC g is equal to the re- 
maining angle GHD, and they are alternate angles ; therefore 


[AB is 88 to CD. - Wherefore, if a * line, &c. Q. 
_ + 


PROP. XXX. H EO R. 


F a firaight line fall upon two parallel raight lines, 12 
makes the alternate angles equal to one another; and tþ;, rere 

the exterior angle equal to the interior and oppoſite upon ſition. . 

me ſame ſide; and likewiſe the two interior angles upon 

the ſame ſide together equal to two right angles. 


Let the ſtraight line EF fall upon the parallel ſtraight lines 
AB, CD ; the alternate angles AGH, GHD are equal to one 
another; and the exterior angle EGB is PRO to 5 interior 5 

and oppoſite, upon the ſame ſide,” 
GHD; andthe two interior angles 


BGH, GHD upon the ſame fide 


. [Ware together equal to two right T — | 
lines "ag 4 85 &A & — 
and For, if AGH be not equal to 


two chan the other; let AGH be the C 
to greater; and becauſe the angle AGH 
5 is greater than the angle GHD, add | 
to each of them the angle BGH; therefore the angles AGH, 
BGH are greater than the angles BGH, GHD; but the angles 
AE, BGH are equal to two right angles ; therefore the ® 13.7. 
—B angles BGH, GHD are leſs than two right angles ; but thoſe 
_ WM firaight lines which, with another ſtraight line falling upon them, 
| make the interior angles on the ſame ſide leſs than two right 
—D angles, do meet together if continually produced ; therefore * 3 
Ide firaight lines AB, CD, if produced far enough, wall meet; 8 
but they never meet, fince they are parallel by the hypotheſis ; this propo« 
therefore the angle AGH is not unequal to the angle GHD, that ſition. 
Ws, it is equal to it; but the angle AGH is equal b to the angle b 75: 1. 
angle EGB; W likewiſe . is equal to a] add to _ 'Þ 
* 3 


the GHD, one of them muſt be greater C N. 


angle EGB ld ato the Ft AGH, the angle AGHi is equ 428 "Hs y 


| 


THE ELEMENTS 


Book I. of theſe the angle EG ; therefore the angles EGB, BGH ate 
— equal to the angles BGH, GHD ; but EGB, BGH are equal «| 


1. 1. to two right angles; therefore alſo BGH, GHD are equal t 


two right angles. Wherefore, if A ſtraight, Rc. 2 E. D. 
PR OP. XXX. THEO R. 


alten lines which are parallel to the ſame drag 


line are parallel to one another. 


"a AB, CD be each of them parallel to EF; ABi is alſo pa. 


rallel to CD. 
Let the ſtraight line GHK cut AB, EF, CD; and becauk 
| GHK cuts the parallel ſtraight 
lines AB, EF, the angle AGH is 
29. J. equal 2 to the angle GHF. K. 
gain, becauſe the ſtraight line f 
GK cuts the parallel ſtraight lines 
EF, CD, the angle GHF, is equal E 
à to the angle GKD; and it was 
ſhewn that the angle AGK is e- (4 
qual to the angle GHF; there- 
fore alſo AGK | is equal to GKD; 


and they are alternate angles; _ 


bay. 1. therefore AB is parallel bto CD. Wherefore \Araigh 1 | 


8 3 
PROP. XXXI. PROB. 


rallel to a given * line. 


Let A be the given point, and BC the given Araight line; 
it is required to draw a ſtraight line E | A F 
through the point A, parallel to the . In 
aan, Lo line BC. ; 


In BC take any point D, and join 


AD; and at the point A, in che — 
23. ſtraight line AD make a the angle B D 7 
D AE equal to the angle ADC; * + 

produce the ſtraight line EA to F. * 
Becauſe the ſtraight line AD, which meets the two ſtraight 
lines BC, EF, makes the alternate angles EAD, ADC equal i 
Þ 27. l. one another, EF i is parallel bto BC, Therefore the 1 1 


3 þ ” 0 FRED a ſtraight line wen a given point | 7 
| 


tie 


LEAF is . through the given Neid A parallel to the given Book I. 

117 N line BC. Which was to be done. Ln 
to 

PROP. XXII. THE OR. 


Fa fide of any triangle be produced, the exterior angle 
Tf is equal to the two interior and oppoſite angles; and 
the three interior angles of "OP e are equal to 
two right angles. 


Let ABC be a triangle, and let one of its fides BC bs pro- 5 
duced to D; the exterior angle AC is equal to the two inte- 
rior and oppoſite angles CAB, ABC and the three interior ang” 
les of the triangle, viz. ABC, "Wy ws are e 1 
to two right angles. 
Through the point C draw 
CE parallel ® to the ſtraight 
line AB; and becauſe AB is 
parallel to CE and AC meets. . 
them, the alternate angles 
BAC, ACE are equal b. A- 
gain, becauſe AB is parallel e 
to CE, and BD falls upon 8 Tet C TY 
them, the exterior angle ECD "OE 
is equal to the interior and | 15 
| oppoſite angle ABC; but the 85 ACE\ was 3 to o beequal 
to the angle BAC; e ee the whole exterior angle AC D is 
equal to the two interior and oppoſite angles CAB, ABC; to 
theſe equals add the angle AC B, and the angles ACD, ACB 


t pere equal to the three angles CBA, BAC, ACB ; but the angles | 
ACD, ACB are equal e to two right angles ; therefore alſo the e 13. 1. 
angles CBA, BAC, AC; are equal to two 0 right angles. Where- : 
Une: fore if a fide of a triangle, &c. W | 
| Cor. 1. All the interior angles 5 
1 of any rectilineal figure, together 0 
with four right angles, are equal | 
to twice as many rjght angles as 
the figure has fides, 
— For any rectilineal figure 
1 C ABCDE can be divided into as 
many triangles as the figure has 
en hides, by drawing ftraight lines | 
F from a point F within the figure X 2 
E to each .of its angles. And, by EE et 
a „ I 


many right angles as the figure has ſides. 


b 13.7. 


rallel ſtraight lines, and joined 
towards the ſame parts by the 


ſtraight lines AC, BD; AC, BD 


3 29, * 


bat 


1. che preceding pröposties all the angles of theſe triangles are e. 


to the angles of the figure, together with the angles at the point 


. gerher with four right angles. Therefore all the angles of the 


ABC, with its adjacent exterior 


or, together with all the exterior 


tnat is, by the foregoing corol- . 8 
| Iiry, > be. are _ all the D D 
interior angles of the figure, to- | 
- gether with four right angles; therefore all the exterior angle 
are > equal to four right angles. 5 


D CB. the two ſides AB, BC are equal to the two DC, CB; 


to each, to which the equal hdes are oppoite 3 therefore th 


(| 
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qual to twice as many Tight, angles as there are triangles, that 
is, as there are ſides of the figure; and the ſame angles are equal 


— 1 © — 


F, which is the common vertex of the triangles :_ that is a, to- 
figure, together with four right angles, are equal to twice 25 


Cos. 2. All the exterior angles of any reftilineal gr are 
together equal to four right angles. | 
Becauſe every interior agle | 


ABD, is equal b to two right 
angles ; therefore all the interi- 


angles of the figure, are equal to 
twice as many right angles as 
there are ſides of the figure ; 


PROP, xxxII. THEOR. 


"HE ſtraight linea which j join the extremities of t two 
equal and parallel ſtraight lines, towards the ſam 
parts, are alſo themſelves equal and paralle]. 


Let AB, CD be . ad pa- A : 


are alſo equal and parallel, 
Join BC; and becauſe AB is — 

parallel to CD, and BC meets C 4 

them, the alternate angles ABC, BCD are equal ©; a; and becauſ: 

AB is equal to CD, and BC common to the two trian gles ABC, 


and the angle ABC is equal to the angle BCD ; therefore the 
baſe AC is equal b to the baſe BD, and the triangl ABC tothe 
triangle BCD, and the other angles to the other angles b, cad 


| _ angh 


f two 


line BC meets the two ſtraight lines AC, BD, and makes the 


the oppoſite des are parallel ; and the diameter is the | 


| AC is parallel to BD, and BC 


E 
angle ACB Is 5 equal to the angle CBD; and beiaule the ſtraight Book l. 


# * 
. I © — 


alternate angles ACB, CBD equal to one another, AC is pa- | 
rallel to BD; and it was * to be 215 to it. ne c 27 x 


. pa mn 
1 8 
. 0 1 
. f 
* 
—u— — 


HE oppoſite ſides and angles of nde are 
equal to one another, and the diameter biſects 


bor Arb. THEOR.. _ I al 


| them, that is, divides them into two equal parts. 


N. B. 4 paralleligram i is a four: -fided figure, of which : 


Siraight line Joining to of its oppeſu ite angles. Þ 5 


Let ACDB be a parallelogram, of which BC is a adage; 
the oppoſite fides and angles of the figure are ee to one a- 
nother ; and the diameter BC biſects 1 ua | 

Becauſe AB is parallel to CD, A 1 5 a e hp. — 
and BC meets them, the alter. F— YH. > 
nate angles ABC, BCD are equal 


a to one another; and becauſe . 


Pr E * 3 


meets them, the alternate angles 1 ws —l . ñ ——ͤ— D 
ACzB, CBD are equal a to one | 
another ; wherefore the two triangles ABC, CBD have two 
angles ABC, BCA in one, equal to two angles BCD, CBD in 
the other, bach ta each, and one fide BC common to the two 
triangles, which is adjacent to their equal angles ; therefore 
hy other fides ſhall be equal, each to each, and the third 
of the one to the third angle of the other b, viz. the fide b 26. . 

AB t the fide CD, and AC to BD, and the angle BAC equal 
to the angle BDC: And becauſe the angle ABC 1s equal to 
the angle BCD, and the angle CBD to the angle ACB, the 
whole angle ABD is equal to the whole angle ACD : And the 
angle BAC has been ſhewn to be equal to the angle BDC; 


therefore the oppoſite fides and angles of parallelograms are e- 
qual to one another; alſo, their diameter, biſects them; for AB 
being equal to CD, and BC common, the two AB, BC are e- 
qual to the t two 905 CB, each to each; and the angle ABG ; f TY 
ONT 9 | "08 | 


Ca < 


ä RE ELEMENTS 


Book T, equal to the angle BCD; therefore the — ABC is equal 
c to the triangle BCD, and the diameter BC divides the * 
lelogram ACDB into two equal parts. r 


PR OP. xxxv. THE OR. 


c 4. 1. 


ARALELLOGRAMS ; upon the ſame baſe and botwed L 
see N. the ſame parallels, are equal to one another. ra 
al 
2 Yar oh 4; Let the parallelograms ABCD. EBCF be upon the e baſe ty 

and 3d fi- BC, and between the ſame parallels AF, BC; the parallelo- 
gures. gram ABCD ſhall be equal to the r EBC FC. lo 
Ik the ſides AD, DF of the paral- 8 | 9 1 
lelograms ABCD, DBCF oppotite to 1 D =o, F 
the baſe BUY ve dls eee in the ſame | ec 
N point D; it is plain that each of the G 

2 34. 1. parallelograms 1 is double aof the tri- | 

anfgle BDC; and they are theretore 1 s 
equal to one another. B PIO C Dd”. Fix ine 
But, if the ſides AD, EF, oppoſite 5 ie 
to the baſe BC of the parallelograms TH dar 


ABCD, EBC, be not terminated in the/ſame polat ; hank be- 
„ ABCD is a parallelogram, AD is equal ® to BC; for the 
b 1. Ax. ſame reaſon EF is equal to BC; wherefore AD is equal b to 

EF; and DE is common; therefare the whole, or the remain- 
c 2. or 3. der, AE is equal c to the whole, or the remainder DF; AB al- 
Ax. ſo is equal to DC; and the two EA, AB are therefore equal to 


E 


the two FD, DC, each to each; and the exterior angle FDC is 
e equal d to the interior EAB, therefore the baſe EB 1s equal to 
e 4. . the baſe FC, and the triangle EAB equal eto the triangle FDC, 
5 take the triangle FDC from the trapezium ABCEF, and from 
the ſame trapezium take the triangle EAB; the remainders 
' z. Ax, therefore are equal f, that is, the parallelogram ABCD is equal 
 ___ to the parallelogram EBCE. Te parallelogroms” upon 

the lame baſe, G0. — D. | 
- | PROP, 


' OF. EUCLID, | 


ral. PROP. XVI. THEOR | {weed 
9 ARALLELOGRAMS upon equal baſes, and between | 
the ſame parallels, are * to one another. 


cen Let ABCD. EO be Fe, - 1 6 3 
| arallelograms upon . 2 9 E 8 H I 
wal baſes BC, FG, and | « #4 J 
baſe Netween the ſame varal. | 33 
elo- Ils AH, BG; the paral- | 
logram ABCD. is __ 1 
D EFG HH. | 


; Join BE, CH; and g * 1 N 


xcauſe BC is equal to B | * 
G. and FG to» EH, BC is equal to EH; ana thay e 34 1. 
ls. and joined towards the ſame parts by the ſtraight lines BE, 
H: But ſtraight lines which join equal and parallel ſtraight 
ines towards the ſame parts, are themſelves equal and parallelÞ ; b 3 1. 
herefore EB, H are both equal and parallel, and EBC His a | 
darallelogram ; and it is equal c to ABCD, becauſe it is upon c 35.1, 
be. he ſame baſe BC, and between the ſame parallels SAD —_ 
the or the l ke reaſon, the parallelogram EFGH is equal to the 
> to ame EBCH: Therefore alſo the parallelogram ABCD is m__ | 
ain- o EUR. | Wherefore parallelograms, Se Q E. DL. 


to PROP. XXXVII. THEO R. 


Micnoklia upon the fawe baſe, and between the 
lame parallels, are equal to one another. OY. 


Let the triangles ABC, | DBC be upon the ſame baſe BC and 
detween the ſame parallels ; = 
AD,BC: Thetriangle ABC E = a 2 in 3 

es <qual to the triangleD BC. X 1 
C is Produce ADboth ways to N 
1 co che points E, F, and through _ 
)C; WE Bdraw = BE parallel to CA; 
rom and thro? C draw CF paral- e 
ders lel to BD: —— . each _ B . 
jual of thefigures EBCA, DBCF | 6 1 
pon is a parallelogram; and EBC A is s equal b to DBCF, becauſe b 35. 1. 
they are upon the fame baſe BC, and between the ſame parallels 
P. BC. EF; and the triangle ABC is the half of the parallelo- 
\Y _ gram 


42 
Book 1. 

© 34. 

345. Ax. 


231. 1. 


e 34. I. 


4 7. Ax. 


231. 1. ; 


JOY angle DBC 1s the half of the parallelogram DBCEF, becauſe tt 


DBC. Wherefore * &c. Q. E. D. 


and between the ſame parallels BF, AD: The triangle ABC 
Arft to the triangle DEF. 


draw BG parallel a to CA, and through F draw FH parallel 
ED: Then each of 1 5 
the figures GBCA, - 3% N A — D . H 
5 Ilogram; and they EY 
b 36.1. + 
nother, becauſe they \ 


BC, EF, and be- B "Cc I: = 


_ tween the ſame pa- 
rallels BF, GH; and the triangle ABC is the half c of the par: 


triangle DEF is the half e of the parallelogram DEFH, becaulfi 


equal d; therefore the triangle ABC, is equal to the triangk 


5 BC, and upon the ſame fide of 1 it ; they are between the ſam 
parallels. 


| 


T HE ELEM E NT — 
gram EBCA, W the diameter AB beſects cit ; and the t 


diameter DC biſects it: But the halves of equal things are 
qual d; therefore the triangle ABC is equal to the triang 


PR 0 P. XXXVII. TH E OR. 


W upon equal baſes, and between the fan jen 
parallels, are equal to one another, 


Let the triangles ABC, DEF be upon equal baſes BC, E 


roduce AD both ways to the points G, U. and through 


: 
4 0 
1 

Ot 


DEFH is a paralle- 


are equal to b one a- 


are upon equal baſes 


lelogram GBC A, becauſe the diameter AB biſeQs it; and th 
the 3 DF biſects it: But the halves of equal things an 
DEF. Wherefore triangles, &c. Q. E. D. 


PROP. XXXUX, THEOR. 


T7 ˙ IF r 


\ QUAL triangles upon the fame baſe, 5 upon tit 
lame fide of it, are between he lame Fe 


Let the equal lat ABC, DBC be upon the Bee bak 


Join AD; ADi is parallel to BC; for, if it 1s not, through the 
o_ A draw AE parallel to BC, and j rh ogg EG: The 1 
| A 


the tr 
uſe t 


are 6 


riat 4 


line BF, and towards the 


tween the ſame parallels. 


ons ſhall be double of * e „ 


"oF EVeLID - W- 


BC is equal b to the triangle EBG, becauſe i it is upon the aue Book 1. 
aſe BC, and between the ſame paral- RM D 8. 

1; BC, AE: But the triangle ABC is — 2837 . 
inal to the triangle BDC ; therefore 2 | 
Iſo the triangle BDC 1s equal to the 
riangle EBC, the greater to the leſs, 
which 1s impoſſible : Therefore AE is X 
jot parallel to BC. In the ſame man- C 
zer, it can be demonſtrated that ho o- B 5 C N 
her line but AD is parallel to BC; AD is hevafore parallel 

o it. Wherefore equal ttiangles upon. &o. Q E. D). 


PROP. XI. THE OR. 


QUAL triangles upon equal 9 in 855 * 
ſtraight line, and towards the ſame Las =: 


petween the ſame parallels, 


Let the equal triangles ABC, DEF be upon . baſes 50. 
EF, in the ſame ſtraight _ 6; D 8 


ſame parts; they are be- 


Join AD; AD is paral- 
lel to BC : For, if it is not, 
through A draw a AG pa- | 8 
rallel to BF, and join GF 
The triangle ABC isequal FB —8 E b 
to the triangle GEF, becauſe they are upon equal baſesBC, EE, 
and . the ſame parallels BF, AG: But the triangle ABC 
is equal to the triangle DEF ; therefore alſo the triangle DEF 
is equal to the triangle GEF, the greater to the leſs, which is 
impoſſible : Therefore AG is not parallel to BF: And in the 
fame manner it can be demonſtrated that there is no other pa- 
rallel to it but AD; AD is therefore . to By. | Where- 
S rrigngles, Kc. Q. E. N. 


PROP. XLI, THEOR. 


„ n 8 


IF a n teen and triangle be upon the how 


baſe, and between the ſame parallels ; the paral- 


. 
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Brok 1, Let the W ABCD and the triangle EBC be upo EC 
Grey) the ſame baſe BC, and between the ſame ee BC, AE; Y 
parallelogram ABCD is double of the lon 
triangle EBC. Al. * Uſ | 
y Join AC; then the 1 ABC W _ 
237.1. is equal a to the triangle EBU, becauſe 
. they are upon the ſame baſe BC, and 
5 between the ſame parallels BC, AE. | 
But the parallelogram ABCD is 
b 34. 1. double b of the triangle ABC, becauſe 
p the diameter AC divides it into two 
„ equal parts; wherefore ABCD is 
| _ alſo double of the triangle EBC. by 
Therefore, if a parallelogram, &c. QE E. D. 


PROP, XIII. ROB. 


0 deſcribe a parallelogram that ſhall be Uni tot 
| given triangle, and have one of its angles equa 
| to a given reckilineal augle. 1 8 uh 


0 Let ABC be the given triangle, and D the given recliline 
angle. It is required to deſcribe a parallelogram that ſhall þ 
equal to the given triangle ABC, and have 0 one of its angles te 
5 qual to D. 
_ 0 1. Biſect a BC in E, join AE, and at the point E in the raight 
b 23.1. line EC make b the angle CEF equal to D; and through A dray 
3. l. e AG parallel to EC, and thro? 
yy C draw CG c parallel to EF: A F G 
Therefore FECG is a parallelo-, | 
' gram: And becauſe BE is equal 
do EC, the'triMMfle ABE is like- 
d 38.1. wiſe equal t to the triangle AEC, 
ſince they are upon equal baſes 
BE, ; and between the ſame ; 
axallels BC, AG; therefore the ,—— — 
A car ABC is double of the 6 E L 
triangle AEC. And the paral- | 
5 lelogram FE CG is likewiſe double e of the triangle AEC, be⸗ 
cauauſe it is upon the ſame baſe, and between the ſame parallels: 
| Therefore *the parallelogram FECG is equal to the triangle 
ABC, and it has one of its angles .CEF equal to the given 
* D: wherefore there has been deſcribed a fee 


or EUCLID. „ 
ECG equal” ton given triangle ABC, having one of its ben l. 
ngles CEF equal to the given angle D. Which was to be we = 


one. 


FRO P. XIII. THEOR » 
HE complements of the parallelograms which are 

about the diameter of any parallelogram, are equal 
o one another. VT 


Let ABCD be a parallelogram, of which the diameter is AC, 
nd EH, FG the parallelo 4, K mv | 
rams about AC, that is, thro? ' A H. Pb. D 2 
hich AC paſſes, and BK, . 21 ; i 
CD the 1 5 . K — _ 
which make up the whole fi: . 
zure ABCD, which are there- 
ore called the complemeats: 
The complement BK is equal 
o the complement KD, 

Becauſe ABO is a paral- 
elogram, and AC its diame- 5 n 
er, the triangle ABC is equal a to the triangle ADC: And, a 34. 1. 1 
decauſe EKH A is a parallelogram, the diameter of which is 9 
\K, the triangle AEK is equal to the triangle AHK: By the 
ame reaſon, the triangle KGC is equal to the triangle KFC: 
hen, becauſe the triangle AEK is equal to the triangle AHK, 
and the triangle KGC to KFC; the triangle AEK, together - 
Vith the triangle KGC is equal to the triangle AHK together 
with the triangle KFC : But the whole triangle ABC is equal 
o the whole ADC ; the:efore the remaining complement BR 
is equal to the remaining complement KD. Wherefore th: * 
complements, &c. Q. E. D. 4 5 VVV 


'FROP.- r PROM 


a given ſtraight line to apply a parallelogram, 
which ſhall be equal to a given triangle, and have 


one of its angles equal to a given reQilineal angle. 
55 Let AB be the given ſtraight line, and C the given triangle, 
gran and D the given rectilineal angle. It is required to apply to 


c the ſtraight line AB a parallelogram equal to the triangle C, | 
and having an angle equal to D, AY 15 


42 


% 


Li 


Wr 


oY 


Book I. 
| N 
42. 1 


in the ſame GEN prongs H a 8 


| ſtraight line 


b 31. 1. 
c 29. I. 


d 12, Ax. 


f 15. 1. 


D: Which was to be done. 


6 cee N. 


2 42. 1. 


Þ 44. 1. 


Hp falls upon the parallels Al, EF, the angles AHF,HFE, i 


angle G BE is equal f to the angle ABM, and likewiſe to thi 
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nn F BK 


parallelogram 


BEFG equal 1 . HI 
to the triangle WP e a 
C, and hav- {Bi 2 F ea 
ing the angle 3 ; 
EBGequalto- G { : ( 
the angle D, 4 a | 


ſo that BE be 


L 
with AB, and produce FG to H; and thro' A draw AH} pat 
lel to BG or EF, and join HB. Then becauſe the ſtraight lu 


together equal c to two right angles; wherefore the angles Bf | 
HFE are leſs than two right angles: But ſtraight lines whip 
with another ſtraight line make the interior angles upon e 
| ſame fide leſs than two right angles, do meet d if produced i 


enough: Therefore HB, FE ſhall meet, if produced; let the 
meet in K, and through K draw KL parallel to EA or FH, u 
produce HA, GB to the points L, M: Then HLK is a pari 
lelogram, of which the diameter is HK, and AG, ME are th 


parallelograms about HK; and LB, BF are the complements a 
therefore LB is equal e to BF: But BF is equal to the triangl 
C; wherefore LB is equal to the triangle G; and hecauſe the 


angle D; the angle ABM is-equal to the angle D: Therefon 
the parallelogram LB is applied to the ſtraight line AB, is equi 
to the triangle C, and has the angle ABM _ to tp ang 


PROP. XLV. ?PROB. 


0 deſcribe a parallelogram equal to a given recti 
neal figure, and having an angle equal to a give 
rectilineal angle. : 
Let ABCD be the given 8 figure, and E the gira 
reftilineal angle. It is required to deſcribe a parallelogram e 
qual to ABCD, and having an angle equal to E 
Join DB, and deſcribe a the parallelogram FH equal to tbe 
triangle ADB, and having the angle HKF equal to the angle E 
and to the W line GH N b the N am GM * 


* 


the triangle DBC, having the angle GHM equal to the angle Book I. 


HM, the angle FKH is equal to GHM ; add to each of theſe 
> angle KHG; * the angles F KH, KHG are equal o 


e angles KHG, E. 8. 1 


HM, butFK H, A_ 
G are equal 
to two right X 
gles: There- 
re alſo KHG, 
HM are equal 
two right / ; 'F: 1 41 
les; and be- | —— 
oſeatthe point eo B . [eo K H ; 
in the ſtraight . | 
e GH, the two ſtraight lines KH, HM, upon the 1 
les of it make the adjacent angles equal to two right angles, 


raight line HG meets the parallels KM, FG, the alternate 
gles MHG, HGF are equal e: Add to each of theſe the 
gle HGL : Therefore the angles MHG, HGL, are equal to 


e angles HGF, HGL: But the angles MHG, HGL are e- 
ent ial < to two right angles; ; wherefore alſo the angles HGF, 
janz L are equal to two right angles, and FG is therefore in the 
le the = ſtraight. line with GL: and becauſe KF is parallel to 


e . wherefore KFLM is a parallelogram ; and becauſe 
e triangle ABD is equal to the parallelogram HF, and the tri- 
gle DBC to the parallelogram GM; the whole rectilineal 
pure ABCD is equal to the whole parallelog ran KFLM ; 
erefore the parallelogram KFLM has been deſcribed equal to 
e given rectilineal figure ABCD, having the angle FEM equal | 
the given angle E. Which was to\be done. 
Cor. From this it is manifeſt how td given ſtraight line to 


1 ply a parallelogram, which ſhall have a angle equal to a given 
81 ilineal angle, and ſhall be equal to a given rectilineal figure, 


z. by applying b to the given ſtraight line a parallelogram e- 5h ,, 1. 
al to the firſt triangle ABD, ang EATS an ** W to 
ie given angle. _ | 


PROP. 


: and becauſe the angle E is equal to each of the angles FKH, wa 


- * * n 
5 E - - - 
- * - . m _ 
* 1 0 Z 8 
— . | — o —_— — 
— e ˙·-mA OS OOO —— ˙— ons ns — my 


H is in the ſame ſtraight line d with HM; and becauſe the d 14.1. 


2 y * 8 
DE — — — 


% J 
* 
'; 
— — . . ˙ 4 ˙ * 


, and HG to ML; KF is parallel e to ML: and KM, FL e 30. ts 


or EUCLID. Bf” | . #7 N 


{ 
4 
1 
. 
; 
* 


* 
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| 
| 
| 
| 


| 
| PROP. XIVI. ROB. | E 
1H We 
| | pe 
| l - T6 deſcribe a ſquare upon a given frraight line, 4 
| he 
| Let AB be the given ſtraight ine; it is required to deſcriſiſ 
1 2 ( ſquare upon AB. f 
— 1 i rom the point A draw AC at right angles to AB; alin 
| b 3.1. make b AD one to AB, and through the point D draw ie: 
[i e331. 1. parallel e to AB, and through B draw BE parallel to AD; the be 
[i 034%: for ADEB is a parallelogram : whence AB is Narr Ito De. 
nl - and AD to BE: But BA is equal to | WH 
— 1 D; therefore the four ſtraight lines a; Se f 
[| BA, AD, DE, EB are equal to one {| Wd 
þ another, andthe parallelogram ADEB D n 
1 is equilateral, likewiſe all its angles q 
Tit are right angles ; becauſe the ſtraight | War 
9 line AD meeting the parallels AB, | q 
5 DE, the angles BAD, ADE are equal 1 2 
| : 229. 1. © to two right angles; but BAD is a J 
| right angle; therefore alſo ADE isa | th 
118 right angle; but the oppoſite angles A — 8 
| 1 of parallelograms are equal d; therefore ih of the oppoi 
1 angles ABE, BED is a right angle; wherefore the figure ADH 
is rectangular, and it has been demonſtrated that it is equi ar 
| ral ; it is therefore a ſquare, and it is deſcribed "OP the gi is 
| ſtraight line AB : Which was to be done. in 
Cor. Hence every parallelogram that has one right i TIX 
has all its angles right angles. : Ec 
| PROP. XLVIL. THEOR. — u 
q 


Per any right nd triangle, the ſquare which | is 0 
ſcribed upon the ſide ſubtending the right angle, 
equal to the ſquares deſcribed _ the ſides wud 
contain the right angle. 


Let ABC be a right angled triangle having the right ang 
BAC; the ſquare deſcribed upon the ide * is equal to ug 
ſquare deſcribed upon BA, AC. 

a 46. I, On BC deſcribe > the four — and on BA, AG i h 


of EVceLty. 


WAG is aright angle e, the y | A 
wo iraight” lines AC, AG G 1 : e 30. def, 
pon the oppoſite ſides of AB, 
nake with it at the point N 
he adjacent angles equal to 
wo right angles; therefore \ 
A is in the ſame ſtraiglt _ 
ine d with AG; for the ſame 
Weaſon, AB and AH are in 
oe ſame ſtraight: line; and 
ecauſe the angle DBC is e 
val to the angle FBA, each 
of them being a right angle, | 
ad to each the angle ABC, 
ad che whole angle DBA ins ( 
qual e to the whole FBC; and becauſe the oy fides AB, BIYe 2. Az, 


qual to the angle FBC ; therefore the baſe AD is equal f to f 4. 1. 
e baſe FC, and the triangle ABD to the triangle FBE : Now 
ue parallelogram BL is double g of the triangle ABD, becauſe g 41. 1- 
Whey are upon the ſame baſe BD, and between the ſame paral- 
eis, BD, AL; and the ſquare GB is double of the triaugle 
BC, becauſe theſe alſo are upon the ſame baſe FB, and be- 
Itween the ſame parallels FB, GC. But the doubles of equals 
| are equal Þ to one another: Therefore the parallelogram BL b 6. A. 
9s <qual to the ſquare GB : And, in the ſame manner, by join?-x 
Wing AE, BK, it is demonſtrated that the parallelogram CL is 
equal to the ſquare HC: Therefore the whole ſquare BDEC is 
equal to the two ſquares GB, HC; and the ſquare BDE is 
deſcribed upon the ſtraight line BC, and the ſquares GB, HC 
upon BA, AC: Wherefore the ſquare upon the fide BC is e- 
qual to the ſquares upon the ſides BA, AC. Therefore, in 

Wo any right angled triangle, &c. Q. E. D. 1 


> PROP. XIVIII. HE OR. 


F the ſquare deſcribed: upon one of the ſides of a 8 
angle, be equal to the ſquares deſcribed upon the 


[ 


other two ſides of it; the angle contained. by thieſs 


two ſides is a right angle. 


guares GB, HC . and'through A draw bAL parallel to BD, or Bock 1. Bs 4 
E, and join AD, FC; then, becauſe each of the angles BAC, r 
r . 31. 1. 


re equal to the two FB, BC, each to each, ànd the angle DBA 


50 


8 
— 


. 


. 
* 
>4 


"eh; vo 


AC. the angle BAG 1s a right angle. 


equal to AB, the ſquare of DA is equal to | 
the ſquare of AB: To each of theſe add D 
the ſquare of AC; therefore the ſquares | 
BA, AC: But the ſquare of DC is equalb 
zs a right angle; and the ſquare of BC, by 
A; therefore the ſquare of DC is equal 


the fide DC is equal to the fide BC. And | 


fore the angle DAC is equal e to the angle BAC: But DAC « 
a right angle; therefore alſo BAC is a right . There. : 
57 fore, if the (quare, &c. 2 E. D. 


THE ELEMENTS 


If the 3 deſcribed upon BC, one of the ſides of the tris 
angle ABC. be equal to the ſquares upon the other ſides BA, 


From the point A raw AD at right angles to AC, and 
moke AD equal to BA, and join DC: Tuen, becauſe DA i. $7 


o DA, AC, are equal to the ſquares Eng 
to the ſquares of DA, AC, becauſe DAC 


hy potheſis, is equal to the ſquares of BA, 


to the ſquare of BC; and therefore allo B . Cc 


becauſe the ſide DA is equal to AB, and AC common to ) the | 
two triangles DAC, BAC, the two DA, AC are <qual to the 
two BA, AC; and the baſe DC is equal to the baſe BC ; there. 


* 


THE 


OF nan 1 8 


tri. We | | Book Ul. | 

BA, "THE | 8 

and 

b E 1 E M E N T 8 
. DES 


C BOOK I. 
the 

*. | DEFINITIONS, 
C is 3 


| VERY right angled i i is ſaid to be 8 3 
38 EY . any two of the ſtraight lines which contain one | of 
che righ 2 | TY 


In every patallelogram, any of the paralelograms about a din | 
meter, together with the = 
two complements,is called &; — 
a Gnomon. Thus the | 

* parallelogram HG,toge- 
there with the comple= 
* ments AF, FC, is the | 
* gnomon, which is more N 

* briefly expreſſed by the 
letters AGK, or EHC. 
'* which are at the oppoſite 


angles of the parallelograms which make the boomen“ 
"PROP. I. TH E O R. 

* there be two ſtraight lines, one of which is divid- | 

ed into any number of parts ; the rectangle con- 

tained by the two ſtraight lines, is equal to the reQ- 


angles contained by the undivided line, and the leve- 
ral parts of the divided line. 


— Let 


HE 


— e — wmÄA w 7—˙ůꝛuũ x œ Ü 


Book II. 


4 1. 1. 


the ſtraight lines A, BC is equal 
to the rectangle conta ed by B OT * E. C 
A, BD, together with that con- . 
tained by A, DE, and that con- 


at right angles to BC, and mak 


EL. CH parallel to BG; then 
contained by GB, BD, of which GB is equal to A; and DL i 
Therefore the rectangle contained by A, BC is equal to the ſe. a 


veral rectangles contained by A, BD, and by A, DE; and a 
by A, EG. 3 if there be two N lines, u 


IF a ſtraight line be divided into any two parts, the 


the ſquare of AB. | --1- 


- AF, Ci ; and AE is the ſquare of AB; 8 


THE ELEMENTS 


Let A and BC be two ſtraight lines ; and let BC be divide 
into any parts in the points D, E; the . contained by 


tained by A, EC. I. 
From the point B draw a BF G L 
e 


BG equal b to A; and through | T K L H 
G draw <GH parallel to BC; F — 
and through D, E, C, draw e DK, 


— 


the rectangle BH is equal to the Agde BK, DL, EH; ; and ; 
BH is contained by A, BC, for it is contained by GB, BC, and 
GB is equal to A; and BK is contained by A, BD, for it iz 


1 


contained by A, DE, becauſe DK, that is 4 BG, is equal to A; 
and in like manner the rectangle EH is contained by A, EC: 


Q. E. P. 
PROP. n. THEOR. 


rectangles contained by the whole "id each of the 


parts, are together equal to the . of the whok 
line. 


Ib the ſtra) ght line Ad be Hvided into C R 
any two parts in the point C; the ITY | | | 

a: gle contained by AB, BC, together wth | | 
the rectangle AB, AC, ſhall be equal to $0 


— 


Upon AB deſcribe >the ſquare ADEB, } © | | { 
and through C draw b CF, parallel to AD W 
or BE; then AE is equal to the reQtangles | 


— As 44 
— 4 


and AF is the rectan gle contained by BA, D „ " oF | 
"4 N. B. To »void repeating the word ! too frequently, the reden 
contained by two Qraight, lines AB, AC is ſometimes ſimply called the rect 


AB Ac. 
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AC; for i it is contained by DA, AC, of which Ab! is equal to Book II. 
AB; and CE is contained by AB, BC, for BE is equal to AB; — 

| therefore the rectangle contained by AB, AC together with 2 

the rectangle AB, BC, is equal to he ſquare of AB. If there- 

Wfore a fraight line, Gre, . D. 


PROP. im. THEOR, 


Ie a drake "I be divided into any two parts, the 
| rectangle contained by the whole and one of the 
parts, is equal to the rectangle contained by the two 
parts, together with the ſquare of the foreſaid 2 


A Let the ſtraight line AB be divided into two derte in the 
| * C; the rectangle AB, BC is equal to the AC, 


DLi B, together with the ſquare of BC. Y 
0 A; Upon BC deſcribe a the iq Uare =” L a 46. I. 
EC co, and produce ED to F, ſquare A LM — l 
he ſe. Wthrough A draw Þ AF parallel to CDF {| © | bs 
dai or BE; then the rectangle AE is e- „ . 

2 &. qual to the rectangles AD, % OT 3 


AE is the rectangle contained by AB, 
WBC, for it is contained by AB, BE, | 
Jof which BE, is equal to BC; and 
AD is contained hy AC, CB, for CD. 
is equal to BC; "nd DB i is the ſquare 
of BC; therafors the reQaugle AB, 
BC is equal to the rectang a AC, CB together with the ſquare - 
W of BC. If therefore a lenz &c. Q KS 5. 


PROP. IV. THEOR. 


I a ſtraight line be divided into any two parts, the 
ſquare of the whole line is equal to the ſquares of the 


wo parts, together with twice the rectangle contained 
by the parts. | | 


Let the Araight line AB be divided into any two parts in G; 
the ſquare of AB is equal to the ſquares of AU, CB and to 
twice the rectan gle contained by AC, CB, : 


D 3 TS a. Upoa 


54 


Book II. 


ag through C draw b CGF parallel to AD or BE, and through G 


255 qual to two right angles; and KBC T 


b 43. 1. 


and CG to BK; wherefore the fi. H = -—JK 


: to BK, and CB meets them; the 


demonſtrated ; wherefore it is a ſquare, and it is upon the fide : 
_ CB: For the ſame reaſon HP alſo is a ſquare, and it is upon the 
| fide HG, which is equal to AC: Therefore HF, CK are the 


to the complement GE, and that AG is the reQtanglecontain- 
ed by AC, CB, for GC is equal to CB; therefore GE is al ſo equi 
to the rectangle AC, CB; wherefore AG, GE are equal to 
twice the rectangle AC, CB: And HF, CK are the ſquares of 


AD EZ, which is the ſquare of AB : Therefore the ſquare of A} 
is equal to the ſquares of AC, CB and twice the rectangle AL, 
| CB. Wherefore if a ſtraight line, &c. Q. E. D. 


THE ELEMENTS 
Upon AB deſcribe a the ſquare ADEB, and join BD, and 


2 a 46.1. draw HK parallel to AB or DE: And becauſe CF is parallel u 
31. 1. AD, and BY falls upon them, the exterior angle BGC is equa 
c 29. 1. © to the interior and oppoſite angle ADB; but ADB is equi ] 
ds.i, 4 to the angle ABD, becauſe BA is equal to Ab, being ſides of 
a ſquare; whereiore the angle CGB 4 ce e 
is equal to the angle GBC; and there- — — I 
e 6. 1 fore the fide BC is equal e to the fide MI ” | 0 
f 34. 1. CG: But CB is equal f alſo to GK, G, „ 


gure CG KB is equilateral It is like- 
wiſe rectangular; for CG is parallel 


angles KBC, GCB are therefore e- 


is a right angle; wherefore GCB is a right angle; and therefore i 
alſo the angles f CGK, GKB oppoſite to theſe, are right angles, 
and CGKB is rectangular: But it is alſo equilateral, as wa 


ſquares of AC, CB; and becauſe the complement AG is equal iſ 


AC, CB; wherefore the four figures HF, CK, AG, GE are 
equal to the ſquares of AC, CB, and to twice the reQangle | 
AC, CB: But HF, CK, AG, GE make up the whole figure 


Cor. From the demonſtration, it is manifeſt that the pa. 
Fallelograms about the diameter of a ſquare are likewiſe ſquares 


| theſe add CH, and the 
whole AH is equal to DF 


| AD, DB, for DH, is equal 


| contained by their ſum and difference, 


'" 0F LO 4B1d- 7 35 
PROP. v. THE Ox. 


F a ſtraight line be divided into two equal pa "000" "i 
alſo into two unequal parts; the rectangle con n- 


a ed by the unequal parts, together with the ſquare of the 


line between the points of ſection, is equal to the ſquare 


of half the line. 
9 Let the ſtraight line AB be divided into two equal parts in — 


the point O, and into two unequal parts at the point D; the 
rectangle AD, DB, together with the ſquare of CD, is equal 
to the ſquare of 8. , 
Upon CB deſcribe » the ſquare CEFB, join BE, and through a 46. 1. 
D draw b DHG parallel to CE or BF; and through H draw b 31. 1. 
KLM parallel to CB or EF; and alſo through A draw AK pa- 
rallel to CL or BM: And becaufe the complement CH is e- 
qual to the complement HF, to each of theſe add DM; e 43. 1. 


T therefore the whole CM „ n 
is equal to the whole DF; 77 ͤ ab D B 
but CM is equal d to AL, e ＋ 436 I 


becauſe AC is equal to KR —— — 
CB; therefore alſo AL in n 
equal to DF. To each of . Ko 


1 « 


| 
E a G . F | 4 
J | 


VB 


and CH : But AH 1s the 
rectangle contained by 


e to DB; and DF together with CH 1s the gnomon CMG ze Cor. 4. 2. 


cherefore the gnomon CMG is equal to the rectangle AD, DB: 


To each of theſe add LG, which is equal e to the ſquare of CD; 
therefore the gnomon CMG, together with LG, is equal to the 
rectangle AD, DB, together with the ſquare of CD: But the 
gnomon CMG and LG make up the whole figure CEFB, which 
is the ſquare of CB: Therefore the rectangle AD, DB, together 
with the ſquare of CD, is equal to the ſquare of CB, Wherefore, 
if a ſtraight line, &c. Q. E. D. 5 
From this propoſition it is manifeſt, that the difference of the 
ſquares of two unequal lines AC, CD, is equal to the rectangle 


75 
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Book II. 


L=rw through C draw b CGF parallel to AD or BE, and through Gl 


2 46. 1. 


. . 


© 29. 1. 
92 > "Wy 


8 43. 1. 


d to the angle ABD, becauſe BA is equal to AD, being ſides of 


a f. uare; wherciore the angle CGB | 1 | 
is HN to the angle GBC; — there- A. — 4 D 
fore the fide BC is equal e to the fide : 3 
CG: But CB is equal f alſo to GK, i 6 1 
and CG to BK; wherefore the fl. HT „ K 


to BK. and CB meets them; the 
angles KBC, GCB are therefore „ 


and CGKB is rectangular: But it is alſo uilateral, as was 
demonſtrated; wherefore it is a ſquare, and it is upon the fide Wi 


ſide HG, which is equal to AC: Therefore HF, CK are the : 


g to the complement GE, and that AG is the rectangle contain. 


twice the rectangle AC, CB: And HF, CK are the ſquares of 
equal to the ſquares of AC, CB, and to twice the reftangl | 
ADES, which is che ſquare of AB: Therefore the ſquare of ABI 


is equal to the ſquares of AC, CB and twice the rectangle AL 
CB. Wherefore if a ſtraight line, &c. Q. E. D. 


T HE'E L E M E N TS 
Upon AB deſcribe a the ſquare ADEB, and join BD, and 
draw HK parallel to AB or or DE : And becauſe CF is parallel to 


AD, and BU falis upon them, the exterior angle BGC is equal 
c to the interior and oppoſite angle ADB; but ADB is equal 


gure CGKB is equilateral: It is like- 
wiſe rectangular; for CG is parallel 


qual to two right angles ; and KBC REED : 
is a right angle; wherefore GCB is a right angle; and'therefore M 
alſo the angles f CGK, GKB oppoſite to theſe, are right angles, 
CB: For the fame reaſon HF alſo is a ſquare, and it is upon the 


ſquares of AC, CB; and becauſe the complement AG is equal 


ed by AC, CB, for GC is equal to CB; therefore GE is alſo equi 
to the rectangle AC, CB; wherefore AG, GE are equal to 


AC, CB; wherefore the four figures HF, CK, AG, GE a6 
AC, CB: But HF, CK, AG, GE make up the whole figure 


Cor. From the demonſtration, it is manifeſt that the pa. | 
rallelograms about the diameter of a ſquare are likewiſe ſquares, 


PROP, 


A ww 8 Tr CS 


* Wu 8 — 1 nmdnrtkrzg th ot =. RR. 1 Hinds nd TttAJO'zs 


© wy ond 


, | therefore the whole OM , | 1 | | 
iss equal to the whole DF; A — — C Re D B | 


WE becauſe AC is equal to N — 
= CB ; therefore alſo ALis „ 


W retangle contained by 
= AD, DB, for DH, is equal | A e | 
| © to DB; and DF together with CH is the gnomon CMG; e Cer. 4. 2. 


OF EUCLID. OR De 55, 


| | ; Ds Book II. 
PROP. V. THE OR. — 
F a ſtraight line be divided into two equal parts, and 

alſo into two unequal parts; the rectangle con n- 
ed by the unequal parts, together with the ſquare of the 
line between the points of ſection, is equal to the ſquare 


or half the line. 


Let the ſtraight line AB be divided into two equal parts in — 


W the point C, and into two unequal parts at the point D the 
rectangle AD, DB, together with the ſquare of CD, is equal 


to the ſquare of CB. oy 3 : 
Upon CB deſcribe » the ſquare CEFB, join BE, and through 3 46. r. 


F D draw b DHG parallel to CE or BF; and through H draw b 31. 1. 


KLM parallel to CB or EF; and alſo through A draw AK pa- 
rallel to CL or BM: And becaufe the complement CH is e- 
qual to the complement HF, to each of theſe add DM; c 43. x. 


3 a 


* 


but CM is equal d to AL, | I.. H. d 36 1. 


equal to DF. To each of 
theſe add CH, and the 
whole AH is equal to DF 
and CH : But AH is the 


iS 


E G F a 


Th 


therefore the gnomon CMG is equal to the rectangle AD, DB: 
To each of theſe add LG, which is equal e to the ſquare of CD; 
therefore the gnomon CMG, together with LG, is equal to the 
rectangle AD, DB, together with the ſquare of CD: But the 
gnomon CMG and LG make up the whole figure CEFB, which 


is the ſquare of CB: Therefore the rectangle AD, DB, together 


with the ſquare of CD, is equal to the ſquare of CB. Wher elore, 


if a ſtraight line, &c. Q. E. DP). 


From this propoſition it is manifeſt, that the difference of the 3 
ſquares of two unequal lines AC, CD, is equal to the rectangle 
contained by their ſum and diſſerence. | 1 75 DE TS ths 


D 4 


PROP. 


With the ſquare of half the line biſected, is equal to the 


5 | halt and the part produced. 


the point D; the reQangle AD, DB, together with the {quare 


e Cor. 4. 2. 


| fore the rectangle AD, DB, together with the ſquare of CB 
5 mon CMG and LG make up the whole figure CEFD, which 


fore, if a ſtraight line, &c. Q. E. D. 


FF a ſtraight line be divided into any two parts, the 


cauſe AC 1s equal to CB, 


to CH; but CH is equal d 
to HF; therefore alſo AL 
is equal to HF: To each of 
theſe add CM; therefore 
the whole AM is equal to 
the gnomon CMC : * 


gnomon CMG is equal to the the rectangle AD, DB: Add to 


equal to twice the rectangle contained by the whole and 
_ that part, together with the ſquare of the other part. 


THE ELEMENTS 
PROP. vl. THE OR. 
7 a ſtraight line be biſected, and produced to any 


point; the rectangle contained by the whole line 
thus produced, and the part of it produced, together 


quare of the ſtraight line which is made * of Ka 


Let the ſtraight line AB be biſected in c, and produced to 


of CB, is equal to the ſquare of CD. 

Upon CD deſcribe 2 the ſquare CEFD, join DE, and through 
B draw b BHG parallel to CE or DF, and through H draw 
KLM parallel to 4 or EF, and alſo through A draw AK paral- 


el to CL or DM: and be- A B P 


the rectangle AL is equal 


AM is the rectangle con- 1 
tained by AD. DB, for DM is equal e to DB: Therefore the 


each of theſe LG, which is equal to the ſquare of CB, there- 
is equal to the gnomon CMG and the figure LG : But the gno- 
is the ſquare of CD; therefore the rectangle AD, DB together 
with the ſquare of CB, is equal to the ſquare of CD. 3 
PROP, vn. FD, 22 


ſquares of the whole line, and of one of the parts, are 


Let the — line AB * divided into ang two parts 0 
t 


OF EUCLI D. 


e point C; the ſquares of AB, BC are equal to twice the 
angle AB, BC together with the ſquare of AG, 


ure as in the preceding propoſitions; and becauſe AG is 


zerefore equal to the whole CE; FO 
derefore AK, CE, are double of g . 
K: But AK, CE are the gnomon A . 05 2 B 
KF together with the ſquare CK; N dee 
erefore the gnomon AKF, toge- wn Ae 
H- GK 


her with the ſquare CK, is double 
f AK ; But twice the rectangle AB 
C is double of AK, for BK is e- 
ual e to BC: Therefore the gno | -- 
on AKF, together with the ſquare . 
K, is equal to twice the regangle I) F as 
B, BC: To each of theſe equals _ Eat als bs 
dd HF, which is equal to the ſquare of AC; therefore the 
nomon AKEF, together with the ſquares CK, HF, is equal to 


nd BC : therefore the ſquares of AB and BC are equal ta 
Vherefore if a ſtraight line &c. Q. E. D. 
' PROP, vm. THEOR. 


times the rectangle contained by the whole line, and 


is made up of the whole and that part, 


point C; four times the rectangle AB, BC, together with the 
up of AB and BC together. 


ſuch as in the preceding. | Becauſe CB is equal to BD, and 
that CB is equal a to GK, and BD to KN ; therefore =_ 


59 
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* 


Upon AB deſcribe a the ſquare ADEB, and conſtcu& abe = 46. 1. - 
zual b to GE, add to each of them CK; the whole AK is b 1 


| c Cor. 4. 32. 


ice the rectangle AB, BC and the ſquare of AC: But the 
znomon AKF, together with the ſquares CK, HF, make up 
e whole figure ADEB and CK, which are the ſquares of AB 


twice the rectangle AB, BC, together with the ſquare of AC, 


F a ſtraight line be divided into any two parts, four | 
pne of the parts, together with the ſquare of the other 
part, is equal to the ſquare of the ſtraight line which 
| Let the ſtraight line AB be divided into any two parts in the a 
ſquare of AC, is equal to the fquare of the ſtraight line made 


Produce AB to D, ſo that BD be equal to CB, and upon 
AD deſcribe the ſquare AEFD ; and conſtru& two figures 


a 34. 1. 


* 


58 
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2 
b 36. 1. 


e 43. 1. 


Sp; therefore CG is equal to 


CK is equal b to BN, and GR to RN: But CK is equal e. 
EN, becauſe they are the complements of the parallelogu 
CO; therefore alſo BN is equal to GR; and the four re 


zs equal to BD, aud that BD is 
| d Cor. 4. 2. 


THE ELEMENTS 


equal to KN: For the ſame reaſon, PR is equal to RO; 2 
becauſe CB is equal to BD, and GK to KN, the re&ang 


angles BN, CK, GR, RN are therefore equal to one anothe 
and ſo are quadruple of one of them CK : Again, becauſe ( 


equal d to BK, that is, to CG; © 4 
and CB equal to GK, that d is, to A 2 C B 7 


I 

GP: And becauſe CG is equal to M Iu G K IN = 

. GP, and PR to RO, the rectangle '1h | DB 
A is equal to MP, and PL to X 0 2 R 0 1 


e 43. 1. 


by AB, BC, for BK is equal to BC, four times the reCtangl 
AB, BC is quadruple of AK: But the gnomon AO H was de 


I Cor. 4. 2. 


the rectangle AB, BC, together with the ſquare of AC, is e 


ther in one ſtraight line. Wherefore, if a ſtraight line, 8 


1 


RF: But MP is equal e to PL, / | | F-= 


Therefore the four rectangles E 
AC, MP, PL, RF are equal 
to one another and ſo are qua- ER "$6: 
druple of one of them AG. And it was demonſt rated, tu 


the eight rectangles which contain the gnomon AOH, are qu 


becauſe they are the complements | , 
of the parallelogram ML; where= | 
fore AG is equal alſo to RF: 


HL F 


the four CK, BN, GR, and RN are quadruple of CK: Therefor 


druple of AK: and becauſe AK is the rectangle contain 


monſtrated to be quadruple of AK; therefore four tim 
the rectangle AB, BC, is equal to the gnomon AOH. I 
each of theſe add XH, which is equal f to the ſquare of AC; 
Therefore four times the rectangle AB, BC together wii 
the ſquare of AC, is equal to the gnomon AOH and ti 
ſquare XH: But the gnomon AOH and XH make up the 
gure AEFD which is the ſquare of AD : Therefore four tims 


qual to the ſquare of AD, that is, of AB and BC added tog 


PRO 


a 


nal e 


0 2 


log a 


ir rei 
nothe 
uſe 


1h 


d, tha 
2refor 
e qu 
itaind 
tangl 
ras dt. 

tima 
E Ii 
f AC; 
r with 
ad the 
the f 
time 
„ 1s & 
| togts 
e, & 


ONE 


fa right angle. For the ſame 


Wherefore the whole AEB is a 


* 


J EE EE ; 
PROP, IX. THE OR. 


F a ſtraight line be divided into two equal, and alſo 

into two unequal parts; the ſquares of the two un- 
qual parts are together double of the ſquare of halt 
de line, and of the ſquare of the line between the 
pints of ſection. Fs B 


Let the ſtraight line AB be divided at the point C into two 
ual, and at D into two unequal parts: The ſquares of AD, 


DB are together double of the ſquares of AC, CD. 


From the point C draw # CE at right angles to AB, and a rt. 1 
jake it equal to AC or CB, and join EA, EB; through D draw 

| DF parallel to CE, and through F draw FG parallel to AB; b zi. 1. 
nd join AF: Then, becauſe AC is equal to CE, the angle 
AC is equal © to the angle AEC; and becauſe the angle . 5. 1. 
CE is a right angle, the two others AEC, EAC together 
hake one right angle d; and they are equal to one another; d 32. f. 
ach of them therefore is half E . 


eaſon each of the angles CEB, 
BC is half a right angle; and 


ight angle: And becauſe the an- 
le GEF is half a right angle, 


a EGF a right angle, for it is A O D B 


qual e to the interior and oppoſite angle ECB, the re- e ag. 1. 
naning angle EFG is half a right angle; therefore the _ 
ngle GEF is equal to the angle EFG, and the fide EG 
qual f to the fide GF: Again, becauſe the angle at B is f 6. 1. 
alf a right angle and FDB a right angle, for it is equal 
to the interior and oppoſite angle ECB, the remaining angle 
BFD is half a right angle; therefore the angle at B is equal 
o the angle BFD, and the fide DF to f the fide DB: And be- 
auſe AC is equal to CE, the ſquare of AC is equal to the 
quare of CE; therefore the ſquares of AC, CE are double of _ 
the ſquare of AC: But the ſquare of EA is equal # to the g 45. 2. 


dquares of AC, CE, becauſe ACE is a right angle ; therefore 
the ſquare of EA is double of the 


ſquare of AC: Again, be- 


cauſe EG is equal to GF, the ſquare of EG is equal to the 
quatre of GF; therefore the ſquares of FG, GF are double of 


ſquare of the line made up of the half and the part pm 


S T2. 2, 


bp zi. I, 


© 29. 1. 


d 12 Ax. 


f 32. J. 


GF; and GF is equal h to CD; therefore the ſquare of EF} E 
double of the ſquare of CD: But the ſquare of AE is Iikey 


are double of the ſquares of AC, CD: And the ſquare of AF 
equal i to the ſquares of AE, EF, becauſe AEF is a right angle 

therefore the ſquare of AF is double of the ſquares of A 
(D: But the ſquares of AD, DF are equal to the ſquare g 1 


ſquares of AD, DF are double of the ſquares of AC, CD: A 


Kc. Q. E. D. 


IF a ſtraight line be biſected, and produced to any 


and the ſquare. of the part of it produced, are togethe 


make it equal to AC or CB, and join AE, EB; through E dia 
And becauſe the ſtraight line EF meets the parallels EC, FD, the 


A is equal to CE, the angle CEA is equal © to the angle 
FAC; and the angle ACE is a right angle; therefore each ofthe 


THE ELEMENTS 
the ſquare of GF; but the ſquare of EF is equal to the ſquay 
of EG, GF; therefore the ſquare of EF is double of the ſquy 


double of the ſquare of AC; therefore the ſquares of AE, Y 


AF, becauſe the angle ADF is a right angle; therefore th 


DF is equal to DB; therefore the ſquares of AD, DB a 
double of the ſquares of AC, CD. If therefore a ſtraight lu 


T 


point, the ſquare of the whole line thus porducel 
double of the ſquare of half the line biſected, and of thi 
duced. e f 


Loet the ſtraight line AB be biſected in C, and produced u 
the point D; the ſquares of AD, DB are double of the ſquate 
of AC, CD. „ CCC 

From the point C draw # CE at right angles to AB : An 


b EF parallel to AB, and through D draw DF parallel to CE: 


angles CEF, EFD are equ le to two right angles; and therefore 
the angles BEF, EF) are leſs than two right angles: but ſtraight 
lines which with another ſtraight line make the interior angle 
upon the ſame fide leſs than two right angles, do meet d if pro. 
duced far enough: Therefore EB, FD ſhall meet, if produce 
towards B, D: Let them meet in G, and join AG: Then, becauk 


angles CEA, EAC is half a right augle f: For the ſame reaſon, 


OF EUCLID. 0 


= ch of the angles CEB. EBC is half a right ale; therefore Book IT. 
of Er ME is 2 right angle: And becauſe EBC is half a right angle. 
ik en BG is alſo f half a right angle, for they are vertically oppo- f 15. r. 
XE. but BDG is a right angle, becauſe it is equal to the al- c 29. 1 

f AF; ats angle DCE ; therefore the remaining angle DGB is "i 
ol ia right angle, and i is therefore equal to the an 750 DBG; 

f A herefore alſo the fide BD is 5 equal E to the fide D Again, g6. 7. 


cauſe EGF 1s half a „ 
* , ght angle, and that | E e WP. 
1 \ de angle at F is a right | | | 


hgle, becauſe it is e- 
pal h to the oppoſite | 


— . 4 
. 


le ECD, the remain- , bh 5341 
© angle FEG is half a A Q Lo n 
ght angle, and equal 1 „ ag 
Go the angle EGF ; ok — G 


therefore alſo the fide _ 
F is equal s to the fide FE. And becauſe TY is equal to 


o aA. the ſquare of EC is equal to the ſquare of CA ; therefore 8 
lucec e ſquares of EC, CA are double of the ſquare of- CA : But | 
zethe he ſquare of EA is equal i to the ſquares EC, CA; there- f 47-3. 
of tw. ore the ſquare of EA is double of the ſquare of AC: Again, 


decauſe GF is equal to FE, the ſquare of GF is equal to the 

quare of FE; and therefore the ſquares of GF,. FE are dou- 

dle of the ſquare | of EF: But the ſquare of EG is equal i to 

he ſquares of GF. FE; ther fore the ſquare of EG is double 

df the ſquare of EF: And EF'is equal to CD; wherefore the 

quare of EGis double of the ſquare of CD: But! it was demon- 
rated, that the ſquare of EA ; is double of the ſquare of AC; 

herefore the ſquares of AE. EG are double of the ſquares of 

AC, CD: And the ſquare of AG is equal to the ſquares of 

AE, EG; therefore the ſquare of AG is double of the ſquares 


CE: of AC, CD : But the ſquares of AD, GD. are equal i to the 
), the BWW ouare of AG: therefore the ſquares of AD, DG are do ble 
efor Jof the ſquares of AC, CD: But DG is equal to DB; therefore 
arght E the ſquares of AD, DB are double of the — of AC, CD: 
2 * if a 3 line, &c. Q E. D 
luced 
caule 
angle 
of the 


Bock II. . 


> 46. I. 
b 10. 1. 
; C 3. 1. | 


d 6. 2. 


| e 47. JI. 


the parts, ſhall be VIEW to the (quare of the other part, | 


5 5 with the ſquare of AE, is equal a to the ſquare of EF: 


ther with the ſquare of AE, is equal to the ſquare of EB: And tbe 


angle CF, FA together with the ſquare 
of AE; is equal to the ſquares of BA. 
AE Take away the ſquare of AE, K 
which is common to both. therefore 4 + 
the remaining rectangle CF, FA is e- 
qual to the ſquare of AB : and the fi- Kee 
gure FK 1s the rectangle contained by 3 The 


AD is the ſquare of AB; therefor: 3 | 
FK is equal to AD: Take away the oy Lo ned 
common part AK, and the remainder C 3 K D 
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PROP. xl. PROB. 


10 divide a given ſtraight line into two parts, ſo tha 
the rectangle contained by the whole, and one df 


Let AB ks the given raight line ; it 1s 4 1504 to divide ln 
it into two parts, ſo that the rectangle contained by the whole, Hain 


and one of che parts, ſhall be equal to the ſquare of the other pen 


art. 
F Upon AB deſcribe the ſquare ABDC ; biſect b AC in E, ing 
and join BE; produce CA to F, and make e EF equal to EB, 
and upon AF deſcribe a the ſquare FGHA; AB is divided in 
H, fo that the rectangle AB, BH is equal to the ſquare of AH, 
Produce GH to K: becauſe the ſtraight line AC is biſeQl 
in E, and produced to the point F, the rectangle CF, FA, to. 


ut EF is equal to EB; therefore the rectangle CF, FA, toge- 


ſquares of BA, AE are equal< to the . = c* Wy 
ſquare of EB, becuuſe ther angle LAN To ——7 acl 
is a right angle; ; therefore the ret- | © fT 


CF, FA, for AF is equal to FG; and * | 


FH is equal to the remainder HD : 
And HD is the rectangle contained by AB, BH, for AB is & 
qual to BD; and FH is the ſquare of AH. Therefore the 


rectangle AB, BH is equal to the ſquare of AH: Wherefore 


the ſtraight line AB is divided in H ſo, that the reQangle Ab, 
BH 1 1s no to the ſquare of AH, Which was to be done. 


PROP 


* 


eee 


PROP. XI. 7 HE O R. 


drawn from any of the acute angles to the oppoſite 
de produced, the ſquare of the ſide ſubtending the ob- 
ſe angle is greater than the ſquares of the ſides con- 
aining the obtuſe angle, by twice the rectangle con- 
ained by the ſide upon which, when produced, the per- 


e triangle between the perpendicular and the obtuſe 
Ingle. 


Let ABC 1 an objuſa angled wheels” an the obtuſe 
ngle ACB, and from the point A let AD be drawn a perpen- 


quares of AC, CB by twice the rectangle BC, CD. | 
Becauſe the ſtraight line BD is divided into two parts in the 
joint C, the ſquare of BD is equal 4. 
to the ſquares of BC, CD, 15 , 

rice the rectangle BC, CD: To 
Ls of theſe equals add the ſquare 
fDA; andthe ſquares of DB, DA 
re equal to the ſquares of BC, CD, 
DA, and twice the rectangle BC, 
D: But the ſquare of BA 1s equal 
to the ſquares of BD, DA, be- 


ngle; and the ſquare of CA is e- 


ngled CONS &c. 2 E. D. 


auſe the angle at D is a right B 5 C LON D 


TN obtuſe angled triangles, if a n be 


dendicular falls, and the ſtraight line intercepted without 


a 12. 1. 


Peular to BC produced: The ſquare of AB is greater than the 


WED 


ual © to the Ha ty of CD, DA : Therefore the ſquare of BA | 
$ equal to the ſquares of BC, CA, and twice the:tha rectangle 
C, CD; that is, the ſquare of BAis greater than the ſquares of 
dC, CA, by twice the rectangle BC, CD. 8 in obtuſe 


2 12. 1. 


the ſquares of CB, BD are a- 


9 9.3. 


C 47. I. 


| d 16. T6 


the ſides containing that angle, by twice the rectangi 


from the oppoſite angle, and the acute 


tained by CB, BD, and the ſquare 
of DC: "To each of theſe equals 
add the ſquare of AD; therefore 
the ſquares of CB, BD, DA, are 
equal to twice the rectangle G3, — 
BD, and the ſquares of AD, DG: B 
| But the ſquare of AB is equal 


angle; and the ſquare of AC is equal to the ſquares of AJ) 
DC: Therefore the ſquares of CB, BA are equal to the ſqum 
of AC, and twice the rectangle CB, BD, that is, the {quat 
of AC alone is leſs than the 3 of CB, BA by twice tit 
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PROP. XIII. THE OR. 


N every triangle, the ſquare of the fide ſubtendhy 
any of the acute angles, is leſs than the ſquares a 


contained by either of theſe ſides, and the ſtraight ling 
intercepted between the perpendicular let fall upon i 


Let ABC be any triangle, and the angle at B one of its . 
* angles, and upon BC, one of the ſides containing it, hf 
fall the perpendicular AD from the oppoſite angle: Th 
ſquare of AC, oppoſite to the angle B, is leſs than the {quare 
of CB, BA by twice the rectangle CB, BD. 

Firſt, Let AD fall within the triangle ABC; and becauk 


A 


the ſtraight line CB is divided 
into two parts in the point D, 


qual b to twice the rectangle con- 


e to the ſquares BD, DA, becauſe the * BDA ! is a right 


rectangle CB, BD, 

Secondly, Let AD fall withj- — 
out the triangle ABC: Then, be- A 
cauſe the angle at D 1s a right 
angle, the angle ACB 1s greater . 
d than a right angle; and there- 


fore the ſquare of AB is equal e to 1 be 


the ſquares of AC, CB, and twice 
the rectangle BC, CD: To theſe e- 
vanes addthe ſquare of BC, andthe BY 


OF EUCLID. 2 


{quares of AB, BC are equal to the fquare of AC, and twice Book II. 
the ſquare of BC, and twice the rectangle BC, CD: Fut be. * a 
cauſe BD is divided into two parts in C, the re&angle DB, BC 
is equal f to the rectangle BC, CD and che ſquare o* BG: And f 3.2. 
| the doubles of theſe are equal : Therefore the ſquares of AB, mY, 
BC are equal to the ſquare of AC, and twice the rectangle | | 
DB, BC: Therefore the ſquare of AC alone is leſs than the 
ſquares of AB, BCb 1 the tectangle DB, BC. FL 
= Laſtly, let the fide AC be perpendicular to Y k 
BG; bo is BC the ſtraight line between the be of oh 
rpendicular and the acute angle at B; and it ; 
is manifeſt that the ſquares of AB, BC are e- 
quals to the ſquare of AC and twice the ſquare 
of BC: E in every * Kc. Q. 


54 49-8. 


PROP. XIV, PROB. 


deforibs a ſquare that ſhall be equal to a given Sce v. 
reQilineal hgure, 


Let A be the given reftilineal hams it is « required. to de- I 
{cribe a ſquare that fhall be equal to A. wn 

Deſcribe a the rectangular parallelogram BCDE equal to the 2.45. 4 
rectilineal figure A. If ene 17 hides of it BE, ED are equal tp | 
one another, it is ' 
a ſquare, and what 5 
was required is 
now done: But 
if they are not e- \ 7, 
qual, produce one \ — 
of them BF. to F, | E 
and make EF e- 9 
qual to ED and bi- 7 'D 
ſet BF in G: and 
from the centre G, at the diflacce GB. or GF, deſcribe the fem 10 
circle BH F, and produce DE to H, and join GH: Therefore 
decauſe the ſtraight line BF is divided into two equal parts in 
the point G, and into two unequal at E. the rectangle BE, 
EF, together with the ſquare of of EG. is equal Þ to the ſquare of by S. 2. 5 
Dp. Bot GF is 3 to GH ; therefore the reQuogle BE, EF, OT 
au ; * 9+ 


o 
+ 
» 
* 
F 


1 \ f 
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Book II. 5 with the ſquare of EG, is equal to the ſquare of GH) 


£47-1 I. 


Therefore the rectangle BE, EF, together with the, ſquare of 


| equal toED; therefore BD is equal to the ſquare of EH ; but 


neal figure A is equal to the ſquare of EH: Wherefore aſquar, | 
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But the ſquares of HE, EG are equal © to the ſquare of GH: 
EG, 15 equal to the ſquares of HE, EG: Lake away the ſquare 
of EG, which is common to both ; and the remaining rectan. 
gle BE. EF is equal to the ſquare of EH : But the rectaugle 
contained by BE, EF is the parallelogram BD, becauſe EF i; 
BD is equal to the rectilineal figure A; therefore the rectill. 


has been made equal to the given rectilineal figure A, viz. thy a 
ſquare « deſcribed apo EH. Which was to be done. 


* 
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OF EUCLID. 


TUE 


ELEMENTS 
EV © Y £0 


— 
- R—_ 


B O O K IM. 


DE FINTDLONG, | ns 


QUAL circles are th « which the 1 are equal, Bock w. Wb 
or from the centres of w ** the ſtraight lines to the eir- — 
cumferences are equal, ds 
+ This is not a definition ka a 3 the truth of which 55 
W © is evident; for, if the circles be applied to one another, ſo that 
| © their centres coincide. the circles muſt hkewiſe coincide, lince ET 
the ſtraight LI. from the centres are equal.“ 5 1 
14 ſtraight line is ſaid to touch 8 
| circle, when it meets the / 
circle, and being produced 
| | does not cut it. 
Circles are ſaid © touch one 
another, which meet but 
do not cut one another. 
IV. 
Straight lines are ſaid to be equally din 
ſtant from the centre of a circle, when 
the perpendiculars drawn to them 
from che centre are equal. 
W's \ 
And the ſtraight line on. which the 
greater perpendicular falls, is ſaid to 
ye farther from the centre. 


\ Ez 


3 | Book wo A ſegment of a circle 1 is the figure cc con- 


- See N. 


0. T. 


„in. 


An angle in a ſegment is the angle con- 


THE ELEMENTS 
VI. 


tained by a ſtraight line and the cir- / ge: 
cumference it cuts off. | JEET as 
VII. N 
The angle of a rear A is | that which. is contained by the 
« ſtraight line _— circumference.” 
VIII. 


. 


taiued by two ſtraight lines drawn 
from any point in the circumference 
of the ſegment, to the extremities 
of the ſtraight line wich 1 1s the baſe 
of the ſegment. 

KK. 

And an ar gle is ſaid to inſiſt or ſtand 
upon the circumference intercepted _ : 
between the ſtraight lines that contain | the angle. 

X. 

The ſector of a oivele is the FENG contain- 

ed by two Hraight lines drawn from the 


centre, and the carcunaterence between 
ee. | 


Kl. 
Similar ſegments of a circle, 
are thoſe in which the an- 
gles are equal, or which 
contain equal angles. 


PRO P. I. PROB, 


'To find the centre of a given circle, 


Let ABC be the given circle ; it is required to find i its centre 

Draw within it any ſtraight line AB, and biſe& a it in P; 
from the point D draw b DC at right angles to AB, and pro- 
| duce it to E, and biſed CE 1 in F: The point F is the centre of 
the circle ABC. | 
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For, if it be not, let, if poſlible, & be the centre, and join BA m. 
IV GD, GB: Then, becauſe DA is equal to DB, and 15 
common to the two triangles AUG, C 
| BDG, the two fides AD, G6 wee * — 
qual to the two BD, , each to 
| each; and the baſe GA is equal to 
the baſe GB, becauſe they are drawn 
from the centre G: Therefore the 
W angle ADG is equal e to the angle 
GDB: But when a ſtraight line ſtan- 
ding upon another ſtraight line makes 
the adjacent angles equal to one ano- 0 
ther, each of the angles is a right an- . 
fle d: Therefore the angle GDB is a : oh Del... 
right angle : But FDB {likewiſe a 51 ebe ang le; ; wherefvre the | 
angle FDB is equal to the angle GDB, the greater to the leſs, 
which is impoſſible : Therefore G is not the centre of the cir= 
cle ABC: 2 the ſame manner it can be ſhown, that no other 
point but F is the centre; that is, F is the centre of the circle | 

ABC: Which was to be found. 
Con. From this it is manifeſt, that ifh in a cirele a ſtraight 
line biſect another at right angles, the centre of the circle 1 is in 
me line which biſeQs another, 


t PROP. II. THEOR. 


OF EUGLID. 


* any two points be taken in the circumference of a 
circle; the ſtraight line which joins them ſhall fall 


within the circle; 


> | oe 
* 


Let ABC Ty 2 locks, and A, B any two points is thee « cir- NT 
| cumference ; the ſtraight line drawn | 
| from A to B ſhall fall within the circle. 
For, if it do not, let it fall, if poſſi- 
ble, without, as AEB; find a D the cen- 
tre of the circle APC; and join AD, 
DB, and produce DF, any ſtrai ht line 
meeting the circumference Ry to E: 
Then becauſe DA is equal to DB, the X 
angle DA; is equal b to the angle DBA; 7 
and beeauſe AE AE, a fide of the triangle ; 
: E 3 
N n the expreſſion 5 el lines from the centre,” or © drawn 


* from the 2 occurs, it is to be ſtood that they are drawn to the cit- 
_ eumkerence; | 


2 1. 3. 


2 
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THE E LE MENTS 


Book. Ill, DAE, is 2 to B, the angle DEB is greater © than the 


angle DA 
e 16. 1, 


81.4. 


es. 


t 10. oder. e angle: Therefore each of the angles 


4.1. 


the circle. 


but DAE is equal co the angle DBE; therefore 


the angle DEB is greater than the angle DBE: But to the great- 
er angle the greater fide is oppoſite d; DB is therefore greater 
than DE : But DB is equal to DF ; wherefore DF 1s greater 


than DE, the leſs than the greater, which is 1mpoſlible : 


here. 


fore the ſtrai ght line drawn from A to B does not fall without 


n the ſame manner, it may be demonſtrated that 


it does not fall upon the circumference ; it falls therefore with- 


in it. Wherefore, if any two points, &. Q. E. D. | 
PROP. III. THEOR, 


1 a ftrai ght line drawn through the centre of 2 
circle bile a ſtraight line in it which does not paſs 


through the centre, it ſhall cut it at right.angles ; 
If it cuts it at right angles, it thall biſect „ 


— 


Let ABC be a eirele; and let CD, a ſtraight line a au 
through the centre, biſe@ any ſtraight line AB, which does not 


paſs through the centre, in the point F: Tt cuts it alſo at right . 
"Them 


angles. 


Take ® E the centre of the circle, and join EA, EB. 


| becauſe AF is equal to FB, and FE common to the two tri- 
angles AFE, BFE, there are two ſides in the one 9 to two 


ſides in the other, and the baſe EA is 
equal to the baſe EB; therefore the 
avgle AFE is equal b to the angle BFE: --& | 
But when a ſtraight line ſtanding upon / | 
another makes the adjacent angles equal : 
to one another, each of them is a right | 


_ AFE, BFE is a right angle ; wherefore 


the ſtraight line CD, drawn through NS a — 


the centre biſecting another AB that 
does not paſs through the centre, cuts 


the ſame at right angles, 


But let CD cut AB at right angles; CD allo bi 
is, AF is equal o FB. 


The ſame conſtruction being made, becauſe EA, | 
the centie are equal to one another, the angle EAF is 


to the angle EBb ; and the right angle AFE is equal to the 


right angle BEE: Therefore, in the two ö 


EB, 
there 


| thi 


29 - ww kw oo — nw» 


or EVCLID. . © 


| there are two angles in one equal to two angles i in the Aber, Book III. 
and the ſide EF, which is oppoſite to one of the equal angles 
in each, is common to both; therefore the other ſides are e- 

qual e; AF therefore is equal ts FB. Wherefore, if a — e 26. 1. 


line, &c. E. D. 
8 PRO P. IV. THEOR. 


Fina circle two ſtraight Knes cut one Socher which 
do not both paſs IR the e they do not = 
biſect each other. 


Let ABCD be a circle, and AC, BD two firaight lines i in 
jt which cut one another in the point E, and do not both paſs 
through the centre : AC, BD do not pilect one another. 

For, if it is poſſible, let AE be equal to EC, and BE to ED: 
If one of the lines paſs through the wy it is To that it 
cannot be biſected by the other which 
| does not paſs through the centre : But 
if neither of them paſs through the 
centre, take a F the centre of the cir- 
cle, and join EF : and becauſe FE, a 
ſtraight line through the centre, bi- A 
ſes another AC which does not if 
through the centre, it ſhall cut it at 
| right d angles; wherefore FEA is a 
right angle: Again, becauſe the 
ſtraight line FE biſects the ſtraight line BD which does not bs - 
through the centre, it ſhall cut it at right b angles; wherefore 
| FEB is a right angle: And FEA was ſhown to be a right angle; 
therefore FEA is equal to the angle FEB, the leſs to the great= 
er, which is impoſſible : Therefore AC, BD do not biſe&t _ 
another. Wherefore, if in a circle, &c. — E. 0 45 


PROP. V. THE OR. 


I 


F two circles cut one another, they ſhall not have 
the lame centre. 


Let ths two circles ABC, CDG cur. one another in che 
| points B, C ; they have not the pos, ER ooh 


* 


4. 1 
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Book III. For, if it be poſſible, let E be their centre: — EC, and 
— draw any ſtraight line EFG meet- 
ing them in F and G : and becauſe 
E is the centre of the circle ABC, 
CE is equal to EF : Again, be- 
cauſe E is the centre of the circle 
CDG, CE is equal to EG: But 
CE was ſhown to be equal to EF; 
therefore EF is equal to EG, the 
leſs, to the greater, which is im- 
poſlible : Therefore E is not the 
centre of the circles ABC, CDG. 
Wherefore, if two circles, Ne: Q. E. D. 


PROP. vI. THEOR. 


IF two circles roach one another ifiternally, they 
1 ſhall not have the ſame centre. 
Let tha two cireles ABC, CDE, touch e one another internal. 
ly in the point C: They have not the ſame centre. 

For, if they can, let it be F; * FC and draw any ſtraight 
line FEB meeting them in E and B; 9583 
And becauſe F is the centre of the ST 
circle ABC, CF is equal to FB: 
Allo, becaoſe F is the centre of the ED is 
_ circle CDE, CF is equal to FE: [| 9 5 * 
| And CF was ſhewn equal to FB; 1 F 5 
therefore FE is equal to FB, the leſs A\ 3 
to the greater, which is impoſſible ; | 
Wherefore F is not the centre of 
the circles ABC, CDE. Therefore, 
if two circles, & c. Q. E. D. 


8 


— 
— 


hd > 


nd 


| p. 


HP O 


PROP. vu. THEOR. | 


W which is not the centre, of all the ſtraight lines which 


an be drawn from it to the circumference, the great- 
ais that in which the centre is, and the other part of 


hich is nearer to the line which paſſes through the cen- 


f the ſhorteſt line, - 


y point F be taken which is not the centre: Let the centre 
E; of all the ſtraight lines FB, FC, FG, &c. that can be 


he others, FB is greater than FC, and FC than FG. 


— 


reater ® than the third, BE, EF are 
equal to EB; therefore AE,EF, 
bat is AF, is greater than BF: A- 
in, becauſe BE is equal to CE, 
nd FE common to the triangles 4 
EF, CEF, the two ſides BE, EF 

re equal to the two CE, EF; but 
e angle BEF is greater than the 
ngle CEF; therefore the baſe BF 
greater b than the baſe FC: For 
he ſame reaſon, CF is greater than 
F: Again, becauſe GF, FE are | 
reater a than EG, and EG is equal . 

d ED; GF, FE are greater than ED: Take away the common 
art FE, and the remainder GF is greater than the remainder 
D: Therefore FA is the greateſt, and FD the leaſt of all the 


han CF, and CF than GF. 


xe point F to the circutofetence, one upon each 


3 


* 


F any point be taken in the diameter of a cirele 


at diameter is the leaſt; and, of any others, that 


e is always greater than one more remote: And from 
e ſame point there can be drawn only two ſtraight 
nes that are equal to one another, one upon each ſide 


Let ABCD be a circle, and AD its diameter, - in which let 


rawn from F to the circumference, FA is the greateſt, and 
D, the other part of the diameter BD, is the leaſt: And of 


Join BE, CE, GE; and becauſe two ſides of a triangle are 
greater than BF; but ALE a 20. 1. 


b 24. * | 


raight lines from F to the circumference z and BF is greater 


Alſo there can be drawn only two equal ſtraight lines from 
fide of the 


Ty 


THE ELEMENTS 


i Book un. ſhorteſt line FD: At the point E in the ſtraight line EF, mak 
| — 2 de angle FEH equal to the angle GEF, and join FH : Th 


e 23. 1. 


4 4. 1. ; 


Therefore, if any point be taken, &c. Q. E. D. 


becauſe GE is equal to EH, and EF common to the two ti 
angles GEF, HEF ; the two ſides GE, EF are equal to the tu 
HE, EF; and the angle GEF is equal to the angle HEF; then 


fore the baſe FG is equal d to the baſe FH: But, beſides Fi 


no other ſtraight line can be drawn from F to the circumjy 
rence equal to FG: For, if there can, let it be FK; and h 


cauſe FK is equal to FG, and FG to FH, FK is equal to FM: 
that is, a line nearer to that which paſſes through the centre, 


equal to one which is more remote; which is impoſlibk 


% ] 


PROP. VIII. THEOR. 


Ld 


of any point be taken without a circle, and ſtraight 


lines be drawn from it to the circumference, when 


of one paſſes through the centre; of thoſe which fallf 
upon the concave circumference, the greateſt is tha 
which paſſes through the centre; and of the reſt, tha 
which is nearer to that through, the centre is alway! 


greater than the more remote : But of thoſe which tal 


upon the convex circumference, the leaſt is that betweall 
the point without the circle, and the diameter; and df 
the reſt, that which is nearer to the leaſt is always leb 


than the more remote: And only two equal ſtraigt 


lines can be drawn from the point unto the circum 


rence, one upon each ſide of the leaſt, 


Let ABC be a circle, and D any point without it, from whid 
let the ftraight lines DA, DE, DF, DC be drawn to the cir 


cumference, whereof DA paſſes through the centre. Of thole 
which fall upon the concave part of the cireumference AEN 
the greateſt is AD which paſſes through the centre; and tit 


nearer to it is always greater than the more remote, viz. Db 
than DF, and DF than DC: But of thoſe which fall upon tie 
convex circumference HLKG, the leaſt is DG between dt 


point 


# 
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int D and the diameter AG ; and the nearer to it is always Book Il. 
than the more remote, viz. DK than DL, and DL than ware 
Take »M the centre of the circle ABC, and join ME, MF, » 1. 3. 

„Mk, ML, MH: And becauſe AM is equal to ME, add 

) to each, therefore AD is equal to EM, MD; but EM,MD 

greater b than ED; therefore alſo A is greater than ED: b 20. r. 
gain, becauſe ME is equal to ME, and MD common to the 

zogles EMD, FMD; EM,MD $25.5: 5 

> equal to FM, MD; but the 1 i 
gle EMD is greater than the 


gle FMD ; therefore the 4 
; D is greater c than the baſe FD: 3 
like manner it may be ſhewn oa * | 
at FD is greater than COD: . 
Wherefore DA is the greateſt; and | 
E greater than DF, and DFthan 
WC: And becauſe MK, KD are 
aigh eater b than MD, and MK is e- | 1 
hem! gal to MG, the remainder KD ; 
greater d than the remainder d 4. Ax. 
| WD, that is GD is leſs than KD: 
that nd becanſe MK, DK are drawn F 
tha the point K within the triangle 
Wat LD from M,. D, the extremi- 
h fs of its fide MD, MK, KD are fas x 
wee B'S © than ML, LD, whereof MK F 
equal to ML; therefore the remainder DK is leſs than the 


mainder DL: In like manner it may be ſhewn, that DL is leſs 


s leb dan DH: Therefore DG is the leaſt, and DK lefs than DL, and 
aigt DL than DH: Alſo there can be drawn only two equal ſtraight 
amt ies from the point D to the circumference, one upon each 


de of the leaſt : At the point M, in the ſtraight line MD make 
he angle DMB equal to the angle DMK, and join DB: And 


cauſe MK is equal to MB, and MD common to the triangles 
je c D, BMD, the two ſides KM. MD are equal to the two BM, 
* thoſt D.; and the angle KMD is equal to the angle BMD ; there- = 
EF ak the baſe DK is equal f to the baſe DB: But, befides DB, 1 4. T. 
1d there can be no ſtraight line drawn from D to the circumfe- 
„ D nee equal to DK: For, if there can, let it be DN; and becauſe 
on te K is equal to DN, and alſo to DB; therefore DB is equal to 


DN, that 1s; the nearer to the leaſt equal to the more remote, 
hich is impoſſible, If therefore, any point, &c. Q. E. DPD. 
; ; WW PROP. 


29.3. 


' Book 111, 


which to the circumference there fall more than two 


ſtraight lines, viz. DA, DB, DC, the poi Di is the the centre 


eircle ABC, there is taken the 
po oint D which is not the centre, 


Wo gon ra than DB, andDBthanDA: 


impoſſible: Therefore E is not the 
centre of the circle ABC : In like mapner, it FATS be demo on 


ts centre, "Whaekes, ul a ous be taken, Ge. QE. D. 


= O circumference of a circle cannot cut ano 


rence FAB cut the citeumference 


THE ELEMENTS 
THER; 
| PROP, IX. PROB. 


F a point be taken within a circle, from which the 
fall more than two equal ſtraight lines to the circyg 
nes, chat point is the centre of the circle. 


Let the point D be taken within ths Arch ABC, fr 


the circle. 
For, if not, let E be the centre, | Le 
join DE and produce it to the eir- 3 th 
cumference in F, G; then FG is 8. 1 th 


a diameter of thecircle ABC: . i \ ai; 
becauſe in FG,the diameter of the | A 


G ſhall be the greateſt line from it 
to the circumſerence, and DG 


ut theyare like wiſe equal. which is 


ſtrated, that no other point but D is the centre; D thereforey 
PROP. X. TuEOR. 


in more than two points. 


If it be poſſible, let the PREV 37 4 3 Jy , 


DEF in more than two points, viz. E 
in B, G, F; take the centre K of the 
circle ABG; and join KB, KG,KF: ,A\ 
And becauſe within the circle DEF G 
there is taken the point K, from 
which to the circumference DEF | 
fall more than two equal ſtraigbt 
lines KB, KG, KF, the point K us 3 


— 


centre of the 19 ge EFV But K is alfo W of the Book Ul. 


le ABC; therefore the Tame point is the centre of two cir. wy 
that cut one another, which is impoſſible b. Therefore b ;. 3. 
tht circumference of a circle cannot cut — in more than 
1 points. Q. E. D. 5 


PROP, XI. 251. 


fr two circles touch each other internally, the ſtraight | 
e line which joins their centres Long 2 ſhall 
nt WW: through the point of contact. 


Let the two circles ABC, ADE, touch each other r 
the point A, and let F be the centre of the circle ABC, and 
the centre of the circle ADE: The 1 25 | 


eight line which joins the centres 
G, being Py paſles * a 


int 
J . Far. if not, let it fall otherwiſe, if | 
C able, as FGDH, and join AF, . 
And becauſe AG, GF are great- 
n than FA, that is, than F for 
\ is equal to FH, both being from 
ſame centre; take away the com- 
emo on part FG; therefore the remaih-' FB 
oni r AG is greater than the remainder GH But AG ig equal 
D. GD; therefore GD is greater than GH, the leſs than the 
eater, which is impoſſible. Therefore the ſtraight line wn wa 5 
ins the points F, G cannot fall otherwiſe than upon the 
LE is, it muſt paſs * it. Therfore, if two le 
N =.” Fo. 
* "PROP. XII. THEO. 


I F two circles tonch each other externally, the fraight 
H line which joins their centres * ou through the 
dint of vontact. 


e two circles ABC, ADE touch each other 2X" 
"I i the point A; and let F be the centre of the circle ABC, and 
L the centre of ADE : The ſtraight line which joins the points 
G ſhall paſs, through the point of contact A. 
£5 if not, let it n . if * as FCDG, 20d 
join | 
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Book 111. join FA, AG: And bebanle Fi is the centre of the circle AR 
yes A is equal to FC; Alſo 
E | becauſe G is the centre of 

the circle ADE, AG is e, 

qual to GD: Therefore 

FA, AG are equal to FC, 

DG; wherefore the \ 

whole FG is greater than 

FA, AG; But it is alſo 

320.1, leſsa; which is impoſſible: 
Therefore the ſtraight line which j joins the points F. G fall 
paſs otherwiſe than through the point of contact A, that is, of 
muſt paſs through it. 8 if tyro en, Ke Q. E.] 


7 P R 0 P. XII. T HE OR. 

2 NE circle cannot touch another in more point 

than one, whether it touches it on the inſide a 
| outſide. 5 | | 


For, if it be poſſible, let the eirele EB touch the circle AI 

in more points than one, and firſt on the inſide, in the poink 

* 70. 11. 1. B, D; join BD, and draw a GH biſecting BD at right angle. 
| Therefore, becauſe. the points B, D are in the gircnmſerencey 


7 cs 
b 2. 3. each of ts RY the ſtraight line BD falls within A 
e. Cor. x. 3. them: And their centres are © in the ſtraight line GH which 
biſects BD at right angles: Therefore GH paſſes through the 
4 11. 3. point of contact d; but it does not paſs through it, becauſe the 
FD Feen B, D are without the ſtraight line GH, which is abſurd; 
erefore one circle cannot touch another on the inſide i 

more points than ne. 

Nor can two > cirdles tobch one mother on the outſide 1 in 


* 


0 E unt n. . * 


ore than one point a For, if it be poſſible, let the circle ACK Book UN. 
ach the circle ABC in the points A, C, and Ly: AG: Tuere- Wu 
re, becauſe the two points A, C are in | * 
e circumference of the circle ACK, 
e ſtraight line AC which joins them 
un fall within b the circle ACK: And 
e circle ACK is without the circle 
BC; and therefore the ſtraight line 
C 1s without this laſt circle ; but, be- 
uſe the points A, Care in the circums / 
rence of the circle ABC, the ſtraight 5 
ne AC muſt be within b the ſame cir- 
e, which 1s abſurd : Therefore one 
rcle cannot touch anothe; on the out- 8 
le in more than one point: And it £ 0 
as been ſhewn, that they cannot touch on the infide i in more 
vints than one: Therefore, one circle, c. QE. D. 


P. R O P. XIV. T H E O R. 


QUAL ſtraight lines i in a circle are equally diſtant 
from the centre; and thoſe which are equally di- e 
tant from the centre, are 9 to one another. b 5 


8 
| 


Las the ſtraight lines AB, CD, in the circle ABDC, be * . 
o one another; they are equally diſtant from the centre. 
Take E the centre of the circle ABDC, and from it draw EF, 
G perpendiculars to AB, CD : Then, becauſe the ſtraight line 
F, paſſing through the centre, cuts the 1 line AB, which a 
Woes not paſs thr ough the centre, at 
ight angles, it alſo biſects a it: Where, PE 
ore AF is equal to FB, and AB double 1 
fAF. For the ſame reaſon CD is 
ouble of CG : And AB. is equal to 
D; therefore AF is equal to CG 
TP) ; nd becauſe AE is equal to EC, the 
thi Iquare of AE is equal to the ſq "NP | 
Ade C: But the ſquares of AF, TE are 1 
th equal b to the ſquare of AE, becauſe B ß 
"Fark the angle AFE is a right augle ; and 

kk or the like reaſon, the ſquares of EG, GC are equal to th | 
| uare of EC: Therefore the ſquares of AF, FE are equal to 
1 1 the 4 ares of CG, GE, of which the eds 'of AF is equal to 


more _ 


* 


* 


Book MI, 


9 


| <4. Def. 3. are equal c: Therefore AB, CD are quay diſtant from te 
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the ſquare of c, beceuſe AF is equal to CG; therefore j 
remaining ſquare of FE is equal to tie remaining ſquare q 


EG, and the ſtraight line EF is therefore equal to EG : Ry 
ſtraight lines in a circle are ſaid to be equally diſtant from ih 


centre, when the perpendiculars drawn to them from the cena 


Next, if the ſtraight Lines AB, CD be equally diſtant fra 


the centre, that is, if FE be equal to EG; AB is equal to C 


For, the ſame conſtruction being made, it may, as beſore, hy 


demonſtrated, 'that AB is double of AF, and CD double of 
CG, and that the ſquares of EF, FA are equal to the ſquan] 
of EG, GC; of which the ſquare of FE is equal to the ſquan 
of EG, becauſe FE is equal to EG; therefore the remain 


EE the diameter is AD, and the centre E; | 
and let BC be nearer to the contre * 


| I 10. 1. 


pendiculars to BC, FG, and join EB, 
EC, EF; and becauſe AE is equal to 


ſquare of AF is equal to the remaining ſquare of CG; and th 
ſtraight line AF is therefore equal to CG: And AB is-doutk 
of AF, and CD double of CG ; wherefore AB is equal to CI, 


Therefore equal W ns, ee. N. E. D. 


PROP. XV. THEO R. 


HE diameter is the greateſt ſtraight line in a circle 
and, of all others, that which is nearer to the cen 


rre is always greater than one more remote; and the 


greater is nearer to the centre than the leſs. 


Let ABCD be a circle, of which 


than FG; AD is greater than any 

ftraigit line BC which is not a dia- 

meter, and BC greater than FG. 
From the centre draw EH, EK per- 


EB, and ED to EC, AD is equal to 

EB, EC: But EB, EC, are greater a- 
than BC;  wherefore, alſo AD is 
greater than BC. 


And, "ous BC i is 5 nearer to the centre than FG, TI + 


— 


„ , 35- p_—< ki» g5- by 


of EUCLID. 


| lefs bthan EK : But, as was demonſtrated in the preceding, Book 11, 
BC is double of BH, and FG double of FK, and the ſquares of wy 
FH, HB are equal to the ſquares of EK, KF, of which the bs. Del. 3. 


ſquare of EH is leſs than the ſquare of EK, becauſe EH is leſs 
than EK ; therefore the ſquare of BH is greater than the ſquare 
of FK, and the ſtraight line BH greater than FK; and there. 
fore BC is greater than FG, + B es 
Next, Let BC be greater than FG; BC is nearer to the cen. - 
tre than FG, that is, the ſame conſtruction being made, EH is 
leſs than EK ; Becauſe BC is greater than FG, BH likewiſe is 
greater than KF : And the ſquares of BH, HE are equal to the 
ſquares of FK, KE, of which the ſquare of BH is greater than 
he ſquare of EK, becauſe BH is greater than FK; therefore 


the ſquare of EH is leſs than the ſquare of EK, and the ſtraight 


line EH leſs than EK. Wherefore the diameter, $&c. Q. E. D. 


PROF. XVI. THE OR. 


FTHE ſtraight line drawn at right angles to the dia- 8 N. 


meter of a circle, from the extremity of. it, falls 
without the circle; and no ſtraight line can be drawn 
between that ſtraight line and the circumference from 
the extremity, ſo as not to cut the circle; or which is 
the ſame thing, no ſtraight line can make ſo great an a- 
cute angle with the diameter at its extremity, or ſo ſmall 
an angle with the ſtraight line which 1s at right angles 
to it, as not ta cut the circle. | e 


Let ABC be a circle, the centre of which is D, and the dia- 
meter AB: the ſtraight line drawn at right angles to AB from 


* 


its extremity A, ſhall fall without the circle, 
For, if it does not, let it fall, if | 
poſſible, within the circle, as AC, 
and draw DC to the point C where 
it meets the circumference: And / 
becauſe DA is equal to DC, the B 
angle DAC is equal a tothe angle 
ACD; but DAC is a right angle, 
therefore ACD is a right angle, 
and the angles DAG, ACD are 


therefore equal ta two right angles; which is impoſſible b: b 15. © _ 
3 Therefore 


> 
| 2 


Book in. Therefore the ſtraight line drawn from A at right angles to BA 

* does not fall within the circle : In the ſame manner, it maybe 

. demonſtrated that it does not fall upon the circumference; 
therefore it muſt fall without the circle, as AE. 


:@S'$- 


cut the circle : For, if poſſible, let FA be between them, aul 


1. angle, and DAG leſs b than a right — DA. is greater d tha 


cle, or, which amounts to the ſame 


the circumference paſſes between that ſtraight line and the per. 
pendicular AE. And this is all that is to be underſtood 
when, in the Greek text and tranſlations from it, the angle al 01 


i We and the remaining an gle leſs than any rectilineal au- 


| tremity of it, touches the circle ; and that it touches it only in 
one point, becauſe, if it did meet the circle in two, it would 


ſtlaight live which touches the circle in the ſame point.“ 
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And between the ſtraight line AE and the circumference u 
ſtraight line can be drawn from the point A which does ure 


from the point D draw DG perpendicular to FA, and let it 
meet the circumference in H: And becauſe AGD is a ri 


DG: But DA is equal to DH; 
therefore DH is greater than DG, 
the leſs than the greater, which 2 13 
impoſſible: Therefore no ſtraight 
line can be drawn from the point 
A between AE and the circumfe FI 
rence, which does not cut the cir- Os 1 14 


thing, however great an acute angle 
a ſtraight line makes with the dia- 


meter at the point A, or however . Wo! 


ſmall an angle it makes with AE, 


the ſemicircle is ſaid to be greater than any acute reQilinel 


le. 


Con. From this it is manifeſt that the Araight line which b 
drawn at right angles to the diameter of a circle from the er- 


fall within it e. Allo it is evident that there can be but ont 


PROP. xvn. PROB. 
O draw a Draight line from a given OY either 
without or in the circumference, which thall touch 
a given circle. . | 


Firſt, let A be a given point without the given circle BCD; 
it 
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M 
y be Wt is required to draw a frraight line from A which ſhall touch Book Ii. 
nce; che circle. — 


Find a the centre E of the circle, and join AE; and from a 1. 3. 
he centre E, at the diſtance EA, deſcribe the circle AFG; 
rom the point D draw b DF at ri ight angles to EA, and j join b 11. x. 
EBF, AB. AB touches the circle BCD. 


et it Becauſe E is the centre 
ig r the circles BCD, AFG, 
= is equal to EF: And 


D to EB; therefore the 
wo ſides AE, EB are equal 
o the two FE, ED, and 
Rey contain the angle at 
common to the two tri- 
ngles AEB, FED; there- 
ore the baſe DF is equal 
o the baſe AB, and the 
riangte FED to the trian- 0 
le AEB, and the other wakes to the a . There- e 4. I. 
Wore the angle EBA is equal to the angle EDF: But EDF is a 
wht angle, wherefore EBA is a right angle: And EB is drawn 


om the centre: But a ſtraight line drawn from the extremity L 
ſtood, f a diameter, at right angles to it, touches the circle d: There; à Cor. 16S 
gle ol dre AB touches the circle; and it is drawn from the given 
lineal dint A. Which was to be done. 


But, if the given point be in the circumference of the circle, | 
the point D, draw DE to the centre E, and * at right an- 
les to DE; DE touches the clecle | d. 


PROP. XVII. THEO R. 


p A fraight Tus: Wen a olonls: the Araight lige 
dran from the centre to the point of contact, mall 
e perpendicular to the line touching che circle. 


either 
touch | 


Let the ſtraight line DE touch the circle ABC i in the point 
; take the centre F, and draw the ſtraight line FC: FC is 
erpendicular to DE. 
For, if it be not, from the point F dra FBG perpendicular 5 
RED: PDE; and becauſe FGC is a right angle, GCP is b an acute b 15. 
9 


F 2 Therefore 


gle ; ws to the greater angle the Hun e fide is oppoſite : «xg. _ 5 


Rd 4 


2 — . 5 ˖7«ð5é—VGÜ—46 — 
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Book Ill. Therdfore FC is greater than FG; 
— but FC i» equal to FB; therefors 


418. 3. 


dee N. | 


pendicular to DE: 
| other 1 18 perpendicular to it befides &, 
FC, that is, FC is perpendicular to 


DE. Therefore, if a ſtraight line, 
Kc. Q. E. DP. 


F a ſtraight line touches a circle, and from the point 


the touching line, the centre of the circle thall be! i 
that line. | 


from C let CA be drawn at right angles to DE; ; the centred 
the circle is in CA. 


Becauſe DE touches the circle ABC, A 
and FC is drawn from the centre to | | * 


cular a to DE; therefore FCE is a 


angle; therefore the angle FCE is 
equal to the ale ACE, the leſs to 
| Wherefore F is not the centre of the 


which is not in CA, is the centre; that is, the rs is in Cd 


that i, upon the ſame pos of the circumterence. 
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Fzg is greater than G, the leſs 
than the greater, which is impoſ- 
fible : Wherefore FG is not per- 
In the ſame 
manner it may be ſhewn, that no 


TD 


PRO P. XIX. THEOR. 


of contact a ſtraight line be drawn at right angles to 


Let the Araight line DE GE the cirele ABG in £ and 
For, if not, let F be the centre, if poſſible, a join cf 


the point of contact, FC is perpendi- 


right angle: But ACE is alſo a right 


the greater, which is 1mpoſſible : 


circle ABC : In the ſame manner, it DC 2 7 
may be ſhewn, that no other point | 12 | 


Therefore, if a ſtraight line, Rc. Q E. D. 
PROP. XX. THEOR. 


HE. male at the centre of: 2 circle is double of the 
angle at the circumference, upon the {ame bak 


0 £vetid. „„ 85 


Let ABC be a circle, and BEC an angle at the centre; and Book Ul. 
BAC an angle at the circumference, which have the ſame cir- — 
cumference BC for their baſe; the angle ; 
BEC is double of the angle BAC. 

Firſt, let E the centre of the circle be 
within the angle BAC, and join AE, and 
produce it.to F: Becauſe EA is equal to 
Ez. the angle EAB is equal *to the an- 
| gle EBA; therefore the angles EAB, 
EBA are double of the angle EAB; dut 
the angle BEF is equal b to the angles B 

EAB, EBA; therefore aiſo the an mi . F | 

BEF is double of the angle EAB : | 

| the ſame reaſon, the angle FEC is 400 of che angle EAG: 

W Therefore the whole angle BEC is double of the whole angle 
BAC. ; 

| Again, let E the centre of the 

| circle be without the angle BDC, and 
join DE and produce it to G. It 
may be demonſtrated, as in the firſt 

caſe, that the angle GEC is double 
of the angle GDC, and that GEB a 
part of the firſt is double of GDB a 

| part of the other ; therefore the re- 

| maining angle BEC is double of the 

remaining angle BDC. Tuerefore the 

angle at the centre, &. Q. E. D. 


PROP. XXI. RHE OR. 


I 


Joint 
8 10 
Je il 


„ and 
tre of 


CF; 


HE. angles in the ſame ſegment of a circle are * Se N. 


qual to one another. 


Let ABCD bea circle, and BAD, 
BED angles in the ſame e. 
BAE D: The angles BAD, BED are 
equal to one another. F 

Take F the centre of the cirde 
ABCD: And, firſt, let the ſegment 
BAE be greater than a ſemicircle, 
and join BF, FD: And becauſe the B 
angle BFD is at the centre, and the _ 
angle BAD at the circumference, _ 
* that * have the ſame part of „ 

F 3 „ the 


CA, 
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Book IT, the circumference, viz. BCD for their baſe ; ; therefore the an. 
gie BFD is double 2 of the angle BAD : For the ſme reaſon, 
8 3. * angle BFD is double of the angle RED : Therefore the 
angle BAD is equal to the angle BED. 
But, if the ſegment BAED | be not a than a ſemicircle, 
let BAD, BED be angles in it; theſe ' AE 
alſo are equal to one another: Draw 3 
AF to the centre, and produce it to 
C, and join CE : Therefore the ſeg- 
ment BAD is greater than a ſemi- 
circle; and the angles in it BAC, 
BEC are equal, by the firſt caſe: For . 
the ſame ceaſe, deres CBED is 
greater than a ſemicircle, the angles 
CAD, CED are equal: Therefore 
the whole angle BAD is equal to tbe 


whole angle BED. Whereſore the angles i in che ſame ame 
&c. QT . 


PROP. XXI. THE OR. 


HE oppoſite angles of any adn figure de. 
ſoribed in a a circle, are aged equa to two right 


angles. 


Let ABCD be a 3 3 in the circle ABCD 
any two of its * angles are together equal to two right 
angles, 

Join AC, BD; and becauſe the three angles of every tri- 

2 32. 1. angle are equala to two right angles, the three angles of the 
triangle CAB, viz. the angles. CAB, ABC, zent are equal to 
I two right angles: But the angle CAB 
b 21. 3. is equal b to the angle CDB, becauſe 
the J are in the ſame ſegment BADC, 
and the angle ACB is equal to the 
angle ADB, becauſe they are in the 
ſame ſegment ADCB : Thereforc the 
whole angle ADC is equal to the an- A 
gles CAR, ACB : To each of theſe 
_ equals add the angle ABC ; therefore — 
the angles ABC, CAB, BCA are e- 
qual to the angles AKC, ADC : But ABC, CAB, BCA ate 
equal to two right angles; ; therefore alſo the angles ARC, ADC 
are equal to two right angles: In the ſame manner, the angle 
7 


r 


BAD, 'DCB may be ſhewn to be equal to two right angles Book III. 
* the 8 1 * r. wad | 


PROP. XXII. THEOR. 


PON the ſame ſtraight line, and upon the ſame See N. 
ſide of it, there cannot be two ſimilar ſegments of 
Circles, not coinciding with one another. 


ee 


If it be polüble, let the two ſimilar ſegments of circles, viz. 
Ac. ADB, be upon the ſame fide of the ſame traight line 
AB, not coinciding with one another: Then, becauſe the circle 

| ACB cuts the circle ADB in the 
two points A, B, they cannot cut one 
another in any other point à: One of 
the ſegments muſt therefore fall within 
the other; let ACB fall within ADB, 
and draw the ſtraight line BCD, and 
join CA, DA: And becauſe the ſeg- 
ment ACB is fimilar to the ſegment ADB, nl that gmilar ſeg- 
ments of circles contain bh equal angles ; the angle ACB is equal b rr. def. 3. 
to the angle ADB, the exterior to the interior, which is impoſ. 
ſible e. Therefore, there cannot be two ſimilar ſegments of a 16. 1. 
| circle upon the ſame fide of me ne — which do not ooin- | 
eide. 2 E. D. 


ent, 


PROP. XXIV. THEOR. 


IMILAR ſegments of circles upon equal ſtraight: See N. > 
lines, are equal to one another. 


Let AEB, CFD be ſimilar 8 of Are upon the equal 
ſtraight lines AB, CD; the ſegment AEB is * to the leg- 
| ment CFD, _ 
For, if the ſeg- | 
ment AEB be 
applied to the 
| unn CFD, = „ A 8 
o as the point A X 7 ———rmmrr—— 
| be on C, and A "B C” D 
the ſtraight line 5 
AB * CD, the point B ſhall coincide wick the point D, be- 
F 4 cauſe 


Book 111. 


WH— ciding with CD, the ſegment AEB muſt ® coincide with thy 


2 23. 3. 


see M. 


deſcribe the circle of which it is the ſegment. 


a10 1. 
t 6. 1. 


And becauſe the centre D is in AC, the ſegment ABC is a ſe 


7 circle of which it is the ſegment. 


to DA, and therefore to DC ; and begaufe the three ftraight 
lines DA, DB, DC, are all equal; D N the centre of the eit. 


DA, DB, DC, deſcribe a circle; this ſhall paſs through the other 


THE ELEMENTS 
cauſe AB is equal to CD: Therefore the ſtraight line AB coin. 


ſegment CFD, and therefore is equal to it. Wherefore fimilat 
ſegments, &Ke. Q. L. O. | | : T' AE / 


PROP. XXV. RB. 
X Sxcnrxr of a circle being given, to deſcribe the ſhe 


Let ABC be the given ſegment of a circle ; it is required ty 


Biſect a AC in D, and from the point D draw b DB at right 
angles to AC, and join AB: Firſt, let the angles ABD, BAD 
be equal to one another; then the ſtraight line BD is equal 


i 


cle d: From the centre D, at the diſtance of any of the three 


points ; and the circle of which ABC is a ſegment is deſcribed: 


e 23. 1. 


E, and join EC: And becauſe the angle ABE is equal to the angle 


14. 1. 


the two ſides AD, DE are equal to the two CD, DE, each to 


eachi ot them is a right angle; therefore the baſe AE is equal 


Pf, 


micircle: But if the angles ABD, BAD are not equal to one 
another, at the point A, in the ſtraight line AB make e the angle 
BAE equal to the angle ABD, and produce BD, if neceſlary, to 


BAE, the ſtraight line BE is equal< to EA : And becauſe AD 
is equal to DC, and DE common to the triangles ADE, CDE, 


cg cn , EE =. 


each; and the angle ADE 1s equal to the angle CDE, for 


i to the baſe EC: But AE was ſhewn to be equal to EB, where- 
fore allo BE is cqual wo EC: And the three ſtraight lines 755 


"Wis 


+ 


or EUCLID, 


in. WB, EC are therefore equal to one another; wherefore d E is Book III. 
the e centre of the circle. From the centre E, at the diſtance of rw 55 


y of the three AE, EB, EC, deſcribe a circle, this ſhall paſs d 9. 3. 

rough the other points; and the circle of which ABC is a ſeg- 

ent is deſcribed : And it is evident, that if the angle ABD be 

eater than the angle BAD, the centre E falls without the | 
gment ABC, which therefore 1s leſs than a ſemicircle : But > 
the angle ABD be leſs than BAD, the centre E falls within 8 
e ſegment ABC, which is therefore greater than a ſemicircle: 


tar 


herefore a ſegment of a circle being given, the circle is de- 
ibed of which it is a ſegment, Which was te be done, 
10 PROP. XXVI. THE OR. 
49 N equal circles, equal angles ſtand upon equal cir- 
1c cumferences, whether they be at the centres or cir- 
ght mferences. e . 
15 Let ABC, DEF be equal circles, and the equal angles BGC, 
her HF at their centres, and BAC, EDF at their circumferenees: 
* he circumference BK C is equal to the circumference ELF. 
ſe. Join BC, EF; and becauſe the circles ABC, DEF are equal, 


ge ſtraight lines drawn from their centres are equal: There- 
re the two ſides BG, GC, are equal to the two EH, HF; 


one | 
„ » * 
gle d the angle at G is equal to the angle at H; therefore the 


fe BC is equal a to the baſe EF: And becauſe the angle at A a 4. r. 
equal to the angle at D, the ſegment BAC is ſimilar b to the h 11. def. 3. 


to went EDF; and they are upon equal ſtraight lines BC, EF; 
for fut fimilar ſegments of circles upon equal ſtraight lines are e- 
val val © to one another, therefore the ſegment BAC is equal to e 24. 3. 


e ſegment EDF: But the whole circle. ABC is equal —_ 
5 ; © 


5 
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Book III. whole DEF; therefore the remaining ſegment BKC is equal 
Wim) the remaining ſegment ELF, and the circumference - BRC 
the circumference ELF. Wherefore, in equal circles, 


Q. E. P. 


PROP. XXVII. THE OR. 


IN equal circles, the angles which ſtand upon equdlif 
circumferences are equal to one another, whethe 
chey be at the centres or circumferences. 


Let the angles BGC, EHF at the centres, and BAC, EI 

at the circumferences of the equal circles ABC, DEF ſtandy 

pon the equal circumferences BC, EF: The angle BGC i, 

qual to the angle EHF, and the angle BAC to the angle Ell 
Ik̃t the angle BGC be equal to the angle EHF, it is maui 
22.3. A that the angle BAC is alſo equal to EDF. But, if not, ef 


A 


Hof them is the greater: Let BGC he the greater, and at tle 
b 23. 1. point G, in the ſtraight line BG, make » the angle BGK equl 
to the angle EHF; but equal angles ſtand upon equal circuns 
e 26. 3. ferences e, when they are at the centre; therefore the circun- 
| ference BK is equal to the circumference EF: But EF is equi 
to BC; therefore alſo BK is equal to BC, the leſs to the greth 
er, which is impoſſible: Therefore the angle BGC is not une 
qual to the angle EHF; that is, it is equal to it: And the angÞ 
at A is half of the angle BGC, and the angle at D half of i 
angle EHF: Therefore the angle at A is equal to the angle i 

D. Wherefore, in equal circles, &c. Q. E. D). 


P RO! 
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KC PROP. XXVII. THEOR , — 
9 circles, equal traight lines cut off equal cir- 
cumferences, the . * to the greater, and the- 


sto the leſs. 


Let ABC, DEF be equal atk, and BC: EF equal 3 5 
es in them, which cut off the two greater circumferences ll 
AC, EDF, and the two leſs BGC, EHF : the greater BAC | MW 
equal to the greater EDF, and the leſs BGC to the leſs EHF. 
Take K, L the centres of the circles, and join BK, KC, EL, a 1. z. 
And becauſe the 22 1 _"e _ the *, lines from 


equi 
nech 


II 
and i. 
C is 6 
ED, 
auf 
ot, co: 


eir centres are equal; therefore BK, KC are equal to EL, 

F; and the baſe BC is equal to the baſe EF; therefore the 

gle B&G is equal b to the angle ELF: But equal angles ſtand bg. 1. 

don equal © circumferences, when they are at the centres ;c 26.3. 
erefore the circumference BGC is equal to the circumference 

HF. But the whole circle ABC is equal to the whole EDF; 


je remaining part therefore of the circumference, viz. BAC, 
cut: equal to the 4 Ws part EDF. Therefore, in equal cir- 
cum -es, Kc. Q. E. PD 
; equa 
on PROP. XXIX. THEOR. 
t un 
ang] N equal circles equal circumferencesa are ſubtended 3 


equal ſtraight lines. 


| Let ABC, DEF be equal 1 and let the 3 e 

560, EHF alfo be equal; and join BC, EF: The ſtraight line 5 

C is equal to the ſtrai ght line EF. _ 
Take 


92 
Book III. 


a. 3. 


c 4. 1. 


a 10. I, 


HhHecauſe AC is equal to CB, and CD common to the triangl 


b 4. 1. 
= - 28. 3. 


d Cor. I. 3. 


lines from their centres are equal: Therefore BK, KC ar 


| baſe BC is equal c to the baſe EF. T nn in equal d 
cles, &c. QE. D. 


are equal to the two BC. CD; and 
the angle ACD is equal to the angle 
angle; therefore the baſe A is equal & 7 . — þ 


greater, and the leſs to the leſs, and AD, DB are each of 100 


DB: Therefore the given N is eu in! 
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Take a K, L the centres of the circles, and join BK, I 
EL, LF: And becauſe the circumference BGC is equal to. 


eircimferetice EHF, the angle BK C is equal d to the af 
ELF: And becauſe the circles ABC, DEF are equal, the ſi:ay 


qual to EL, LF, and they contain equal angles: Therefore 


PROP. XXX. PROB. 


0 biſea a given cireomerence; that is, 10 drvid 
into two ou parts. 


150 ADB be the N circumference ; It is required to 
ſet _” 
Join AB, and biſect a it in C; from the point C draw d 
at right angles to AB, and join AD, DB: the circumferett 
ADB is biſected in the point D. 


ACD, BCD, the two ſides AC, CD 


BCD, becauſe each of them 1s a right 


b to the baſe BD. But equal ſtraight 
lines cut off equal e circumferences, the greater equal tol 


leſs than a ſemicircle ; -becauſe DC paſſes through the cent! 
Wherefore the circumference AD is equal to the circurnfer i 


"Which was to be doze, 
PRO 
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a circle, the angle in a ſemicircle is a right angle; 
but the angle in a ſegment greater than a ſemicircle 
Wicſs than a right angle; and the angle in a ſegment 

s than a ſemicircle is greater than a right angle. 


ei ABCD be a circle, of which the diameter is BC, and 
tre E; and draw CA dividing the circle into the ſegments 
3C, ADC, and join BA, AD, DC; the angle in the ſemi- 
tele BAC is a right angle; aud the angle in the ſegment 
JC, -which 1s greater than a ſemicircle, is leſs than a right 
gle; and the angle in the ſegment ADC, which is leſs than 
emicircle, is greater than a right angle. RE Ry 
Join AE, and produce BA to F; and becauſe BE is equal 
EA, the angle EAB is equal a to EBA; alſo, becauſe AE, 5.x, 
equal to EC, the angle EAC is OO OC 
ual to ECA; wherefore the 
hole angle BAC is equal to the— 
o augles ABC, ACB: But FAG, _ 
he exterior angle of the triangle 
BC, is equal b to the two angles 
C. ACB ; therefore the angle 
AC is equal to the angle FAC, B * 
d each of them is therefore a 
ght © angle: Vherefore the angle X 
AC in a ſemicircle is a right an- | 
And becauſe the two angles ABC, BAC of the triangle 
BC are together leſs d than two right angles, and that BAC d 15. f. 
8 a right angle, ABC muſt be leſs than a right angle; and 
erefore the angle in a ſegment ABC greater than a ſemicircle, 
s leſs than a right angle. ER 5 
And becauſe ABCD is a quadrilateral figure in a circle, any 
o of its oppoſite angles are equal © to two right angles; there- © 22. 3. 
ore the angles ABC, ADC are equal to two right angles; and 
BC is leſs than a right angle; wherefore the other ADC is 
zreater than a right angle. 1 . 
Beſides, it is manifeſt, that the circumference of the greater 
egment ABC falls without the right angle CAB, but the 
ireumference of the leſs ſegment ADC falls within the right - 
angle CAF. 8 And this is all that is meant, when in the 
e —F 
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Book m. Greek text, and the alan from it, the angle of if 


5 19. 3. 


c 31. 3. 


e 22. 3. 


be equal to the other two, it is a right angle, becauſe the 20 


I a ſtraight line touches a circle, and fans e Poin 


Circle, ſhall be equal to the angles which are in the i 
5 ternate ſegments of the circle. 


from the point B let the ſtraight line BD be drawn cutting th 
_ circle: The angles which BD makes with the touching line l 
| ſhall be equal to the angles in the alternate ſegments of th 

circle: that is, the angle FBD is equal to the angle which is 
the ſegment DAB, and the angle DBE to the angle in theſe 
ment BCD. 


circle is a right e angle, and conſe- 
quently the other two angles BAD, 


theſe equals the common angle _ 
_ ABD; therefore the remaining angle DBF is EN” to the an- 


— BAD, BCD are 2 e to two right "ages ; therefore 
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AE ſegment 1 is {aid to be greater, and the angle of thels kr 
« ſegment is ſaid to be leſs, than a right angle.” » | 
Cor. From this it is manifeſt, that if one angle of a trian 3 


adjacent to it is equal to the ſame two; and when the WP 
angles are W they are right angles. | 


PROP. XXXII. THE OR. 


of contact a ſtraight line be drawn cuttim the circle 
the angles made by this line with the line touching th 


1 the ſtraight line EF touch the circle ABCD in . al 


From the point B draw 2 BA at right angles to EF, and take 
any point C in the circumference BD, and join AD, DC, Ck; 
and becauſe the ſtraight line EF touches the circle ABCD uy 
the point B, and BA is drawn at 
Tight angles to the touching line 
from the point of contact B, the 
center of the circle is b in BA; 
therefore the angle ADB in a ſemi- 


ABD are equal d to a right angle: 

But ABF is likewiſe a right angle; 
therefore the angle ABF is equal to 
the angles BAD, ABD: Take from E 


F 


gle BAD, which is in the alternate ſegment of the circle; and 
becauſe ABCD is a quadrilateral figure in a circle, the oppolit 


the 


> angles DBF DBE, being likewiſe equal f to two right an- Book lil. 

. equal to the angles BAD, BCD; and DBF has been 

, 13 equal to BAD : Therefore the remaining angle DBE f 13. x. 
equal to the angle BCD in the alternate ſegment of the circle, 85 

herefore, if a ſtraight line, &c. Q. E. 3 bY 


PROP. XXXIIL. PROB. » 


PON a given ſtraight line to deſcribe a ſegment of see W. 


a circle, containing an angle equal to a given rec- 
rl ineal angle. | 8 
1 Let AB be the given ſtraight line, and the angle at C the 


en rectilineal angle; it is required to deſcribe upon the giv- 
ſtraight line AB a ſegment of a circle, containing an angle 
ual to the angle C. | 


g th Firſt, let the angle at C be a right © 3 | 
ele, and biſet = AB in F, and 8 210. 1 
fm the centre F, at the diſtance * 9 
is u 3, deſcribe the ſemicircle AB; 

eſep erefore the angle AHB in a ſe- | 5 


icircle is b equal to the right an- 4 n b 31. 3. 
Ne at C. 5 ck A F B 5 10 
But, if the angle C be not a right angle, at the point A, in 

e ſtraight line AB, make < the angle BAD equal to the angle c 23. 1. 
, and from the point A 2) Es H 5 
awd AE at right angles to i 
BD; biſect Ag in F, and 
om F draw d FG at right 
dgles to AB, and join GB: 
nd becauſe AF 1s equal to 
B, and FG common to the - 


angles AFG, BFG, the —_ 
vo ſides AF, FG are equal 8 W 


d 1s. 1. 1 


the two BF, FG ; and the 


5 gle AFG is equal to the " D\ EY TM 

ele BFG; therefore the Exe "LB 
an. A is equal e to the baſe GB; and the cirele deſcribed e 4. f. 
and em the centre G, at the diſtance GA, ſhall paſs through the 
lite vint B; let this be the circle AHB: And becauſe-from the 


nt 'A the extremity of the diameter AE, AD is drawn at 


„ THE ELEMENTS 


Book 111, xi ight angles te AE, therefore AD f touches the circle; and] 
— cauſe AB drawn from the point | N 
cor. $6.3 3. of contact A cuts the circle, 
the angle DAB is equal to the 
angle 1n the alternate ſegment. 
AHBs: But the angle DAB |, 
is equal to the angle C, there- 
fore alſo the angle C is equal 
to the angle in the ſegment 
AHB: Wherefore, u pon the 
given ſtraight line AB the ſeg- | 
ment AHB of a circle is deferibed, whiah contains an anglet 
| =_ to the given angle at C. Which was to be done. 


PRO p. XXXIV. PR 95 B. 
O cut off a ſegment from a given circle which ſl 
contain an angle equal to a given rectilineal ang 


Let ABC be the given circle, and D the given rectilineal u 
gle; it is required to cut off a ſegment from the circle A 
ttmat ſhall contain an angle equal te the given angle 0. 
217. 3. Drawa the ſtraight line EF auchn the circle ABC in th 
point B, and at the point 8 
B., in the ſtraight line BF 
b 23. 1. make b the angle FBC e- 
0 qual to the angle D: 
Therefore, becauſe the 
ſtraight line EF touches D 
the circle ABC, and BC is 
drawn from the point of 
contact B, the angle FBC —— 
is equal c to the angle in | E B | 
the alternate ſegment BAC 5 
of the circle; But the angle FBC is equal to the angle D; 
therefore the angle in the ſegment BAC is equal to the anf 
D: Wherefore the ſegment BAC is cut off from the given d 
dle ABC containing an angle equal to the given angle D 
Which was to be done, 
5 * R Of, 


„ rafts ts: ns 


er. ee 


os 
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PROP. XXV. THE OR. 1 1 


F two ſtraight lines within a circle cut one another, gee N, 
the rectangle contained by the ſegments of one of * 
them is equal to the rectangle contained by the ſegments *- 
of the other, NW. re ns oa 


oe WL Let the two firaight lines AC, BD, within the circle ABCD, 
eut one another in the point E: the rectangle contained by AE, 


EC is equal to the rectangle contained by 

BE, ED. 3 + 

| If AC, BD paſs each of them through 
the centre, ſo that E is the centre; it is ; 


evident, that AE, EC, BE, ED, being 0 . 


all equal, the rectangle AE, EC is like w 
equal to the rectangle BE, ED. | Wo I 

But let one of them BD paſs through the centre, and cut the 
other AC which does not paſs through the centre, at right an- 
gles, in the point E: Then, if BD be biſeQed in F, F is the 
centre of the circle ABCD; join AF: And becauſe BD, which 
paſſes through the centre; cuts the ſtraight line AC, which does 
not paſs through the centre, at right bs =. 5 
angles in E, AE, EC are equal a to 5 —4 13.3. 
one another: And becauſe the ſtraihgnt | 2 
line BD 1s cut into two equal parts / 
in the point F, and into two unequa!l * : 
in the point E, the rectangle kE, . = 
ED together with the ſquare of EF, | 
is equal b to the ſquare of FB; that A 3 C b 5. 2. 
is, to the ſquare of FA; but the ſquares E. . 
of AE, EF are equal e to the e 5 _ c47.1, 
of FA; therefore the rectangle BE, on 1 8 
ED, together with the ſquare of EF, a he bs = 
is equal to the ſquares of AE, EF: Take away the common 
| ſquare of EF, and the remaining rectangle BE, ED is equal to 
the remaining ſquare of AE ; that is, to the rectangle AE, EC. 

Next, Let BD which paſſes through the centre, cut the o- 
ther AC, which does not paſs through the centre, in E, but not 
at right angles: Then, as before, if BD be biſected in F, F is 


the centre of the circle, Join AF, and from F draw d FG per- d 1. | 


ul 
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Book III. pendicular toAC; therefore AG is equal atoGC; whereſu} 
a> the retangle AE, EC, together with the ſquare of EG, is e. 
5b . dual to the ſquare of AG : To each of theſe equals add thy 
REY ſquare of GF; therefore the reQangle AE, EC, — with 
the ſquares of EG, GF, is equal to 
the ſquares of AG, GF: But the 
ſquares of EG, GF are equal e to the 
ſquare of EF; and the ſquares of 
AG, GF are equal to the ſquare of 
AF: Therefore the rectangle AE, A\ 
EC, together with the ſquare of EF, 
is equal to the ſquare of AF; that 
is, to the ſquare of FB: But be 
ſquare of FB is equal Þ to the rectangle BE, ED, We with 
the ſquare of EF ; therefore the re&angle AE, EC, together 
with the ſquare of EF, is equal to the rectangle BE, ED, tos 
ether with the ſquare of EF: Take away the common ſquare 
of EF, and the remaining reQangle AE, EC is therefore equil 
to the :emaining rectangle BE, ED. 
Laſtly, Let neither of the Qraight lines AC, BD paſs ro 
the centre: Take the centre F, | 
and through E, the interſection of 
the ſtra ght lines AC, DB, draw 
the diameter GEFH : And be- 
cauſe the rectangle AE, EC is e- 
qual, as has been A to the 
rectangle GE, EH; and, for the 
ſame reaſon, the rectangle BE, 
ED is equal to the ſame rectangle 
GE, EH; therefore the rectangle | 
AE, EC is equal to the rectangle BE, ED. Wherefore, if 
two ſtraight lines, &c. Q. E. D). | 


PROP. XXXVI. THEOR. 


F from any point without a circle two ſtraight lines 
be drawn, one of which cuts the circle, and the other 
touches it; the rectangle contained by the whole line 
which cuts the circle, and the part of it without the cir- 


cle, ſhall be equal to the n of the line which touch. 
es „„ 


Let D be any point pal the circle ABC, and DCA, DB 
two frai ght lines drawn from 1 it, of which DCA cuts the circle, 


* 
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a nd DB touches the ſame ; The rectangle AD, DC is equalto Book IT, 
s © che ſquare of DB. 77-5 6 SHU ops UP 
the Either DCA paſſes through the centre, or it does not; firſt; . 
wich let it paſs through the centre E, and join EB; therefore the 
age EBD is a right * angle: And 3 in 

: becauſe the ſtraight line AC is biſec. 

; ted in E, and produced to the point 

D, the rectangle AD, DC, together 
| with the ſquare of EC, is equal b to b 6. 2. 

0 the ſquare of ED, and CE is equal to 

. EB: Therefore the rectangle AD, DC, 
together with the ſquare of EB, is e- 

„cual to the ſquare of ED: But the 
ni e ſquare of ED is equal e to the ſquares 5 
ther WW of EB, BD, becauſe EBD is a right \ © 47- f. 
to, angle: Therefore the rectangle AD, 
= DC, together with the ſquare of EB, 


is equal to the ſquares of EB, BD: 1 85 
Take away the common ſquare of EB; therefore the remaining 
rectangle AD, DC is equal to the ſquare of the tangent DB. 

But if DCA does not paſs through the centre of the eirele : 
ABC, take d the centre E, and draw EF perpendicular e to d 1. 3. 
AC; and join EB, EC, ED : And becauſe the ſtraight line EF, © 3% . 
which paſſes through the centre, cuts the ſtraight line AC, 
which does not paſs through the centre, © 
at right angles, it ſhall likewiſe biſect f 
it; therefore AF is equal to FC: And 
becauſe the ſtraight line AC is biſeed _ 
in F, and produced to D, the retangle 
AD, DC, together with the ſquare of 
FC, is equal b to the ſquare of FD; 
To each of theſe equals add the ſquare 
of FE ; therefore the rectangle AD, DC, 
together with the ſquares of CF, FE, 
is equal to the ſquares of DF, FE: But 
the ſquare of ED is equal e to the ſquares A 
of DF, FE, becauſe EFD is a right an- SE” 
gle ;. and the ſquare of EC is equal to 5 
the ſquares of CF, FE; therefore the reQangle AD, DC, to- 
gether with the ſquare of EC, is equal to the ſquare of ED: 
And CE is equal to EB; therefore the rectangle AD, DC, to- 
gether with the ſquare of 3 is equal to the ſquare of . 


4717 J. 


oo 


Book. III. But the fquares of EB, BD are equal to the ſquare © of ED, be, 
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cauſe EBD is a right angle ; therefore the re&angle AD, DC, 


together with the ſquare of EB, is equal to the ſquares of ER, 


BD : Take away the common ſquare of EB ; therefore the re, 


maining rectangle AD, DC is equal to the ſquare of DR, 


circle, there he drawn two ſtraight A 
lines cutting it, as AB, AC, the rect- 


CA, AF: For each of them is equal 


| Lee N. 


Wherefore, if from any point, &c. Q. E. D. 
Cor. If from any point without a 


angles contained by the whole lines 
and the parts of them without the 
circle, are equal to one another, viz. 
the rectangle BA, AE to the rectangle 


to the ſquare of the ſtraight line AD 
which touches the circle, 


ö 0 vs „ 
. >. * 


' PROP. XXXVIL THEOR. 


IF from a point without a circle. there be drawn two 


ſtraight lines, one of which cuts the circle, and the 


other meets it; if the rectangle contained by the whole 
line which cuts the circle, and the part of it without the 


the line which meets ſhall touch the circle, 


circle be equal to the ſquare of the line which meets it, 


\ 


Let any point D be taken without the circle ABC, and from 


It let two ſtraight lines DCA and DB be drawn, of which DCA 
cuts the circle, and DB meets it; if the rectangle AD, DC be 


equal to the ſquare of DB; DB touches the circle. e 
Draw a the ſtraight line DE touching the circle ABC, find 
its centre F, and join FE, FB, FD; then FED is a right b an- 


gle : And becauſe DE touches the circle ABC, and DCA cuts 


it, the rectangle AD, DG is equal © to the ſquare of DE: But 


the rectangle AD, DC is, by hypotheſis, equal to the ſquare af 
DB: Therefore the ſquare of DE is equal to the ſquare of DB; 
and the ſtraight line DE equal to the ſtraight line DB: A 


©" Mix,» 


e — et © r 4+ +. + amt _—# aw woos 
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3 PRE nw 
FE is equal to FB, wherefore DE, EF are equal to DB, BY ; Bok in. 
\ | : & — 0 0 J 


and the baſe FD is common to the 
two triangles DEF, DBF; therefore 
the angle DEE is equal to the angle 


DBF; but DEF is a right angle, 


| therefore alſo DBF is a right angle: 


And FB, if produced, is a diameter, 


and the ſtraight line which is drawn 


at right angles to a diameter, from 


the extremity of it; touches © the cir- 


ele: Therefore DB touches the cir- 


cle ABC. Wherefore, if from a point, 


&c. Q. E. D. 


* 


ws e 16. 4; | 
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D. 


DEFINITIONS. 


\ RECTILINEAL figure is ſaid to be inſcribed in ano. 

k. ther rectilineal 1 when all the angles of the inſcrib- 
ed figure are upon the ſides of the figure 

in which it is inſcribed, each upon each. F- ; 

8 111 like manner, a W is ſaid t to be deſeribed | 

about another figure, when all the fides of | 

the circumſcribed figure paſs through the an-. 

gular points of the rate about which it is  deferibed, each 

through each, 


III. 
A rectilineal figure is (ald to be infcribed 


in a circle, when all the angles of the in- 
ſcribed figure are upon the n 


rence of the circle. 5 | 
IV. | Oe 


A reQilineal figure is ſaid to he deſcribed about a circle, "_ 
each ſideof the circumſcribed figuretouch- | 
es the circumference of the circle. 
8 | 
15 In like manner, a circle is ſaid to be i in- 
ſeribed in a rectilineal figure, when the 
circumference of the circle touches each 
fide of the figure, 


— Do ch 

A circle is ſaid to be deſcribed about a rec- 
tilineal figure, when the circumference of 
the circle paſſes through all the angular 


points of the figure about which it is de- \ 
| ſcribed. * 
. 8 


A ſtraight Ine is aid to be placed i in a cir- 


cle, when the extremities of it are in the circumference of 


the circle. 


PROP. L PROB. 


i 


px a given chrele to bedr a ſtraight line, equal to e h 


given ſtraight. line not- gremer | than the diameter of 
the circle. 


Let ABC be the given circle, and D the given Qraight line, 


not greater than the diameter of the circle, 


Draw BC the diameter of the circle ABC; then, if BC is 
equal to D, the thing required 1s done ; for 1 in the circle CAE 


a itraight line BC is placed e- 
oy to D: But, if it 1s not, . 

C is greater than D; make 
| CE equal a to D, and from the 
centre C, at the diflunce CE, 
deſcribe the circle AEF, and 
Join CA : Therefore, becauſe 
C 1s the centre of the circle . | 
AEF, CA is equal to CE; I; 
but D is equal to CE; therefore D i is equal to CA: Where- 
fore, in the circle ABC, a ſtraight line is placed equal to the giv- 
en ſtraight line D, which is not greater than the diameter of 
the circle. Which was to be done: | 


PROP. U. PROB. 


® 3. I, 


Js a given circle to inſcribe a triangle equiangular to : 


a given triangle. 


6% Let 


1%ĩ | THE ELEMENTS 


Book I. Let 'ABC be the given circle, and DEF the given n triangle 
E ＋ it is required to inſcribe in the circle ABC a triangle « —_ 
lar to the triangle DEF. 


a17.3 Draw = the ſtraight line GAH touching the circle i in the 


b 23.1. point A, and at the point A, in the ſtraight line AH, make + 
the angle HAC equal to the anghe DEF; and at the point A, 


in the ſtraight line 
AG, make the angle 

Ag equal to the 

angle DFE, and join 

BC : Therefore, be- 
cauſe HAG touches © 

- "on ABC, and 4 
AC 1s drawn from "ee 

the point of contact, 
| the angle HAC is e- 
c 32. 3. qual © to the angle 
Az in the alternate ſegment of the circle : But HAC i is equal 
to the angle DEF; therefore alſo the angle ABC is equal to 
i DEF: For the ſame reaſon, the angle ACB is equal to the angle 
434.1. DFE; therefore the remaining angle BAC is equal to the re. 
8 maining angle EDF: Wherefore the triangle ABC is equian- 


gular to the triangle DEF, and it is inſcribed in the circle 


ABC. Which was to be done. : 


P R 0 P. III. P K 0 B. 
A BOT a given circle to deſcribe a criangle equi 


angular to a given triangle. 


Loet ABC be the given cirdle, and DEF « the given 8 
it is required to deſcribe a triangle about the cirele ABC equi 
angular to the triangle DEF. 

Produce EF both ways to the points G, H, and find the 
centre K of tlie cirele ABC, and from it draw any ſtraight line 

a 23. 1. KB; at the point K, in the ſtraight line KB, make the angle 
BRA equal to the angle DEG, and the angle BKC equal to the 
angle DFH; and through the points A, B, C, draw the 


b 17. 3. ſtraight lines LAM, MBN, NCL, touching b the circle ABC: 
Therefore, becauſe LM, MN, NL touch the circle ABC in the 
points A, B, C, to which from the centre are drawn KA, KB, 
KC, the angles at the points A, B, C, are right e angles: And 
| becayſe the four angles of the quadrilateral figure AMBK ” 

7 * 


_ e18, 1. 


Is 


* 


het two AKB, 
MBare equal to 
o right angles: 
t the angles 
EG, DEF are 
ewiſeequal to 
70 righta les; 
erefore the an- 


es AKB, AMB : 


equal tothe an- 


nnen 


nal to four right angles, for it can be divided into two tri- Bock kv. hs 
gles : and that two of them KAM, KBM are right angles, the — 


L. 


„DEG, DEF, W R 
which AKB is X B 


be done. 


rele in ABC, 


DF, DG perpendiculars to AB, 


BD is equal to the angle FBD, 
or the angle ABC is biſected by 
D, and that the right angle 
ED is equal to the right angle 
D, the two triangles EBD, 
BD have two angles of the one 
$qual to two angles of the other, 
d the fide BD, which is oppo- 
te to one of the equal angles in 
h, is common to both; there- 


re their other fides ſhall be e- 


IC, CA: And becauſe the angle 


E 


B 


N 


zual to DEG; wherefore the remaining angle AMB is equal 

the remaining angle DEF: In like manner, the angle LNM 

ay be demonſt rated to be equal to DFE ; and herefore tbe 
maining angle MLN is equal e to the remaining angle EDF: e 33 1. 
herefore the triangle LMN is equiangular to the triangle 

EF: And it is deſcribed about the circle ABC. Which was 


PROP. IV. P ROB. 


O inſcribe a circle in a given triangle. 
Let the given triangle be ABC; it is required to inſctibe a 


Biſe& ®the angles ABC, BCA by the ſtraight lines BD, CD a 9. . 
jeeting one another in the point D, from which draw DE, b 13. 2. 


A 
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Book IV. qual e; wherefore DE is equal to DF: For the ſame rea ere 
| DG is equal to DF; therefore the three ſtraight lines DE, nice 
D are equal to one another, and the circle deſcribed from 
centre D, at the diſtance of any of them, ſhall paſs through gy 
extremities of the other two, and touch the ſtraight lines AR 
BC, CA, becauſe the angles at the points E, F, G are rip 
| angles, and the ſtraight line which is drawn from the extremy 
d 16. 3, of a diameter at right angles to it, touches d the circle: Them 
fore the ſtraight lines AB, BC, CA do each of them touch tt 
circle, and the circle EFG is inſcribed in the triangle ARC, 

= Which was to be done. e | „ 


c 26. 1. 


PROP. v. PRO B. 
e T O deſcribe a circle about a given triangle. 


Let the given triangle be ABC; it is required to deſeribet 
; | «circle about ABC. | 3%  oeow 
210. 1. Biſect a AB, AC in the points D, E, and from theſe point 
b ff. 1. draw DF, EF at right angles b to AB, AC; DF, EF producl 


PR 


meet one another; For, if they do not meet, they are parall 
wherefore AB, AC, which are at right angles to them, are p 

rallel; which is abſurd: Let them meet in F, and join FA; 

alſo, if the point F be not in BC, join BF, CF: Then, becaul 
4130 is equal to DB, and DF common, and at right angles0 
4. 1. AB, the baſe AF is equal to the baſe FB: In like manner, 
| may be ſhown that CF is equal to FA; and therefore BF 
equal to FC; and FA, FB, FC are equal to one another; 

2 | FTF whereſont 


4 
« f % * 
Þ 4 
1 5 
% 
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erefore the circle deſcribed from the centre F, at the di- 
ce of one of them, {hall paſs through the extremities of the 


realy 
E. Ir 


on er two, and be deſcribed about the triangle ABC. Which 
1gh / to be done. 

es M con. And it is manifeſt, that when the centre of the circle 
e Mis within the triangle, each of its angles is leſs than a right 


rem 

They 

ch the 
We. if the centre falls without the triangle, the ang 


ven triangle be acute angled, the centre of the circle falls 
ithin it; if it be a right angled triangle, the centre is in the 


bangle, the centre falls without the TS beyond the fide 
polite to the pot angle. 


PROP. V.. PROB. 


e 


ride 


I. 0 inſcribe a ſquare | in a given circle, ; 


quare in ABCD. 
Draw the ee AC, BD at right angles to one WO ee 
id join AB, BC, CD, DA; becauſe BE is equal to ED, for 
1s the centre, and that FA; is com- 9 

jon, and at right angles to BD ; the 
ale BA is equal a to the baſe AD . 
nd, for the ſame. reaſon, BC, CD 
re each of them equal to BA or 
\D; therefore the quad lrilateral fi- 
ture ABCD is equilateral. It is al- 
0 rectangular; for the ſtraight line 
dD, being the diameter of the circle 


wy 
Book IV, 
— 


ple, each of them being in a ſegment greater than a ſemicircle; 
t, when the centre is in one of the ſides of the triangle, the 
ge oppoſite to this fide, being in a ſemicircle, is a 8 angle; 

e oppoſite 
the ſide beyond which it is, being in a ſegment leſs than a 
aicircle, is greater than a right angle: Wherefore, if the 


Je oppoſite to the right angle; and, if it be an obtuſe angled 


Let ABCD be the given cirele; ; it is required to | inferide a 


A 4.1. 


b 31. 3. 


bY \BCD, BAD is a ſemicircle; where- C 

cave Pere the angle BAD is a right ban- 

les ue; for the ſame reaſon each of the angles ABC, BCD, CDA 
jer, it 2 right angle ; therefore the quadrilateral figure ABCD is 
pF i; ectangular, and it has been ſhe wu to be equilateral; therefore it 


ther; 


refore ode done * 


| & ſquare; and it is inſcribed! in the rae ABCD. Which was 
PROP, 


1 3 


b 18. 3. 


428. 1. 


Bo, and that AC i is equal to each of the 45 GH, FR; and Il 
to ech of the two GF, BK : GH, FK are each of chem equal 


80 Jogr am, and AFB a richt angle, AGB d is likewiſe a right ws 


angles to one another, and through the points A, B, C. 


for the fame reaſon, the angles at the points B, 3 D * 
angles; and becauſe the angle AEB is 8 


is parallel e to AC; for the ſame rea= | , | IN| 


therefore the figures GK, GC, AK,. 


tal; therefore it is a ſquare ; and it is deſcribed about the cinch 


4 tur ugh * draw b ER r to AB or DC, and kürte 
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PROP, vn. ROB. 


1 O a elbe A ſquate about 2 Nerd ci ircle. 


Let ABCD be the given circle ; it is required to aſc 
' ſquare about it. 


Draw two diameters AC, BD of the cirtle ABCD, at ri 


draw a FG, GH, HK, KF touching. the circle; and beeak 
FG touches the circle ABCD, and EA 1s drawn froth thecenty 
E to the point of contact A, the angles at A are right bange 


a right angle, as likewiſe is EBG, GH 


fon, AC is parallel to FK, and in like 
manner F, HK may esch of them be B 
demonſtrated to be parallel to BED; 


FB, BK are parallelograms; and GE 
is therefore equal «to HK, and GH _ 
to FK; and becauſe AC is equal to 


&.- i 

to GF or HK; thereforg'the quadrilateral figure FGHK h 

quilateral. It i is alſo rEtangular; for GBEA being a parall 

: In the ſame manner, it may be ſhown that the angles a 

„K. F are, right angles ; therefore the quadrilateral figun 

FGHK i is rectangular, and it was demonſtrated to be equilats 
ABCD. Which was to be done, 


PROP. VIII. PROB. 


T O inſcribe a circle i in a given ſquare. 


Let ABCD be the given ſquare ; it is required to inſeide 
eircle n ABCD. 
B Als each of the ſides AB, AD, in the points F, E. an 


B, AH, HD, AG, GC, BG, GDi is a parallelogram, and their 
poſite fides are equal e; and becauſe AD. is equal to AB, and e 34. 1. 
at AE is the half of AD, and AF the half of AB, AE is equal 
AF; wherefore the. ſides oppoſite A == > 
theſe are equal, viz. FG to GE; in #2. 


e ſame manner, it may be demon- | 

ed that GH, GK are each of them 
t u al to FG or GE ; therefore the ' 
i firaight lines GE, GF. GH, GK, F : 
ect e equal to one another ; ; and the cir= 
centr » deſcribed from the centre G, at the 
ingle; tance of one of them, ſhall paſs thro? 
emu extremities of the other three, and B 


duch the ſtraight lines AB, BC, CD, | 

JA; becanſe the angles at the points E, F, H, K are right ad 29. 1. 

gles, and that the ſai ight line which is drawn from the ex- 

2mity of a diameter, 

herefore each of the ſtraight lines AB, BC, CD, DA rowehes 
he circle, which therefafe is inſcribed in the ſquare ABCD. 

Which was to be don 4 N a 


* PROP. IX. PRO. 

080 

equi O deſcribe a circle about a given a ſquare. 

. 156 

"rl | Let ABCD be the given ſquare ; it is required to deſcribe a 
ht aw {circle about it. 

les u Join AC, BD cutting one another in E; and becauſe DA is 


qual to. AB, and AC common to the te! DAC, BAG, 

the two ſides DA, AC are equal to the | 

two BA, AC, and the baſe DC i is equal A 

to the baſe RC ; . wherefore the angle 

DAC is - val > to the angle BAC, and 

the angle DAB is biſected by the ſtraight 

line AC ; In the ſame manner, it may be 

demonſtrated that the angles ABC, BCD, B* 

CDA are ſeverally biſected by the ſtraight 

lines BD, AC; therefare, hecauſe the 

angle DAB is equal to the angle ABC, and that the 8 

EAB is the half of DAB, and EB A the half of ABC; the 

| angle EAR is equal to the angle EBA; wherefore the ſide 

EA is qu” to p ade EB: In the ſame 9 it empaſin 4 6. 1. 
| rat 


OF EUCLID. ns 1 
aw FK parallel to AD or BC; therefore each ofthe figures AK, Book I. . 


right angles to it, touches the circlee; e oh. 3. 


is THE ELEMENTS 


Book IV. demonſtrated that the ſtraight lines EC, ED are each oft 

2 equal to EA or EB; therefore the four ſtraight lines EA, j 

19 EC, ED are equal to one another; and the circle deſcribed fi 

5 the centre E, at the diſtance of one of them, ſhall paſs throy 

=_— the extremities of the other three, and be deſcribed about f 
| ſquare ABCD. Which was'to be done. 


PROP, X. PROB. 
18 deſcribe an iſoſceles triangle, having each of t 
T angles at the baſe double of the third angle. 

*. 1,4 Take any ftraight line AB, and divide it in the point Cf 
| that the rectangle AB, BC be equal to the ſquare of CA; uf 
from the centre A, at the diſtance AB, deſcribe the circle BDI 
þ1.4 in which placed the ſtraight line BD equal to AC, which is u 
. greater than the diameter of the circle BDE; join DA, If, 
£5-4 and about the triangle ADC deſcribe e the circle ACD; th 
triangle ABD is ſuch as is required, that is, each of the ang 

ABD, ADB is double of the angle BAD. N 
| Becauſe the rectangle AB, BC is equal to the ſquare of A(, 
and that AC is equal to BD, the reQangle AB, BC is equalty 

the ſquare of BD; and becauſe 1 1 

from the point B without the . 5 

circle ACD two ſtraight lines + LE 
BCA, BD are drawn to the cir- 
cumference, one of which cuts, 
and the other meets the circle, 
and that the rectangle AB, BC / 
contained by the whole of the 
cutting line, and the part of it 
_ without the circle, is equal to the 
ſquare of BD which meets it; 
d 37. 3. the ſtraight line BD touches d | 
- the circle ACD ; and becauſe Cat 
BD touches the circle, and DC 1 

| is drawn from the point of con= | * — 
e 32. 3. tact D, the angle BDC is equal © to the angle DAC in te 
AaAtternate ſegment of the circle ; to each of theſe add the angl 
CDA; therefore the whole angle BDA is equal to the tw 
132. 1. - angles CDA, DAC; but the exterior angle BCD is equal fu 
dtue angles CDA, DAC; therefore alſo BDA is equal to * 


f the 
Al 
ed fn 
bro 
Out * 


ofh 


t Ch 


of AC, 
qual ( 


BDA is equal g to the angle CBD, becauſe the fide AD Book NV. 
ual to the fide AB; therefore CBD, or DBA is equal to 
D; and conſequently the three angles BDA, DBA, BCD, 55 * 

aa! to one another; and becauſe the angle DBC is equal 

the angle BCD, the fide BD is equal h to the fide DC ; but h 6. 1. 

) was made equal to CA; therefore alſo CA is equal to CD, 

i the angle CDA equal g to the angle DAC; therefore the | 

ves CDA, DAC together, are douvle of the angle DAC: 

it BC!) is equal to the angles CDA, DAC; therefore alſo 
D is double of DAC, and BCD is equal to each of the an- 

BDA, DBA; each therefore of the angles BDA, DBA 

double of the angle DAB; wherefore an iſoſceles triangle 
BD is deſcribed, having each of the angles at the baſe double 
the third angle. Which was to be done. | 


"PROP. XI. PROB, | 
| 0 inſcribe an equilateral and equiangular 8 | 
L in a given circle. ae ke 


Let ABCDE be the given circle ; it is required to inſcribe 
equilateral and equiangular pentagon in the circle ABCDE. 


© Deſcribe 2 an iſoſceles triangle FGH, having each of the an- 7%: 4 


s at G, H, double of the angle at F; and in the circle 
BC DE inſcribe b the triangle ACD equiangular to the trian- > 24. 
> FGH, ſo that the angie A 
AD be equal to the angle 
F, and each of the angles 
CD. CDA equal to the 
gle at G or H; wherefore 
ch of the angles ACD, 
DA is double of the angle 
AD. Biſect e the angles 
CD. CDA by the ſtraight N 3 
jes CE, DB; and join AB, G L H «Horns of . D 5 

» DE, EA. ABCDE * OR Tt 1 

the pentagon required. NV | „„ 
Becauſe each of the angles ACD. CDA is double of CAD, 
d are biſected by the ſtraight lines CE, DB, the five angles 

AC, ACE, ECD, CDB, BDA are equal to one another; 

t equal angles ſtand upon equal d circumferences ; therefore d 26, 32 
e five circumferences AB, BC, CD, DE, EA are equal to one 

HE FFF | another: 


113 


Book IV. another: And equal circumferences are ſubtended by equi 
bw ſtraight lines; therefore the five ſtraight lines AB, BC, c 


2 29. 3. 


5 15. 3. 


And the angle AED ſtands on the circumference ABCD, A 


'F * 3. angle BAE is equal f to the angle AED : For the ſame n 


ſon, each of the angles ABC, BCD, CDE is equal to the ag 
BAE, or AED : Therefore the pentagon ABC DE is equi 
gular; and it has been ſhown that it is equilateral, When, 


goa has been inſcribed, Which was fo be done. 


an equilateral and equiangular pentagon about the cirde 
 ABCDE. 5 e „ 


2 11. 4. 


e 18. 3. 


due points B, D are right angles: And becauſe FCK is a rig 
4 47. 1. 


THE ELEMENTS 


DE, EA are equal to one another. Wherefore the pentig 
ABCD E is equilateral. It is alſo equiangular; becauſetheg 
cumference AB is equal to the circumference DE; If to each 
added BCD, the whole ABCD is equal to the whole ED(3 


the angle BAE on the circumference EDCB ; therefore t 
fore, in the given circle, an equilateral and equiangular peg 


PROP, XII. PRO B. 


he deſcribe an equilateral and equiangular pentagn 
about a given circle. e 


Let ABC DE be the given circle ; it is required to deſeri 


Let the angles of a pentagon, infcribed in the circle, by th 
laſt propoſition, be in the points A, B, C, D, E, fo that the K 
circumferences AB, BC, CD, DE, EA are equal a; and thro 
the points A, B, C, D, E draw GH, HK, KL, LM, 2G © 
touching b the circle; take the centre F, and join FB, FK, I, 


FL, FD : And becauſe the ftraight line KL touches the cim 


ABCDE in the point C, to which FC js drawn from tlie c 
tre F, FC is perpendicular e to KL; therefore each of the . 
gles at C is a right angle: For the ſame reaſon, the angles Bi ! 


angle, the ſquare of FK is equal d to the ſquares of FC, Ck: 
For the ſame reaſon, the ſquare of FK is equal to the ſquar 
of FB, BK: Therefore the ſquares of FC, CK are equal to tie 
ſquares of FB, BK, of which the ſquare of FC is equal to tit 


ſquare of FB; the remaining ſquare of CK is therefore equal A 


* 


— 
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the remaining ſquare of BK, and the ſtraight line CK equal to B. WV. 
BK: And becanſe FB is equal to FC, and FK common to the 
triangles BFK, CFK, the two BF. FK are equal to the two CF, 

FK; and the baſe BK is equal to the bife KC; therefore the 

angle BFK is equal e to the angle KC nd the angle BKF toc g. 1. 
FKC ; wherefore the angle BFH is d»ub'e of the angle KFG, 

and BKC double of FKC : For the ſame eaſon, the angl CFD 

is double of the angle GFL. and CLD double of CLF : And be- 

cauſe the circumference BC is equal to the circumference CD, 
the angle BFC is equal f to the „ 127 3. 
angle CFD; and BFC is dou- > 
ble of the angle KFC, and 
CFD double of CFL; there- 
| fore the angle KFC is equal to | 
the angle CFL; and the right *- 
angle FCK is equal to the right 
angle FCL: Therefore, in the * 
two triangles FK C, FLC. there 
are two angles of one equal to 
vro angles of the other, each 
to each, and the fide FC, which _ D EOS OP 
is adjacent to the equal angles in each, is common to both; 
therefore the other ſides (hall be equal * to the other ſides, and 8 26. 1 
the third angle to the third angle: Therefore the ſtraight line 

KC is equal to CL, and the angle FKC to the angle FLC: 

And becauſe KC is equal to CL, KL is double of KC : In tne 

ſame manner, it may be ſhown that HK is double of BK: And 

| becauſe BIS is equal to KC, as was demonſtrated, and that KL 

is double of KC, and HK double of BK, HK ſhall be equal to, 

KL: In like manner, it may be ſhown that GH, GM, ML 

are each of them equal to HK or KL : Therefore the pentagon 

GHKLM is equilateral. It is alſo equiangular ; for, fince the 

angle FK C is equal to the angle FLC, and that the angle HKL 

is double of the angle FK C, and KLM double of FLC, as was 

before demonſtrated, the angle HKL is equal to KLM: And 

in like manner it may be ſhown, that each of the angles KHG, 

HGM, GML is equal to the angle HKL or KLM: There: 
fore the five angles GHK, HKL, KLM, LMG, MGH beng 
equal to one-another, the pentagon GHKLM is equiangula : 
Aud it is equilateral, as was demonſtrated ; and it is deſcribed 

about the eircle ABCDE. Which was to be done, 2 


” 
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Bock IV. 


PROP, XI. PROB ek 


L FT 0 ineribe a circle in a given 9 at equ 
angular PEALAgon, | 2 / 


„ Let ARBCDE be the given equilateral and 88 penta. | 
3 Son: it is required to inſcribe a circle in the pentagon ABCD. 
29. 1. Biſect a the angles BCD, CDE by the ſtraight lines CF, DF, 
7 oi from the point F, in which they meet, draw the ſtraight line 

Fg, FA, FE: Therefore, ſince BC is equal to CD, and CF com. 


mon to the triangles BCF, DCF, the two ſides BC, CF are equal 
to the two DC, CF; and the angle BCF is equal to the angle 
bother angles to the other angles, to which the equal ſides are op- 
polite; therefore the angle CRF is equal to the angle CDF: And 
1 the angle CDE is double of CDF, and that CDE is equi I'S: 
to MA, and CDF to CBF; CBA K | 
therefore the angle ABF is equal N AN | 
to the angle CBF; wherefore the 7 > | 
angle ABC is bilected by the 
ſtraight line BF : In the ſame {| 
that the an gles BAE, AED, are | 
: biſected by The ſtraight lines AF, 
£14. 1. FE : From the point F draw © H 
diculars to the ſtraight lines AB, 
BC, CD, DE, EA: And be- O K D 
cauſe the angle HCF is equal to 
K CF, and the right angle FHC equal to the right angle FKC; 
„ two angles of the other, and the fide FC, which is oppoſite 
5 to one of the equal angles in each, is common to hoth; therefore 
4 26. 1. the other ſides ſhall be equal d, each to each; wherefore the 
perpendicular FH is equal to the perpendicular FK: In the ſame 
them equal to FHor FK: Therefore the five ſtraight lines FG, 
FH, FK, FL, FM are equal to one another: Wherefore the cit- 
cle deſcribed from the centre F, at the diſtance of one of theſe 
five, Hal 88 through the 3 * the other four, and 


1. 1. therefos the baſe BF is equal Þto the baſe FD, and the 
is aſſo double of the angle CBF; 
manner it may be demonſtrated, 80 1 
G, FH, FR, FL, FM perpen- 1 N bs 
in the triangles FHC, FKC there are two angles of one equal 
manner it may be demonſtrated that FL, FM, FG are each of 
touch 


0 F EUCLID. 


Wngles at the points G, H, K, L, M are right angles; and that 
fraight line drawn from the extremity of the diameter of a 


the ſtraight. lines AB, BC, CD, DE, EA touches the circle; 
/herefore it is inſcribed in the * ABCDE. ORE 


1 us to be done. 


PROP. . PROD. | 


0 deſcribe a circle N a „ given eqilatenl and 
e e, | at by: 


. It may be demonſtrated, ian 
he ſame manner as in the preceding 
ropoſition, that the angles CBA, 
BAE, ATED are biſeded by the B 
raight lines FB, FA, FE : And 
decauſe the angle BCD is equal to 
the angle CDE, and that FCD is 
he half of the angle BCD, and CDF | 

he half of CDE; the angle FCD is C — 
qual to FD. ; Wherefore the ide | 
CK 7 the fide FD : In like manner it n 


, at the diſtance of one of them, ſhall paſs through the extre- 
mities of the other four, and be deſcribed about the equilateral 
and 1 88 22 ABC DE. "WOW." was to be done. 


cit- "$1: H 2 | 5 PROP, 


— 


N ts, 
wich the Qraight lines AB, BC, CD, DE, EA, becauſe the Book IV. 


ircle at right angles to it, touches e the circle: Therefore each e 16.44 


ſtrated that FB, FA, FE are each of them equal to FC or FD: b C 
herefore the five ſtraight lines FA, FB, FC, FD, FE are 
* to one anothef; and the circle deſcribed from the centre 


to GD: And becauſe D is the centre of the circle EG C, 
is equal to DG; wherefore GE is equal to ED, and the ti. 


the angle DG is alſo the third part 1 5. 
_ 6f two right angles: And becauſe the -— 


deſcribe the circle EGCH, join EG, CG, and produce then 
to the points B, F; and join AB, BC, CD, DE, EF, FA: The 
hexagon ABCDEF is equilateral and equiangular. 


GUE, DEG are equal to one another, becauſe the angles u 
angle EG is the third part of two right angles: In the ſan: 


adjacent angles EGC, CGB equal e 


to two right angles; the remaining 


another: And to theſe are equal d the 
vertical oppofite angles BGA, AGF, 


are equal to one another: But equal 
angles ſtand upon equal e circumfe- 
rences; therefore the fix circumfe- 
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' : 


PROP. XV: PRO B. 


To inferibe an equilateral and equiangular hexapn 2 


in a given circle. 


Let ABCDEF be the given 1 it is required to inſeribe ? 8 


an equilateral and equiangular hexagon in it. 


Find the centre G of the circle ABC DEF, and draw the d. 
ameter AGD; and from D as a centre, at the diſtance DG, 


| Becauſe G is the centre of the circle ABC DEF, GE is * 
DE 


angle EGD is equilateral ; and therefore its three angles EG), 


the baſe of an iſoſceles triangle are equal a; and the three angle 
of a triangle are equal Þto two right angles; therefore the 


manner it may bo demonſtrated that 
ſtraight line GC. makes with EB the 


angle CGB is the third part of two 
right angles ; therefore the angles 
EGD, DGC, CGB, are equal to one 


FGE: Therefore the fix angles EGD, 
DGC, CGB, BGA, AGF, FGE 


x % 4 A 


rences AB, BC, CD, DE, EF, FA are equal 0 one another; 


And equal circumferences are ſubtended by equal f ſtraight 


lines; therefore the fix ſtraight lines are equal to one anotbet 


and the hexagon ABC DEF is equilateral. It is alſo equiangs 
lar; for, ſince the circumference AF is equal to ED, to each d 
theſe add. the circumference ABC D; therefore the whole clt- 
cumference FABCD ſhall be equal to the whole en 


— 


Neontaines two of the ſame parts: Bi- 
are, each of them, the fifte-nth part 


Therefore, if th ſtraight lines BE, 


WT 


nd the angle FED ſtands upon the circumference FABCD, Bock IV. © 


and the angle AFE upon EDCBA ; therefore the, angle AKE wry 
5s equal to FED : In the ſame manner it may be demonſtrated 


hat the other angles of the hexagon ABCDEF are each of 


nem equal to the augle AFE or FE D,: Therefore the hexagon 
Ws cquiangular ; and it is equilateral, as was ſhown ; and it is RT, 
inſcribed in the given circle ABCDEF, Which was to be done. N 5 
= Cos. From this it is manifeſt, that the fide of the hexagon | 


equal to the ſtraight line from the centre, that is, to the ſe- 
nidiameter of the circle. 1 N 

And if through the points A, B, C, D, E, F there be drawn 
ſtraight lines touching the circle, an equilateral and equiangu- 
ar hexagon ſhall be deſcribed about it, which may be demon» 

rated from what has been ſaid of the pentagon; and likewiſe a 
circle may be inſcribed in a given equilateral and equiangular 
hexagon, and circumſcribed about it, by a method like to that 
ſed for the pentagon. „ EIS 


PROP. XVI. PROB. 
inſcribe an equilateral and equiangular quinde. See N. 
cagon in a given circle, | e 


Let ABCD be the given circle ; it is required to inſcribe an 
equilateral and equiangular quindecagon in the circle ABCD. 

Let AC be the fide of an equilateral triangle inſcribed 2 in a a, 4. 
the circle, and AB the fide of an equilateral and equiangular 
pentagon inſcribed b in the ſame ; therefore, of ſuch equal parts h 11.4. 
as the whole circumference ABC DF contains fiiteen, the cir- 


[cumference ABC, being the third _ 
part of the whole, contains five; and _ 
the circumference AB, which is the 


fifth part of the whole, contains | 
three; therefore BC their difference B | 


ſect e BC in E; therefore BE, EC E 


of the whole circumference ABCD: C | 


EC be drawn, and ftraight lines equal to them be placed d d r. 4 


round in the whole circle, an equilatera) and equiangular quin- 
decagon ſhall be inſcribed in it. Which was to be done. 


#1 * 


8 


— OY ELEMENTS. 


Book IV. | "abs in Ke ſame manner as was 808 3 in the! pentagon, i 
Dada through the points of divifion made by inſcribing the quing. WW 
| cagon, ſtraight lines be drawn touching the circle, an equil | 
teral and equiangular quindecagon ſhall be deſcribed about i. 
| And likewiſe, as in the pentagon, a circle may be inſeribed in, 
_ given equilateral and equiangular Fine and Cireun 
| ſcribed aa it. 


ru 


o. | 
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BOOK v. 


ä 0 
A LESS nidgnitude is ſaid to be a part of A greater mag 35 
nitude, when the leſs meaſures the greater, that is, | 


hen the leſs i is contained a certain number of times e þ: 
ein the greater. 


** | 

A greater magnitude i is ſaid to be a multiple of a leſs, when the 7 
greater is meaſured by the leſs, that is, when the greater | 
* contains the leſs a certain number of times xy” 5 


III. 


Ratio is a mutual relation of two magnitudes of the ſame See N. 5 


6 kind to one N in reſpect of e 


| Magnitudes are ſaid to have a ratio to one another, aha the 


leſs can be malkiplied ſo as to exceed the other, 
V. j 
The firſt of four magnitudes i is ſaid to have the ſame ratio to the 
the ſecond, which the third has to the fourth, when any 
equimultiples whatſoever of the firſt and third being taken, 


and any equimultiples whatſoever of the ſecond and fourth; 


if the multiple of the firſt be leſs than that of. the ſecond, 
dhe multiple of the third is alſo leſs than that of the fourth; 
or, if the multiple of the firſt be equal to that of the ſecond, 
the — of the third i n alſo ou to that of the fourth ; 
4 or, 


Magni hen which have the ſame ratio are called proportional. 


$e N. 


When four magnitudes are continual proportionals, * firſt is 


THEELEMENTS 


or, if the multiple of the firſt be greater than that of the ſe, Nad i 
cond, the multiple of the third is alſo than that gf 
the fourth. | 

N 


N. B When four magnitudes are proportionals, it iy 
* uſually exyreſſed by ſayiug, the firſt is to the n as the 
© third to the fourth.“ | 
VII. n lik 
When of the equimultiples of four magnitudes (taken as in 
the fifch defiaition) the multiple of the fi.ſt is greiter than 
that of the ſecond, but he multiple of the third is not great. 
er than the mult ple of the fourth; then the fi ſt is ſaid to 
have to the ſecond a greater ratio than the third magnitude 
has to the fourth; and, on the contrary, the third is ſaid 
to have to the fourth a leſs ratio than the firſt has to the 


lecuud, , | "0 IF 

VIII. 4 

66 Analogy, or proportion, is the ſimilitude of ratios.” * 61 
IX. | 

Proportion confiſts in three terens at leaſt. ern 


When three magnitudes are proportionals, the firſt is ſaid ta 
have to the third the n ratio al that which 1t has to 
the lecoud. ' LEE. 

XL 5 


_ tad to have to the ſourth the triplicate ratio of that which it Have 


has to the ſecond, and ſo on, quadruplicate, &. increaling WF a 

the denomination {till by unity, in any number of prope tc 
tiO. 1als. | 

Definition A, to wit, of compound ratio. on 

When there are any number ot magnitudes of the ſame kink K 


the firſt is laid to have te the laſt of them the ratio com- 
pounded of the ratio which the firſt has to the ſecond, and 
of tlie ratio which the ſecond has to the third, and of the 

ratio which the third has to the tourth, and ſo on unto the 
laſt magnitude. 

For example, if A, B, C, D be four 00 of the ſame 
kind, the firſt A is ſaid: to have to the laſt D the ratio com- 
pounded of the ratio of A to B, and of the ratio of B to C. 
and of the ratio of & to D; or, the ratio of A to is ſaid to 
be comprnnded of the ratios of A to B, B to C, and C * 


or EVELID. mm 


ſe, nd if A has to B the ſame ratio which E has to oF; and B bo v. | 
eto C, the ſame ratio that G has to H; and C to D, the ee 
| that K has to L; then, by tuis ehen A is aid to have 
to D the ratio compounded of ratios which are the ſame with 
als, the ratios of E to F, G to H, and K to L: And the ſame 
is Wi thing is to be uuderſtood when it is more briefly exprelſcd, 
the by ſaying A has to D the ratio compounded of the 7 8 4 
E to F, A n | 5 9 
p like manner, the ſame things being ſuppoſed, if M bas to N - } 
; in the ſame ratio which A has to D; then, for ſhortneſs ſake, 


han Mis ſaid to have to N, the ratio compounded of the ratios 
Cale of E to F, G to H, and K to . 1 


to | X11. 
ude n proportionals, the antecedent terms are called hamalogony | 
ſaid to one another, as alſo the conſequents to one another. 


the WW Geometers make. uſe of the following technical words to ſig- 
 nify certain ways of changing either the order or magni- 
tude of 8 5 as that they continue {till to be 


roportionals,? | 
25 =. 5 


3 or alternando, by permutation, or alternately; ; 
| this word is uſed when there are four p: oportionals, and it Sce N. 
| ta is inferred, that the ficſt has the ſame ratio to the third, which _ "I 
8 to the ſecond has to the fourth; or that tlie firſt is to the third, 1 
5 as the ſecond to the fourth: As 1 is thewn in tg 16th Prop. 
of this ch book. _ | = 4 
ſt is „ 0 
hit Narertendo. by "REP Tap : When there are four proportionals, 
ſing and it is inferred, that the ſecond is to the firſt, as the fourth 
pore WF to the third. Prop. B. book 5. 
XV. „ 
omponendo, by compoſition ; when there are four proportione. WR 
ind, als, and 1t 1s inferred, that the firſt, together with the ſecond, Ges | 
om. is to the ſecond, as the third, Ie with ho fourth, 1s to 
and the fourth, 18th prop. book 5. 
XVI. 


the Dividendo, by diviſion ; when hers are four proportionals, 3 
it is inferred, that the exceſs of the firſt above the ſecond, is 


ame WF to the ſecond, as the exceſs of the third above the fourth, is 3 
om- to the fourth. 17th prop. book 5. 

» C, XVII. | 

d to Convertendo, by converſion ; ; when there are four proportion- 
D. als, and 1 it is inferred, that the firſt is to its exceſs above the 


Andi ſecond, W 
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ſecond, as the third to its exceſs ode the fourth. Prop. 


book 5. 

XVII. 

Ex quali (ſc. diſtantia), or ex quo, from equality of diftanc, 
when there is any number of magnitudes more than tn, 
aud as many others, fo that they are proportionals when u. 

ken two and two of each rank, and it is inferred, that ti 

ficit is to the laſt of the firſt rank of magnitudes, as the fi 
is to the laſt of the others: Of this there are the two fd 
llowing kinds, which ariſe from the different order in whid 
the — are taken two and two.“ 
XIX. 

Ex æquali, from equality ; ; this term is uſed dr by itſelf, 

when the firſt magnitude 1s to the ſecond of the firſt rank 

as the firſt to tliefecond of the other rank; and as the ſeca/ 

is to the third of the firſt rank, ſo is the ſecond to the thin 

of the other; and ſo on in order, and the iuference is as men. 

| tioned in the preceding definition; whence this is called or. 

dinate proportion. It is 3 in 224 prop. book; 
. "MM 

Ex æquali, in proportione perturbata, ſeu inordinata, from t- 

quality, in perturbate or diforderly proportion“; this tem 

is uſed when the firſt magnitude 1 is to the ſecond of the fil 

rank, as the laſt but one is to the laſt of the ſecond rank; md 

as the ſecond is to the third of the firſt rank, ſo is the laſt 

but two to the laſt but one of the ſecond ranks; and as the 
third is to the fourth of the firſt rank, ſo is the third from 

the laſt to the laſt but two of the ſecond rank; and ſo on i 


a croſs order: And theinference is as in the 18th definition, 


It is demonſtrated i in the 2 3d prop. of book 5. 


AXIOMS, 


1. 


QumwrLTIELEs of the ſame, or of equal . are 


| equal to one another. | 


Prop. lib. 2. Archimedis de ſphæra et cylindro, 


* 


m 
in 
tv 
C 
b 
b 
A 

1 
te 
b 

a 
\ 
e 
| Þ 
f 
I 
t 


— * 


85 are 


Thok 


$ becauſe (GB is equal to E, and HD to F; GB 
and HD together are equal to E and F together. 


| gether equal to E and F together. There- 


OF EVCLID, 
. 


Thoſe magnitudes of which the ſame, or equal magnitudes, are & 


equimultiples, are equal PO ” 


A multiple of a greater magnitude is greater than the ſame 


multiple of a leſs, 


That magnitude of which a multiple is greater than the ſame 


multiple of another, is. greater than that other magnitude, 
* "PROF; TRROK:. 


F any number of magnitudes be equimultiples of as 
many, each of each; what multiple foever any one 


of them is of its part, the ſame multiple ſhall all the firſt 


magnitudes be of all the other, * 


Let any number of magnitudes AB, CD be equimultiples of 


as many others E, F, each of each ; whatſoever multiple AB 


is of E, the ſame multiple 
md F together. YR e e . 
Becauſe AB is the ſame multiple of E that CD is of F, as 


| many magnitudes as are in AB equal to E, ſo many are there 


2 


in CD equal to F. Divide AB into magni- 

tudes equal to E, viz. AG, GB; and CD imo A 

CH, HD equal each of them to F: The num- | 

ber. therefore of the magnitudes CH, HD ſhall G 
be equal to the number of the others AG, GB: © 

And becauſe AG is equal to E, and CH to B | 

F. therefore AG and CH together are equal 5 
to: E and F together: For the ſame rhe, oY | c | 

Hr Fi 


Wherefore, as many magnitudes as are in AB 
equal to E, ſo many are there in AB, CD to- 


fore, whatſoever multiple AB is of E, the ſame 
multiple is- AB and CD together of E and F 
together. „ 5 . 
; Therefore, if any 


D) 


magnitudes, how many ſoever, be equi- 


_ AB and CD together be of E 


24 2 3. 


multiples of as many, each of each, whatſoever multiple any 
one of them is of its part, the ſame multiple ſhall all the firſt 


magnitudes be of all the other: For the ſame pr” 
So F 8 + noldg 
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Book v. « halts3 in any number of magnitudes, which x was here applet 5 
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— * to two.“ n 1 


multiple of C the ſecond, that EH 1 D 
the fixth is of F the 1 Then A. 
is AG the firſt, together with the | 
fürth, the ſame multiple of C the E 


with the ſixth, is of F the fourth. 


the ſame multiple "es ſecond C, that | D : 


fourth F. If therefore, the firſt be the 
fame multiple, Ke. o 


be multiples of another C; and as many 61 1 


PROP. II. THEOR. 


*JFo the firſt magnitude be the ſame multiple of the fe ; | 
cond that the third is of the fourth, and the fifth th ni 


fame multiple of the ſecond that the ſixth is of the 


fourth ; then ſhall the firſt together with the fifth be the 


ſame multiple of the ſecond, that the third together with 


the ſixth is of the fourth, 
Tet AB the firſt, be the ſame multiple of C the ſecond, tha 


DE. the third is of F the fourth ; and BG the fifth, the 2 


ſecond, that DH the third, together B 1 


Becauſe AB is the ſame multiple 
of C, that DE is of F; there are as | 4 
many magnitudes in AB equal to C, vw] Aj vel 
as there are iu DE equal to F: In like G | C | H k 

manner, as many as there are in BG equal to C, ſo many ar 
there in EH equal to F: As many, then, as are in the whole 


AG equal to C, ſo many are there in the whole DH equal ts 
EF: therefore AG is the ſame multiple of C, that DH is of; 


that is, AG the firſt and fifth together, is 


DH the third and fi together is of the A 


B 
Con. 5 From this it is plain, that, if any 
number of magnitudes AB, BG, GH, 


« DE, EK, KL be the fre multiples of | 1 
F. each of each; the whole of the firſt, 1 
* viz, AH, is the ſame multiple of C, A. 2 
« that the whole of the laſt, viz, DL, is H 0 T, F 


$ * 
| PROP: 


or EVCLID. 


PROP. 11. THEOR. 


IF the firſt be the ſame indtple of the ſecond, va el 


ie ſe. 4 the third is of the fourth; and if of the firſt and 
h the bird there be taken equimultiples, theſe ſhall be equi- 
f the nultiples, the one A the lecond, — the other of = 
e the ourth. | | 


wid Wi Let A the firſt, be the ſame multiple of B the ſecond, that 


WC the third is of D the fourth ; ; and of A, C let the equimul- 
iples EF, GH be taken: Then EF is the ſame As or of B, 
| he GH is of D. 
# Becauſe EF is the hs. multiple of A, that GH is of Cc, 
here are as many magnitudes in EF _ to A, as are in GH 
qual to C: Let EF be di:: 
Prided into the magnitudes F 5 8 H 
E, KF, each equal to A, | fs } 
and GH into GL, LH, | on. 
ach equal toC: The num | E” 
ber therefore of the magni=« | 1 | 
tudes EK, KF, ſhall be e- Kt 1 1. * 
qual to the number of the | | T 
others GL, LH : And be- „ 
cauſe A is the ſame multi!!! 
ple of B, that C is of D, | 1 1 
and that EK i is equal to A, . 5 
and GL to C; therefore 
EK is the ſame multiple E A B 6 c 'D 
of B, that GL is of D : For 
the lame reaſon, KF is the ſame multiple F B, that LH is ot 
D; and ſo, if there be more parts in EF, GH equal to A C: 
Becauſe, therefore, the firſt EK is the ſame multiple of the ſe- 
cond B, which the third GL is of the fourth D, and that the 
fifth KF is the ſame multiple of the ſecond B, which the ſixth 
LH is of the fourth D; EF the firſt, together with the fifth, is 
the ſame, multiple a of the ſecond B, which GH the third, to- 
gether with the fixth, is of the fourth D. I, therefore, the 
irſt, &c. EK. D. 5 


EE 


PROF. 


* 


a 2.5, 


b Hypoth. 


e 5. def. 5. 


zee N. 


any equimultiples whatever of the firſt and third hal 


oY * multiple of the third has to that of the fourth,” 


F has to H. 1 1 


and of E and F have been takes : I 


is of Ca: For the ſame renn M 


is the ſame multiple of A, that L K E A 5 G 0 
is the ſame multiple of B, that N I. F : Bit H A 


to H. Therefore, if the firſt, &c. 


* 


ieee 


PROP. IV. THEOR. 


F the firſt of four agnitydes has the ſame ratio 0 d fi 
the ſecond which the third has to the fourth; they Le. 


have the ſame ratio to any equimultiples of the ſecond 
and fourth, viz: the equimultiple of the firſt ſhall . 
the ſame ratio to that of the ſecond, which the 


"Cot A the firſt, have to B the hand the ſame ratio which and 
the third C has to the fourth D; and of A and C let there be 


taken any equimultiples whatever | | nd, 


E, F; and of B and D any equi- 
multiples whatever G, H: Then 3 Ee ne 
E has the ſame ratio to G, which 


Take of E and F any equimul- 
tiples whatever K, L, and of G, | 
H, any equimultiples whatever M, E 
N : Then, becauſe E 1s the farms 5 
multiple of A, that F is of C; | 


equimultiples K, L; therefore K 


is of D: And becauſe, as Aisto | | 
B, ſo is C to Db, and of A and“ 
C have been Fd" certain equi- 
multiples K, L; and of B and D Ea OY 1 
have been taken certain equimul- | | 1 


tiples M, N; if therefore K be | pl 

| 288 than M. L is greater than z e 
: and if equal, equal; if leſs, | 

leſs e. And K, L are any equi- | | 

multiples whatavir of E, F; and © „ e 

M, N 


any whatever of G. Hi - 2 hay 
As therefore E is to G, fois cF 3 


Q. E. D. 
. Cor. Likewiſe, if the firſt has the tie ratio to the ſecond, 


which the third has to the fourth, then alſo any equimultiples 
whatever 


1 


Gerner 


natever of the firſt and third have the ſame ratio to the ſe- Book v. 
ad and fourth: And in like manner, the firſt and the third 
ve the ſame ratio to any equimultiples whatever of the ſecond 4 
euch EO EE YE oy TE TOON 
Let A the firſt, have to B the ſecond, the ſame ratio which 
third G has to the fourth D, and of A and C let E and F 

any equimultiples whatever; then E is to B, as F to D. 
Take of E, F any equimultiples whatever K, L, and of B, 
any equimultiples whatever G, H; then it may be demon- 1 
ited, as before, that K is the ſame multiple of A, that L is 8 
C: And becauſe A is to B, as C is to D, and of A and C 
rtain equimultiples have been taken, viz. K and L; and of 
and D certain equimultiples G, H; therefore, if K be greater 
an G, L is greater than H; and if equal, equal; if leſs, leſs c: e 5. Def. 3. 
Ind, K, L are any equimultiples of , F, and G, H any what: 
er of B, D; as therefore E, is to B, ſo is F to D: And in the 

xe way the other caſe is demonſtrated. 2 5 

| | N. 8 : FS. 2 3" J 

PROP. V. THE OR. 


F one magnitude be the ſame multiple of another, see N. 
which a magnitude taken from the firſt is of a mag- 
Witude taken from the other; the remainder ſhall be the 

me multiple of the remainder, that the whole is of the 
hole. - 885 c if 


Let the magnitude AB be the ſame multiple Gi 
if CD, that AE taken from the firſt, is of CF © 
ken from the other ; the remainder EB ſhall 
the ſame multiple of the remainder FD, that A 
e whole AB is of the whole CD, „ 
Take AG the ſame multiple of FD, that ; 1 
Eis of CF: therefore AE is ® the ſame mula | *=%. 
ple of CF, that EG is of CD : But AE, by | C 
e hypotheſis, is the ſame multiple of CF, that FE! TY, 
IB is of CD: Therefore EG is the ſame mul-- . 
Iple of CD that AB is of CD; wherefore EG | F+ 
8 equal to AB b. Take from them the common 2 


br, Az. 5. 
agnitude AE; the remainder AG is equal to „ _! | 
he remainder EB. Wherefore, ſince AE is B D 
he ſame multiple of CF, that AG is of TD, „ - 
nd that AG is equal to EB; therefore AE is the ſame multiple 
f CF, that EB is of FD: But AE is the ſame multiple of CF, 

ny pate 55 V5 


0 —U— — — — — 
, — OT - = 


2 1. Ax. 5. wherefore KH is equal to CD a: Take a- B = D Ef 


2. 5. that KH is of F': But AB is the fame © 5 
5 multiple of E, that CD is of F; therefore 1 | » 
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Book V. that AB is of CD; therefore EB is the ſame multiple off 


that AB is of CD. Therefore, ifany * L 


PROP. VI. THEOR. 


FT two magnitudes be equimultiples of two others, x 
if equimultiples of thele be taken from the firſt ty 


| the remainders are either equal to theſe others, or r eq 


multiples ot them. 


let the two magnitiides AB, CD be equimultiples of th the ti 
| E, F, and AG, CH taken from the firſt two be equimultih 
of the ſame E, F; the remainders G3, HD are either equ 


to E, F, or equimultiples of them. 

Firſt, let GB be equal toE; HD is e- 
qual to F: Make CK equal to F; and be- 
cauſe AG is the ſame multiple of E, that 
CH 1s of F, and that GB is equal to E, 
and CK to F; therefore AB is the fans 1 | 
multiple of E, that KH is of F. But AB, | 


E that CD is of F; therefore KH is the © 
ſame multiple of F, that CD is of F; 


by the hypotheſis, i is the ſame multiple of G 4 H! ö 


way the common magnitude CH, then the 
remainder KC 1s equal to the remainder 
HD: But KC is equal to F; HD therefore 15 equal of, 
But let GB be a multiple of E ; then K. 
HD is the ſame multiple of F: Make | 
(K the ſame multiple of F, that GB is KA 
of E: And becauſe AG is the ſame mul- | 
tiple of E, that CH is of F; and GB the | C [ 
ſame multiple of E, that CK is „ 
therefore AB is the ſame multiple of E, 8 


KH is the ſame multiple of F, that CD is 
of it: wherefore KH is equal to CD: 
Take away CH from both; therefore the 5 5 E 


remainder KC is equal to the remainder 


| 


the 


1 


HD: And becauſe GB is the ſame kinks of E., that KCN © 


Ke, — 8 


| of F, and that KC is equal to HD; therefore HD is the { l 
1 | multiple of 75 that GB is of E.: If therefore two magnitods , 


PROP 


05 a 5 1 
Book v. 
PROP. A. THEOR. e IO. 


F the firſt of four mogyltuden has to the ſecond, n x ; 
fame ratio which the third has to the fourth; then. if = 
the firſt be greater than the ſecond, the third is alſo 

greater than the fourth; and, if equal, equal; if leſs, leſs. 


Take any equimitiples of each of them, as the doubles of 
each; then, by def. 5th of this book, if the double of the firſt be . 
greater than the double of the ſeeond, the double of the third is 
reater than the double of the fourth; but, if the firſt be greater 
than the ſecohd, the double of the firſt is greater than the double 
of the ſecond ; wherefore alſo the double of the third is greater 
than the double of the fourth; therefore the third is greater than 
the fourth : In like maaner, if the firſt be equal to the ſecond, 
Gor leſs than it, the third can be proved to be equal to the fourtli, 

or * than it. W if the * &c. 1 55 E. 128 


F; four monies are propetricndls, % are propor Seo M. | 
tiovals allo when taken inverſely. 20 

| If the magnitude A be to B, as Cis to D, then alſo inverſely 

Bis to A, as D to C. d: 

Take of B and D any pte 8 | 
whatever E and F; and of A and C any e- f . 
quimultiples Whatever G and H. Firſt, Let | | 

E be greater than G, then G is leſs than E; | : 
and, becauſe A is to B, as C is to D, and | 
Jof A and C, the firſt and third, G and H 
are equimultiples ; and of B and D, the ſe= | 
(cond and fourth, E and F are equimulti- J. 
ples; and that G is leſs than E, H is alſo G 
8 leſs than F; that is, F is greater than H; H 
if therefore E be greater than 172 F is great- 
erthan H: In like manner, if E be equal 
to G, F may 20: Howen yo e equal to H; © os 
and, if leſs, Ne; and E, F are any equi- 
multiples whatever of B and D, and G, H | 
amy whatever of A and C.; Ee as B 1 


a3. def, 5. 


130 


: Kon nes 


See N. : 


the ſecond, that C the third is of the fourth 
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* 


PROP. c. THE OR. 


Let the firſt A be the 90 0 1 of B 


D: Abe n Gu 5. | 
Take of A and C any equimultiples what-. 


ever E and F; and of B and D any equi- 
| multiples whatever G and H: Then, becauſe * 
A is the ſame multiple of B that C is of D; 


and that E is the ſame multiple of A, that 


F is of C; Eis the ſame multiple of B, that 


F is of Da; therefore E and F are the ſame 


multiples of B nd D: But G and H are equi= | 
multiples of B and D; therefore, if E be a 


greater multiple of B, than G is, F is a great- 
er multiple of D, than H is of D; that is, 
if E be greater than G, F is greater than H: 


In like manner, if E be equal to G, or leſs; 
Fi is equal to H, or leſs than it. But E, F 
„ ae equimultiples, any whatever, of A, G, 


» |, Þ xs. def. 5. 


and G, H any equimultiples whatever of B, 


D. Therefore A is to B, as Cis to Db. 


Next, Let the firſt A be the ſame part 
of the ſecond B, that the third C is of 


the fourth D: A is to B, as C is to D: 


c B. 5. 


F or B is the ſame multiple of A, that D 


is of C: wherefore, by! the preceding 1 
caſe, B is to A, as D is to C; and in- f 


verſely e A is to B, as C is to D. There- 


fare, if the ſirſt be the ſame multiple; &c. 4 | B . D 


. p. 


| 


RB 


— 


Book v. is to + i is D to G. IF, then, four a &. | 


F the firſt be the ſame multiple of the ſecond, or k 
ſame part of it, that the third is of the fourth ; kf 
firſt 1 is to the ſecond, as the third | is to the fourth, 


— 2 — 


PROP, 


or EVELID. I. 


Ir the firſt be to the 8 as the third to Fr fourth, Sce N. 
and if the firſt be a multiple, or part of the ſecond ; 

e third is the ſame multiple, or the ſame part of the 

durth, | | 


Let A 1 8 B. as Ci is to D; and fir let A be a multiple 
B; C is the ſame multiple a | 
Take E equal te A, and whatever mul- EE | 
ole A or E is of B. Wa F ths fame l 3 8 | 

| ole of D: Then, becauſe A is to B, as Cis | 
D; and of B the ſecond, aud D the fourth 
quimultiples have been taken E and F; 
is to E, as C to Fa: But A is equal 
d E, therefore C is equal to Fb: And F 


1 the ſame multiple of D, that A is of B. 
H herefore C is the lame multiple of D, 
dat A is of B 
Next, Let the firſt A be a part of the 6. * 8 8. 
pad B; C the third 1 is the ſame mou RIO 1 3 wa So 
purth D. = | four of the 
Becauſe A is to B, as C is to D; then, | | preceding 
werſely, B is c to A, as D to C: But A is 1 * 
part of B, therefore B is a multiple =: 75 8 20 fig * 


ad, by the preceding caſe, D is the ſame 
lupe of C, that is, C is the ſame 1 of D, that A 1s of 
Ap if the nh &c. E. D. 


PR OP. vil. THE OR. 

QUAL magnitudes have the ſame ratio to the ſame 
Ly magnitude; and the lame has che ſame ratio to 
nal magnitudes, by 


Le A and B be * e and 0 any 0 A and 


D use each of them the fame ratio to C, and C his the ſame 

io to each of the magnitudes A aud 3. by 
4 a Take of A and b wy equimultiples whatever D and E, and 
Rol 


5 WS of 


NET PROP. B. THEOR, e Sod els WONG 


— 
8 
— 4 W 
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= 
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a 1. Ax. 5. 


b J. del. x. 


See N. 


, Book V. of C any multiple whatever F : 
| yes multiple of A, that E is of B, and that A is 
equal to B; D is a equal to E: Therefore, if 
D be greater than F, E is greater than F; and 
if equal, equal; if leſs, leſs: And D, E are 
any equimultiples of A, B, and F is any mul- 
tiple of C. Therefore b, as A is to C, ſo is 
B to C. oo CE TW) 
| Likewiſe C has the ſame ratio to A, that it 
has to B: For, having made the ſame con- 
ſtruction, D may in like manner be ſhown e- | 
qual to E: Therefore, if F be greater than DOD, 
it is likewiſe greater than E; and if equal, 
equal; if leſs, leſs: And F is any multiple 
whatever of C, and D, E are any equimul- 
tiples whatever of A, B. Therefore C is to 
Therefore equal magni- 
andes, &. Q. E. D. „ 
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A, as C eis to B b. 


hehe 


greater, and let D be any magnitude 


whatever: AB has a greater ratio to D 
than BC to D: And D has a greater 


ratio to BC than unto AB. 1 
If the magnitude which is not the 


greater of the two AC, CB, be not leſs 
than D, take EF, FG, the doubles of 
AC, CB, as in Fig. 1. But, if that which 


is not the greater of the two AC, CB 


magnitude can be multiplied, ſo as to 


become greater than D, whether it be 
AC, or CB. Let it be multiplied, until | 

it become greater than D, and let the | 
other be multiplied as often; and let EF 
be the multiple thus taken of AC, and 
FG the ſame multiple of CB: Therefore 
EFand FG are each of them greater than 


be leſs than D (as in Fig. 2. and 3.) this 


Then, becauſe D is the ſan 


. 


PROF. VIII. THEOR 

FV unequal magnitudes, the greater has a, gre ater 
ratio to the ſame than the leſs has; and the ſane 
magnitude has a greater pptio to the leſs, than it has to 


Let AB, BC be unequal magnitudes, of which AB is the 


Fig. 1, 


E 


it. 


ſame 


ater 
ame 
on 


is the 


| EG is greater than K and TY 
D together: But, K to- 


greater than L; but FG 


| BC has to D. 


to AB: For, Having 


OF EUCLID. 8 | 38 


D: Aud in every ons k ke caſes, take H the double of D, K Book v. 
its triple, and ſo on, till the multiple of D be that which firſt 8 
becomes greater than FG : Let L be that multiple of D which 

is firſt greater than FG, and K the multiple of D Which i is 


next leſs than L. 


Then, becauſe V is the ird of D, which is the firſt that 
becomes greater than FG, the next preceding multiple K is 
not greater than FG ; that is, FG is not leſs than K: And ſince 

EF rs the ſame multiple of AC, that FG is of CB; FG is the 
ſame multiple of CB, that EG is of AB =; ee e EG and , 15 
FG are equingultiples of AB and CB: And it was ſhown, that 
FG was not lels than K, . 2. Fig. 3. 
and, by the conftrue- E EI 
tion, E Eb is greater than 5 1 3 
D; therefore the whole F.. | 


* 


gether with D, is equal 5 
to L; therefore EG 1s 


is not greater than Lz 
and EG, FG are equi- 
multiples of AB, BC, 
and L is a multiple of 
D; therefore b AB has 
wD a greater ratiothan 


Alſo D has to BC a 1 * „ f 
greater ratio than it haas N | | - b 


made the ſame con- 
ſtruction, it may be 
ſhown, n like manner, 
that L 1s greater than 


% 
— 
3 
— 
<—_— 


| FG, but that it is not greater than EG: and L'is a mukipts of 8 0 
Wo >; and FG, EG are equimultiples of CB, AB; therefore D 
has to CB a greater ratio b than it has to AB, Wherefore, of 


n — &c. Q. E. D. 


J 


8 * 
8 See N. ; 


in the preceding propoſition, there are ſonie equimultiples d 


D, E, be the equimultiples of A, B, and F the mult ple of C, 


THE ELEMENTS 
RO. IX, THEOR. | 


Acx1Tupres which have the ſame ratio to th 
lame magnitude are equal to one another; aul 


thole to which the ſame magnitude has the ſave rata Wor 
are equal to one another, | 


"at A. B TEM each of them the ſame ratio to C: Ae fi 
qual to B: For, if they are not equal, one of them is greater 
than the o! her; let A be the greater; then, by what was ſhow 


A and B. and ſome multiple of C ſuch, that the multiple of A 
is greater than the multiple of C. but the multiple of B is nt 
greater than that of C. Let ſuch multiples be taken, and le 


ſo that D may be greater than F, and E not greater than f 


But, becauſe A is to C, as B is to C, and 1 8 gre 
of A, B, are taken equimultiples 8 tos 
and of GC is taken © multiple F; and that | D* mi 


are not unequal; that is, they are equal. 


greater than the other; let A be the 
- Sth, there is ſome multiple F of C, and Sk fo: 


| ſuch, that F is greater than E, and not greater than D; but be. 
cauſe C is to B, as C is to A, and that, E, the multiple of the 


—— — ——— — 


er than F ©; but E is not greater than F, 
| which is impoſlible ; ; A therefore and B 


D is greater than F; E ſhall alſo be proves: N ; 


Next, let C have the ſame ratio to each = 1 eq 
of the magnitudes A and B; A is equal ba © \ th: 
E 


to B: For, if they are not, one of them is 


greater ; therefore, as was ſhown in $4 


ſome equimultiples E and D, of Band A 


firſt. is greater than E, the multiple of the ſecond ; F the mul 
tiple of the third, is greater than D, the multiple of the fourth *; 
But F 1s not greater than D, which is impoſlible. They 
Al is equal to B. Wherefore, magnitudes which, &c. n 


PROP 


PROP. p27 THEOR, 


HAT magnitude Which bas a greater ratio 8 an 
other has unto the ſame magnitude 1s the greater 


greater ratio than it has unto anne: magnitude is * 
leſſer of the two, _ | 


See N. 


of the two: And that magnitude to which the fame has 


is e. 
on. 12 A have to C a r ratio 3 B has to C * is ; grent- 
* Ser than B: For, becauſe A has a greater, ratio to C, than B has 


to C, there are © ſome equimultiples of A and B, and ſome 
multiple of C ſuch, that the multiple of A is greater than the 


them be taken, and let D, E be equimul>a | | 
tiples of A, B, and F a multiple of C ſuch, oF 3 
that D is greater than F, but E is not 14 

greater than F; Therefore D i is greater D 


multiples of A and B, and D is greater 
than E; therefore A is b greater than B 
Next, Let C have a greater ratio to B C| 
than it has to A; B is leſs than A: For ® —" 
there is ſome multiple F of C, and ſome 
equimultiples E and D of B and A ſuch, 
that F is greater than E, but is not greater | 
than D: E therefore is leſs than D; and 89% 1 N 
becauſe E and D are equimaltiples of B 


fore, Ce. QE.D 


t be. 
F the 
nul⸗ 
ch: 


© 


PROP. xl. THEOR. 


ATIOS that are the ſame to the ſame 8 are ue 
ſame to one another, f | 


F; A is to B, as E to F. 
)P, 
of B. D, F, any equimultiples whatever L, M, N. There fore, 
fnce A is to B, as 0 to D, aud G, H are taken cauimultig es of 


I 4 


than E : And, becauſe D and E are equi- A | r | : 


a 7. def. 5. 


multiple of C, but the multiple of B is not grenze a it: Let 


f b 4. Ax. 3. | 


and A, therefore 1 is bleſs than A. . magnitude, there 


Let A be to B a8 C is to D; and as C to D, ſo let E be to 
Take of A, C, E, any equimultiples whatever G, H. K; 1% 


EY THE ELEMENTS 
| Book v. A, C, and L, M of B. D; if G be greater than L, H is grew 
can M; and if equal, equal; and if leſs, leſs. Again, be. 

5. Pel. S. cauſe C is to D, as E is to F, and H, K are taken equimultiple 


of C, E; and M, N, of D, F; if H be greater than M, Ki 
greater than N; and if equal, equal; and if lefs, lefs : But, i 


- G be greater than L, it has been ſhewn that H is greater tha 
M; and if equal, equal; and if leſs, leſs ; therefore, if G be 
greater than L, K is greater than N ; and if equal, equal; an 
if leſs, leſs: And G, K are any equimultiples whatever of A, 
E; and L, N any whatever of B, F: Therefore, as A is to}, 

ſo is E to Fa. Wherefore, ratios that, &c. Q. E. D. | 


' PROP. XII. THEOR. | 


] F any number of magnitudes be proportionals, as ong 


of the antecedents is to its conſequent, ſo ſhall all ie 


_ antecedents taken together be to all the conſequents. 


Let any number of magnitudes A, B, C, D. E, F. be proper- 
tionals; that is, as A is to B, ſo C to D, and E to F: As Ay 
to B, ſo ſhall A. C, E together be to B, D, F together. 
Take of A, C, E any equimultiples whatever G, H, I; 


— Os. 7 ro 
* —̃ 
L— ao 8 — — —— 


and of B, D, F any equimultiples whatever L, M, N: The 
becauſe A is to B, as C is to D, and as E to F; and that 94 


are equimultiples of A, C, E, and L, M. N equimultiples of Bock. v. 


* D, F; ff G be greater than L, H is greater than M, and K 2 
iplez eater than N; and if equal, equal; and if leſs, leſs 2. Where- a 5. def. 3. 
K is ee, if G be greater than L, then G, H, K together are greater | 


an L, M, N together; and if equal, equal; and if leſs, leſs. 

14G, and G, H, K together are any equimultiples of A, and A, 

E together; becauſe, if there be any number of magnitudes 
guimultiples of as many, each of each, whatever multiple one 

them is of its part, the ſame multiple is the whole of the | 
ole b: For the ſame reaſon L, and L, M, N. are any equi- b 1. 5. 
zultiples of B, and B, D, F: As therefore A is to B, fo are 
„C, E together to B, D, F together. Wherefore, if any 
umber, &c, Q. E. D. e | Mo 


PROP. XIII, THEO R. 


than 
; and | F the firſt has to the ſecond the ſame ratio which the see N. 
f A, third has to the fourth, but the third to the fourth a 


greater ratio than the fifth has to the ſixth ; the firlt ſhall 
alſo have to the ſecond a greater ratio than the fifth has 
Wo the ſixtn. od e if Yall - 


Let A the firſt, have the ſame ratio to B the ſecond, which C 
he third, has to D the fourth, but C the third, to D the fourth, 
greater ratio than E the fifth, to F the ſixth: Alſo the firſt A 
| = _ to the ſecond B a greater ratio than the fifth E to the 
xth F. 1 8 ä 5 
| Becauſe C has a greater ratio to D, than E to F, there are 
ome equimultiples of C and E, and ſome of D and F ſuch, 
that the multiple of C is greater than the multiple of D, but 


* * * — A _— — L ö " ” . ; 5 
- . 3 tarot - - K ” _ FIT 


the multiple of E is not greater than the multiple of r: Let, 5. gcc, x. 
ſuch be taken, and of C, E let G, H be equimultiples, and K.... 
L equimultiples of D, F, ſo that G be greater than K, but H 


* not greater than L; and whatever multiple G is of C, take M 
_ the fame multiple of A; and whatever multiple K is of D, take 
N, 


N the ſame multiple of B: Thea, becauſe A is to B, as C t 


| Book,V. P, and of A and C, Mu and G are equi multiples: And of ; uf 
D, N and K are equimultiules ; if M be greater than N. Gill 
greater than K; and if equal equal; and if leſs, leſs b; bury 


| d J. def. 


. 255 


c 7. def. 5. B, than E has to Fe. Wherefore, if the firſt, &c. Q.E U 


n 


b 13. 5. 
6 10. 5. 


4 9. 5. 


ed, in like manner, that the ficſt has a greater ratio to the & 


E the firſt has to the ſecond. the ſame ratio which th 
| and if equal, equal - and if leſs, leſs. | N 
the third C, has to the fourth D; if A be greater than C.! 


is greater than D. 


- Secondly, if A be equal to C, B is equal to D: For A ist 
Thhirdly, if A be leſs than C, B ſhall be leſs than D: For 0 


THE ELEMENTS 


greater than K, therefore M is greater than N: But H iz 10 
greater than L; and M, H are equimultiples of A, E; wil 
N, L equimultiples of B. F: Therefore A has a greater ratiog 


Cor. And if the firſt have a greater ratio to the ſecond, thy 
the third has to the fourth, but the-third the ſame ratio to th 
fourth, which the fifth has to the fixth ; it may be demonſiry, 


cond, than the fifth has to the fixth. 


PROP. XIV. THEOR. 


third has to the fourth; then, if the firſt be greag 


than the third, the ſecond ſhall be greater than the fourth; 


Let the firſt A, have to the ſecond B, the ſame ratio whic 


| Becauſe A is greater than C, and B is any other magnitud 
as to B a greater ratio than C to B: But, as A 1s to B, h 
„% a1 ve 


ABCD ABCD ABCD 
is Cto D; therefore alſo C has to D a greater, ratio than ( 
has to Bb. But of two magnitudes, that to which the fame 


has the greater ratio is the leſſer c; Wherefore D is leſs tha 
B; that is, B is greater than D. 5 


B, as C, that is A, to D; B therefore is equal to Dd. 


is greater than A, and becauſe C is to D, as A is to B, Ds 
greater than B, by the firſt caſe; wherefore B is leſs than . 
Therefore, if the firſt, &c. Q. E. D. : >nof 
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at Ci F THEDRH So ning one 
i 1 | Ts | n FS * 
ado i 


Acxirupzs have the ſame ratio to one another 
which their equimultiples nya ve. 5 


Let AB be the ſame multiple of C, that DE is of F: C is to 
as AB to DE. „% gines Ron DD Sos 
Becauſe AB is the ſame multiple of C, that DE is of F; there 
as many magnitudes in AB equal to C, A ee dane 
i there are in DE equal to F: Let AB be K 
vided into maggitudes, each equal to C, | D 
iz. AG, GH, HB; and DE into magni- 
des, each equal to F, viz, DK, KL, LE: C 
hen the number of the firſt AG, GH, HB, | 
all be equal to the number of the laſt DK, | 
L, LE: And becauſe AG; GH, HB are H | | L 


— 2 


4 


| equal, and that DK, KL, LE are alſo 
zual to one another; therefore AG is to | | [| Þ} 

K, as GH to KL, and as HB toLE=: Bp CEF 

nd as one of the antecedents to its conſe ©? = 
Went, ſo are all the antecedents together to all the conſequents 
gether b; wherefore, as AG is to DK, ſo is AB to DE; But bf. . 
\G is equal to C, and DK to F: Therefore, as C is to F, ſois 

IB to DE. Therefore magnitudes, &e. Q. E. DP). 


| PROP. XVI. THE OR. 
F four magnitudes of the ſame kind be proportionals 


an 0 
ſame they ſhall alſo be proportionals when taken alter- 
| than WMatcly, 2 > 5 


160 Let the four magnitudes A, B, C, D be proportionals, VIZ, 
A to B, ſo E to D: They ſhall alſo be proportionals when 
Aken alternately ; that is, A is to C, as B to ). 
Take of A and B any equimultiples whatever E and F; and 
AC and D take any equimultiples whatever G and H: my E: + 
5 Ls ' becauſe f 


'or C 
Ds 
m D. 


OP, 


_ -- THE ELEMENTS 


Book V. becauſe E is the ſame multiple of A, that F is of B, andi 
— magnitudes have the ſame ratio to one another which their, 
215. 5. quimultiples have ©; therefore A is to B, as E is ta F: Ry 

A is to B, ſo is C to 7 8 242 


b . W as C E- TE PIN es: 8 — 3 
11. 3. is to D, o is E te A.. 1 
F : Again, becauſe A | . C Bt: 

G, H are. equimul- B—— 5 1 
„„ iis 
is to D, ſo is G to F— „ 9 


H; but as C is to e 
D, ſo is E to F. Wherefore, as E is to F, ſo is G to H b. Jy 

when four magnitudes are proportionals, if the firſt be gran 
than the third, the ſecond ſhall be greater than the fourth; u 


E 34. 5-8 eau, equal; if leſs, leſs e. Wherefore, if E be greater na 


8, F likewiſe is greater than H; and if equal, equal; if 
Teſs: And E, F are any equimultiples whatever of A, B; u 


G, H any whatever of C, D. Therefore A is to C, xs Bull 


d S. def, 5. D d. If then four magnitudes, &c. Q. E. D. 


PROP. XVI. THEOR. | 


zee N. IF magnitudes, taken jointly, be. proportionals, they 

i» 1 ſhall allo be proportionals when taken ſeparateh; 
that is, if two magnitudes together have to one of then 
the ſame ratio which two others have to one of thels 
the remaining one of the firſt two ſhall have to the olle 
the ſame ratio which the remaining one of the laſt ty 


has to the other of theſe, 


Let AB, BE, CD, DF be the magnitudes taken jointy 
which are proportionals; that is, as AB to BE, ſo is CD to U 
they ſhall alſo be proportionals taken ſeparately, viz. as AEi 

EB, ſo CF to FD, En” | 
Lake of AE, EB, CF, FD any equimultiples whatever GH, 
HK, LM, MN; and again, of EB, FD, take any equimultipte 


| whatever KX, NP: And becauſe GH is the ſame multiple 
21.5, AE, that HK is of EB, wherefore GH is the ſame multiple ul 
AE, that GK is of AB: But GH is the ſame multiple of Ak 
that LM is of CF; wherefore GK 1s the ſame multiple * 


* 
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„that 


. 4 


14 
at LM is of CF. Again, becauſe LM is the ſame multiple of Book v. 


CF, that LN is of CD; But LM was ſhown to be the ſame a 1. 3. 
ultiple of CF, that GK 1s of AB; GK therefore is the ſame 
ultiple of AB, that LN is of CD; that is, GK, LN are equi- 
the ſame multiple 


altiples of AB, CD. Next, becauſe HK is 
EB, that MN is of FD; and that KX is 


WE: the ſame multiple of EB, that NP is 


FFD ; therefore HX is the ſame multiple 


of EB, that MP is of FD. And becauſe | 
[Bis to BE, as CD is to DF, and that of 


B and CD, GK and LN are equimul- 
ples, and of EB and FD, HX and MP are 


uimultiples; if GK be greater than HX, 


en LN is greater than MP; and if equal. 
wal; and if leis, leſs e: But if GH be 


eater than KX, by adding the common | 


zrt HK to hoth, GK is greater than HX; 


Therefore alſo LN is greater than MP; 


nd by taking away MN from both, LM 
greater than NP: Therefore, if GH be 
eater than KX, LM is greater than NP. 
n like manner it may be demonſtrated, 
hat if GH be equal to KX, LM likewiſe is 


K | 
e 


a 


+ 


En” — 
1 : 
"> 4 


G ACL 


equal to NP; and 


leſs, leſs: And GH, LM are any equimultiples whatever ok 
AE, CF, and KX, NP are any whatever of EB, FD. There- 
ore ©, as AE is to EB, ſo is CF to FD. If then magnitudes, 


N QE. D. WS 


PRO p. XVIII. THEOR. 


I magnitudes, taken ſeparately, be proportionals, they g. y, 
= ſhall alſo be proportionals when taken jointly, that is, 
If the firſl be to the ſecond, as the third to the fourth, 
he firſt and ſecond together ſhall be to the ſecond, as 
e third and fourth together to the fourth. 
Let AE, EB, CF, FD be proportionals ; that is, as AE to 
EB, ſo is CF to FD; they ſhall alſo be proportionals when 


taken jointly ; that is, as AB to BE, ſo CD 


to DF. 


* 


Take of AB, BE, CD, DF any equimultiples whatever GH, 
BK, LM, MN; and again, of BE, DF, take any whatever e- 
quimultiples KO, NP : And becauſe KO, NP are — 8 


MN is of FD ; therefore LM is the ſame multiple 
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Book V. of BE, Dy: and that KH, NM are aainuitigie likenik 
2 BE, DF, if KO; the multiple oi BE, be greater than KH, why 
3X.» 4 008 multiple of the ſame E. NP, likewiſe the multiple of 
ſhall be greater than MN, the multi- H. 
ple of the ſame DF 3 and if KO be 


equal to Kc, NY ſhall be e ual to al | But 
NM ; ; and if leſs, leſs, 5 0 Eis 
Firſt, Let KO not be greater than 3 M * 
KH, therefore NP is not greater than | Tt pl Ir 
NM: And becauſe GH, HK are equi- K 4 | gr 
multiples of AB, BE, and that AB is 4 a 
greater than BE, therefore GH is BD SES N. 8 
2 3. Ax. 5, greater à than HK ; but KO is not "x 
greater than KH, where fore GH is B 
greater than KO. In like mannerit | | 5. 5 
may be ſhewn, that LM is greater tan E aan. 

NP. Therefore, if KO be not greater | 5 F | 

than KH, then GH, the multiple of {| | | 

AB, is always greater than KO, the 0 A CL 


multiple of BE; and likewiſe LM, the 
multiple of CD, greater than NP, the multiple of DF. 
Next. Let KO be greater than KH: therefore, as has bee 
ſhown, NP 1s greater than NM: And becauſe the whole GH 
the ſame multiple of the whole AB, that HK 1 is of BE, ther 
N mainder GK is the ſame multiple of 0 
v5. 5. the remainder AE that G His of AB b: 
which js the ſame that LM is of CD. HL 


| $ g | 
In like manner, becauſe LM is the ** 2 | 
ſame multiple of CD, that MN is of | = 


DF, the remainder LN is the ſame 8 M 
multiple of the remainder CF, that "Ci 


the wholeLM is of the whole CD b: B +": 
But it was ſhown that LM is the fame | 1 
multiple of CD, that GK is of AE; | E cy 
therefore GK. is the ſame multiple «--* Fr 
Ak, that LN is of CF; that is, GK, f . Wy ; L 
IN are <quimultiples of AE, CF: G| A | $ | LI 


And becauſe KO, NP are equimul- . 
tiples of BE, DF. if from KO, NP 
there be when K J, NM, which are likewiſe equimultiple 
of BE, DF, the remainders HO, MP are either equal to BE, 
46. 3. DF, or equimultiples of them e. Firſt, Let HO, MP, be e. 
To qual to BE, DF; and becauſe AE 1 is to ED, as CE to FD, and 
| that 


we 


or EUCLID. - -—, 
at on, LN are equimultiples of AE, CF; GK ſhall be to Bock v. 


herefore GK is to HO, as LN to MP. If therefore GK 4 d Cor. 4. 5. 
eater than HO, LN is greater than MP; and if equal, equal; | 
id if leſs e, leſs. (3 
But let Ho), MP be e uimultiples of EB, FD; and becauſe | 
E is to EB, as CF to FD, and that of AE, CF are taken e- 
imultiples GK, LN; and of EB, FD, the equimultiples HO, 
IP; if GK be greater than HO, LN 0 ; 
greater than MP; and if equal, * 
qual ; and if leſs, leſs ts which. was :-..:* 
ewile ſhown in the preceding caſe, | e Ws 
therefore GH be greater than K), IA 1 
ing KH from both, GK is greater i pro 
an HO ; wher alſo LN is F M . 
eater than Tn een i 2 
ding NM to both, LM is greater K . 5 a 
an NF: Therefore, if GH be of | 5 LE NI. 9 
reater than KO, LM is greater than 3 . | 
p. In like manner it may be ſhown, . E EN 
hat if GH be equal to KO, LM is — BY 24 
qual to NP; and if leſs, leſs. And „ N 
the caſe in which KO is not great- G Al C = LI 
than KH, it has been ſhown that „ 
is always greater than K), and likewiſe LM than NP: 
But GH, LM ore any equimultiples of AB, CD, and KO, NP 
re any »hatever of BE, DF; therefore f, as AB is to o BE, ſo 
s CD to DF. If then maguitudes &c, Q E. D. 


il 


7 - 


Wy 


PROP, XIX. THEOR, 


} . a whole ads be to 1 as a magnitude See N. 
taken from the firſt, is to a magnitude taken from 


the other; the remainder ſhall be to the remainder, as 
che whole to the whole. 


1 


Let the whale AB, be to the whole CD, as AE, a 3 


tiples Neaken from AB, to CF, a magnitude taken from CD; the re- 
BE, Nainder EB hall be to the remainder FD, as the whos AB to 


e whole CD. | 
Becauſe AB is to CD, as AE to CF;, likewiſe, alternately *,a16. 5, 
BA 


3, as LN to FD ©; But HO is equal to EB, and MP to FD; — 
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Book V. BA is to AE, as DC to CF : And becauſe, if mag- «4 7 
/may nitudes,. taken jointly, be proportionals, they are 4% 
, 17. 5* alfo proportionals b when taken ſeparately; there 
fore, as BE is to DF, ſo is EA to FC; and alter- 
nately, as BE is to EA, ſo is DF to FC : But, as E- 
AE to CF, ſo by the hypotheſis, i is AB to CD; 
therefore alſo BE, the remainder, ſhall be to the 
Temainder DF, as the whole AB to the whole — 
Wherefore, if the whole, &c. Q. E. D. The 
Cor. If the whole be to the whole, as a n mag- . 
nitude taken from the firſt, is to a magnitude taken D 
from the other; the remainder likewiſe is to the 
" remainder, as the magnitude taken from the firſt to that take 
from the other: The demonſtration is contained in the prey 
* | | 


PROP. E. THEOR. 


* four magnitudes be proportionals, they are allo 
portionals by converſion, that is, the firſt 1s to its e. 
ceſs above the ſecond, as the third to its exceſs abon 
the fourth. 


Let AB beto BE, as s CD to DF; then Bai is may 

AE, as DC to CF. 

Nera AB is to BE, as CD to DF, by divi- 
a77 7.5. ſion a, AE is to EB, as CF to FD; and by inver- 
| B. 5. ſion b, BE is to EA, as DF to FC. Wherefore, by 1 
| 65 * 5: compoſition c, BA is to AE, as DC is to CF: af, | 
therefore, four, &e. Q. E. D. e 


* 


PROP. XX. ruE OR. 


See N. FF there be three 8 KY other thees, which 
taken two and two, have the ſame ratio; if the fil 

be greater than the third, the fourth ſhall be great'Mf 
than the lixth ; and if if equal, equal; and if leſs, leſs. 1 | 


a a 


8 
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Let A, B, C be three magnitudes, and D, E, F other thier, Book v. 
which, taken two and two, have the ſame ratio, viz. as A is to 

B, ſo is D to E; and as B to C, fois E to 

F. If A be greater than C, D ſhall be one ITS» I 
than F; and, if equal, equal; and if „, / 4 
leſs. F 
Becauſe A is greater than C, and B is any N 
other magnitude, and that the greater has to 

the ſame magnitude a greater ratio than the leſs + 
has to ita; therefore A has to B a greater ra- 
tio than 0 has to B: But as D is to E, ſo is A A 
to B; therefore bD has to E a greater ratio D 
Iman C to B; and becauſe B is to'C, as E to F, | 


by a C is to B, as F is to E; and 5 
was ſhown to have to E a greater ratio chan C to 
B; therefore D has to E a greater ratio than F Bs 
to Ec: c: But the magnitude which has a greater TY 0 car, 13.5; 
ratio than another to the ſame magnitude, 1s the greater of the 
two d: D is therefore greater than F. 410. 5. 
Secondly, Let A be equal to C; D ſhall be you to F: W 


cauſe A and Care equal to one an- * 
other, A is to B, as C is to Be: | | 

But A is to B, as D toE; and C 10 
to B, as F to E; wherefore D is to | 
E, as F to Ef; and therefore D is 
equal to Fg. 

Next, Let A be leſs than c; D 
ſhall be leſs than F : For G is great- 
| er than A, and, as was ſhown in 
the firſt caſe, C is to B, as F to E, 
and in like manner B is to A, as E. 
to D; therefore F is greater than 
D, by the firſt caſe ; and therefore X 0 

D is leſs than F. Therefore, if there be three, Ke. Q E. D — 


15 
E 
I] 


| £75. 


DF 


PR 0 P. XXL. 7 H E O R. 


F there be three magnitudes, and other three, which See N. 
have the ſame ratio taken two and two, but in a croſs 
| order ; if the firſt magnitude be greater than the third, 

the fourth ſhall be greater than the ſixth ; ; and 11 equal, 
d ; and if leſs, leſs, 8 . 


K Let 


_ 5 THEELEMENTS 
Book V. Let A, B, C be oo magnitudes, and D, E, F other tir 


— which have the ſame ratio, taken two and two, but in 100 FP 
order, viz. as A is to B, ſo is E to F, and as 3 tha 

is to C, ſo is D to E. If Abe greater than C, | E. 

D ſhall be greater than F; and if _—_— equal; | | 

and if leſs, leſs, Z | | an 
Becauſe A is greater than C, and B is any wt 

af.5. other magnitude, A has to B a greater ratio F 
RT than C has to B: But as E to F, fois A to B: 4 | be 
b 13. 35. therefore b E has to F a greater ratio than C to E th 
: B: And becauſe B is to C, as D to E, by inver- A B C D 
ſion, C is to B, as E to D: And E was ſhown D E F E 

to have to F a greater ratio than C to B; there- Fe 

c Cor. 13.5. fore E has to F a greater ratio than E to De; i | as 
but the magnitude to which the ſame has a | th 

greater ratio than it has to another, is the leſſer 1 | of 

ar 

6 


d 10.5. of me twod: F therefore 1s leſs than D; that 
zs, D is greater than F. 
Secondly, Let A be equal to ©; D ſhall be equal to . Be. 


e 7.5, cauſe A and C are equal, A is e to B, as C is to B: But Al ar 
N to B, as E to F; and C is to B, | an 
as E to D; wherefore E is to F 0 D 
fr. S. as E to D 7 and therefore Di is | ti 
8 9. 5. equal to Fg. Z [1] 5 4 te 
. Next, Let A be leſs hn C; | * 
| D ſhall be leſs than F: For d | fe 
is greater than A, and, as was 'Y B PT K 3 0 { 
ſhown, C 1s to B, as E to D, a 
and in like manner B is to A, D E F D . F 1 

as F to E; therefore F is great- So 
er than D, by caſe firſt; and 1 
therefore D is leſs than F. f 
SO if there be three, t 
2 E. . 

PROP. XXII. T HE OR. 

see N. IF there be any number of magnitudes, and as many 


others, which, taken two and two in order, have the 
ſame ratio; the firſt ſhall have to the laſt of the firl 
magnitudes the ſame ratio which the firſt of the others 
has to the laſt, N. B. This is yſually cited by the words 


* ex_@quali,” or © ex quo.” 
5 Fi, 


. 


or EUCLID. = = 


Firſt, Let there be three magnitudes „B. C, and as many Book V. _ 
others D, E, F, which taken two and tw have the ſame ratio. nw 
that is, ſuch that A is to Bas D to E; and as B is to C, ſo is 
E to F; A ſhall be to C, as D to F. 

Take of A and D any equimultiples whatever G and H; 
| and of B and E any equimultiples 
whatever K and L; and of G and bo 
F any whatever M and N: Then, 
becauſe A is to B, as D to E, and 
that G, H are equimultiples of A; <?. 

D, and K, L equimultiples of B, A B 

E; as G is to K, ſo is H to L: G K 
For the ſame reaſon, K is to M, 7 
as L to N: and becauſe there are 
| three magnitudes G, K, M, and ho 
other three H, L, N, which, two 1 
and two, have the ſamè ratio; if 1 8 
G be greater than M, H is great= | | | 
er than N; and if equal, et; I 

and if leſs, * b; and G, Hare 
any equimultiples whatever of A, 3 
D, and M, N are any uimul-⸗ „ 
_—_ whatever of C, F: herefore ©, c ; ts A is to 0. y is d. $. Def. 5. 
ko | 
Next. Let 8 V four mantnitudes; A, B, C, D. and other 
| four, E, F, G, H, which two and two have the —— 


thre, 
 crob i 


. 7 I 


0 | fame ratio, viz. as A is to B, ſo is E to F; and| A. B. C. D. 
F 28 B to C, ſo Fto G; and as C to D, ſo G to E. F. G. H. 
FT. A ſhall be to D. as E to H. — 


Becauſe A, B, C are three magnitudes, and E, F, G Acer 
three, which, taken two and two, have the ſame ratio; by the 
foregoing caſe, A is to C, as E to G: But C is to D, us G is 
to H; wherefore again, by the firſt caſe, A is to D, as E to 
H; and fo on, whatever be the number of magnitudes, There- 
fre, if there be any number, Kc. * E. * * | 


» 


RK 2 PROP, 


See N. 


215. 5. 


b 11. 5. 


c 4.5. 


tudes G, H, L, and other three 


d 21. 5. 


J- there be any number of wagnitades, and as mary 


G, H are equimultiples of A, B, 
and that magnitades have the | T EF: 


tiples have a; as A is to B, ſo is 
G to H: And for the lame rea- 


But as A is to B, ſo is E to F; ARC | NF 
as therefore G is to N, ſo is M to G I L 8 N 


ſio is D to E, and that H, K are 
of C, E; Bi wot. ſo is e K 
that G is to H, as M to N: Then, |. 


ratio taken two and two in a croſs | 
order ; if G be greater than L, 

K is greater than N; and if equal, cual; and if leſs, leſs; 

and G, K are any equimultiples whatever of A, D; and I., N 

ny whatever of C,F; as, therefore, A 1s to C, 5 is D wh | 

ext, 
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PROP. XXIII. THEOR. 


others, which, taken two and two, in a croſs order, 
have the ſame ratio; the firſt ſhall have to the laſt of th 
firſt magnitudes the ſame ratio which the firſt of the g. 
thers has to the laſt. N. B. This is uſually cited by the 
words, ex aquali in propeportione perturoata ;* or 
8 1 perturbato. EY wy 


' Firſt, Let there be three magnitudes A, B, C, and other 
three D, E, F, which, taken two and two, in a croſs order, 
have the fame ratio, that is, ſuch that A is to B, as E to I, 
and as B is to C, ſo is D to E: A is to C, 2D tor. 

Take of A, B, D any equimultiples whatever G, H, K; an 
of C, E, F any equimultiples * L, M, N: And becaul 


ſame ratio which their equimul- | 


fon, as E is to F, fois M to N: A | il 
N 
N b. And becauſe as B is to C, 5 f 


[ 


equimultiples of B, D, and L, NM 


to M. And it has 1 ſhown | 


becauſe there are three magni- 


K, M, N which have the ſame | | 1 | 


mon = My @ Ln} - 


Pp 5) fray . ow — 9 © — 
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four E, F, G, H, which taken two and two A 
in a croſs order, have the ſame ratio. viz. A] A. B. . P 


0 B. as G to H; B to C, as F to G; and E. F. G. H. 
| C to D, as as E to F: A is to D, l 


| three, which, taken two and two in a croſs order, have the 


to D, as E is to F; -wherefore again, dy the firſt caſe, A is to 
D, as E to H: And ſo on whatever be the number of 1 
tudes. ene if there be * n Ke. * D. 


7 5 P. XXIV. THE OR. 


third has to the fourth ; and the fiſth to the ſecond, 
the ſame ratio which the fixth has to the fourth; the 
firſt and fifth together ſhall have to the ſecond, the ſame 
| ratio which the third and ſixth e Om to Ws 
fourth. 


to C the J the ſame ratio which EH | 
the ſixth, has to F the fourth: AG, the G| | 


ſecond, the ſame. ratio which DH, the 

| third and fixth together, has to F the BY 8 

fourth. 1 . 
Becauſe BG is to C, as EH to „F; hk in- CY E 1 

verſion, C is to BG, as F to EH: And be- | 1 

cauſe, as AB is to C, ſo is DE to F; and 1 

a Cto BG, ſo F to EH; ex quali a, AB ER ES 

is to BG, as DE to EH: And becauſe RY Ih 

theſe magnitudes are proportionals, they | 


jointly d; as therefore AG is to GB, ſo is e 
DH to HE ; but as GB to C, ſo is HE to F. Therefore, ex 


firit, &c. Q. E. D. 

Cox. 1. If the ſame bypotheſi be made as in che propel. 

* the exceſs of the ſirſl and fifth ſhall be to the 3 
K 3 | 


ſhall likewiſe be proportionals when taken A \C D F. 


ys FEE 


Becauſe A, B, C, are three magnitudes, 1 F G, H other 
ſame ratio; by the firſt caſe, A is to C, as F to H: But C is 


firſt and fifth together, ſhall have to G the 5 | H . 


b 18. 8. 


2 
- 
* 


KI 
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Next, Let there be four magnitudes, A, B, C, D, and other Book V. 


1 


J the firſt has to the ſecond the ſame ratio which the See N. 


Let AB the firſt, have to © ths focogh; the s rate which - 
DE the third, has to F the fourth ; and let BG the fifth, hay vo. 


quali a, as A6 is to C, ſo is DH to F. Wherefore, if the = 
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| Book v. the 11908 of the third and fixth tothe fourth : The demonſtr, 
tion of this is the ſame with that of the propoſition, if divif 
be uſed inſtead of compoſition, 

Cor. 2. The propoſition holds true of two ranks of ma 
tulles, whatever be their number, of which each of bag 
rank has to the ſecond magnitude the ſame ratio that the corre. 

ſponding one of 5 ſecond rank has to a fourth . 3 
is manifeſt. 


PROP. XXV. THEOR. 


Tr four magnitudes of the ſame kind are e proportiongls, 
[ the greateſt and leaſt of them together are Feater 
than the other two ee 


Let the four ma 5 AB, cD, E, F be proportional 

viz. ABto CD, as E to F; and let AB be the greateſt of then, 

a A. & xz: and conſequently F the leaſt = . AB, together with F, are great. 
5. er than CD, together with E. 

Take AG equal.to E, and CH equal to F: Then becauſe it 
AB is to CD, ſo is E to F, and that AG is * to E, and CH 
equal toF ; AB i is to CD, as AG to CH. 

1 analy AB the whole, is to the B 3 
„ whole CD, as AG is to CH, likewiſe the G * D 5 

remainder GB ſhall be to the remainder | | = 

b 19. S. HD, as the whole AB is to the whole b | IL | 1 

00: But Ah is greater than CD, ther | | | 
cA.s fore eG is greater than HD: And 1 

80 cauſe AG 1s equal to E, and CHtoF; . T9 | | 

A and F to 1 er 5 equal to CH and oY 1 

E together. therefore to the unequal - 44. 5 

e GB, HD, of which GB is A C E F 

the greater, there be added equal magnitudes, viz. to GB the 


are greater than CD and E. Therefore, if four magnitudes 
cc. QE. D. 


PROP. F. THE OR. 


dee N. 


, are the lame with one another, 


let 


* 


two AG and F, and CH and E to HD; AB and F together 


) ATIOS which are compounded of the fame ratios, 


/ 
t 


— — —-— — = — - — 0 


td ? 


F 9 


3 


| ed of the ratios of K to L, and A,B. 0. 
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which are the ſame with the firſt ratios, each to each, is 


2 
Let A be to B. as D to E; and B to C, 46 E to F: The ra- Bock V. 
tio which is compounded of the ratios of A äͤ 7 — 
to B, and B to C, which, by the definition A. B. 
of compound ratio, is the ratio of A to C, is, D. E. F. 
the fame with the ratio of D to F, which, by n 
the ſame definition, is compounded of the — 
ratios of D to E, and E to F. 
Becauſe there are three magnitudes A, B, C, and three others 
D, E. F, which, taken two and two in order, have the ſame ra- 0 
56: ex quali, A is to C, as D to F. A 1. 4. 
Next, Let A be to B. as E to F, and B to C, SHS E; ; 
therefore, ex æquali in proportiane perturbata b, b 23. 5. 
A is to C, as D to F; that is, the ratio of A to n 
5 B. 0. 
C, which is compounded of the ratios of A to D. E. E. 
B, and B to C, is the ſame with the ratio of D „ 
to F, which is compounded of the ratios of P- 
to E, and E to F: And in like manner the propoſition may be 
demonſtrated whatever be the number of ratios in either caſe. 
| | 8 
F wurd ratios be the ſame wich ſeveral ratios, each See N. 


to each; the ratio which is compounded of ratios © 


the ſame with the ratio compounded of ratios which are 


the ſame with the other ratios, each to each. 


th dow 3. 40 E te F. 0 Ow: * 


A be to B, as K to L; and C to D, as L to M: Then the ra- 
dio of K to M, by the definition — 


* 


of compound ratio, is compoun- D. . 5 M. 
L to M, which are the ſame with E. F. G. 1 . 
the ratios of A to B, and C to D: — * 88880 


And as E to F, fo let N be to O; ow ſo let O be | 


toP; then the ratio of N to P is compounded of the ratios of 


N to 0, and O to P, which are the ſame with the ratios of E to 


F, and G to H: And it is to be ſhewn that the ratio of K to M, 


5 the ſame with the ratio of N to P, or that K is to M, as N 8 


to P. 
Becauſe K is to L, as (A to B, that is, as E to F, that i is, as) 


N to O; and as I. to M, ſo is (C to D, and fo is G to H, 
K 4 | and. 


Ls 
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BuokV. and ſo is) O to P: Ex æquali a K is to M, as N to P. Thete. 
fore, if ſeveral ratios, &c. Q. E. . | 


a 22. 5: 


PROP. H. THEOR. 


ere v. .* a ratio compounded of ferent ratios be the ſame 
: with a ratio compounded of any other ratios, and if 
one of the firlt ratios, or a ratio compounded of any of 
the firſt, be the ſame with one of the laſt ratios, or with 
the ratio compounded of any of the laſt ; then the ratio 
_ compounded of the remaining ratios of the firſt, or the 
remaining ratio of the firſt, "if but one remain, is the 
_ lame with the ratio compounded of thoſe remaining of 

the 085 or WIL the amis ratio of the laſt. 


8 the ürſt ratios be thoſe of A to B, B to C, C to D, 
D to E, and E to F; and let the other ratios be thoſe of Gto 
e H, H to K, K to L, and L to M: Alſo, let the ratio of A to 
- aDefinitionF, which is compounded of a the firſt — 
Es = a ratios be the ſame with the ratio of G A. B. C. D. E. F. 
tio . which 1 is compounded of the G. H. K. L. M. | 
ES other ratios : And beſides, let the ra-|— — 
tio of A to D, which is compounded of the ratios of AtoB, 
B to C, C to D, be the ſame with the ratio of G to K, which is 
compounded of the ratios of G to H, and H to K: Then the 
ratio compounded of the remaining firſt ratios, to wit, of the 
ratios of D to E and E to F, which compounded ratio 1s the 
ratio of D to F, is the ſame with the ratio of K to M, which is 
compounded of the remaining ratios of K to L, and L to M of 
the other ratios. 
Becauſe, by the WI A is to D, as G to K. byi in- 
b B. 5. verſion b, D is to A, as K to G; and as A is to F, ſo i © 1 
c 22. . M; teenage e e, ex quali, D is to F, as K 1 to M. | If there- 
Tore 4 2 ratio which! is, &c0. . D. 


PROP, 


HER. 
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PROP. k. THEOR. 


F there be any number of ratios, and any number of see N. 
1 other ratios ſuch, that the ratio compounded of ratios 
hich are the ſame with the firſt ratios, each to each, 


is the ſame with the ratio compounded of ratios which 


are the ſame, each to each, with the laſt ratios; and if 
one of the firſt ratios, or the ratio which is compounded 
of ratios which are the ſame with ſeveral of the firſt 


Tratios, each to each, be the ſame with one of the laſt 


ratios, or with the ratio compounded of ratios which are 
the ſame, each to each, with ſeveral of the laſt ratios : 
Then the ratio compounded of ratios which are the ſame 
with the remaining ratios of the firſt, each to each, or the 


remaining ratio of the firſt, if but one remain; is the 
ſame with the ratio compounded of ratios which are the 


ſame with thoſe remaining of the laſt, each to each, or 
with the remaining ratio of the laſt. | 


Let the ratios of A to B, C to D, E to F be the firſt ratios; 
and the ratios of G to H, K to L, M to N. O to P, Q to R. 


D, as T to V, and E, to F, as V to X: Therefore, by the de- 


finition of compound ratio, the ratio of S to X is compounded 


| 


V' © 
A, 8; 1D; FF. % 
G, H, K. Por . R. T. Z. b, e, d. 
TY Es f, K. 105 m, n, o, p. : ng 
WES: 3 5 


of the ratios of S to T, T to V, and V to X, which are the 
lame with the ratios of A to B, C to D, E to F, each to each: 
Alſo, as G to H, ſo let Y be to Z; and K to L, as Z to a; M 
to N, as a to b, O to P, as b to e; and Qto R, as c to d: 
Therefore, by the ſame definition, the ratio of Y to d is com- 
pounded of the ratios of Y to Z, Z to a, a to b, b to c, and 

| | : to 


be the other ratios: And let A be to B, as S to T; and C to » 


x54 


Book V. c to d, which are the ſame, each to each, with the ratios of if 


KI. 5. 


that is, the ratio of $ to T, which is one of the firſt ratios, H 


ratios of m to n, n to o, and o to p, which are the ſame, eq 
to each, with the remaining other ratios, viz. of M to N, Ot 


ratio of m to p, or is to l, as m to p. 


8 i K. . | 2 
A, B; C, D; E, F. 8 . V. X. 
S, H; R, L; M, N; O, P; Q, R. X, Z, a, b, e, d 
"©, &, & "> "Wiz Nig , e [ 


to g, as Y to a: And by the hypotheſis, A is to B, that b, 


as (C to D, that is, as) T to V; and E is to 1, as (E to F, that 


Ihe propoſitions G and K are uſually, for the ſake of bi$ity, 
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to H, K to L, M to N, O to P, andQ to R: Therefore, by th ? 
hypotheſis, S is to X, as Y to d: Alſo, let the ratio of A to 


the ſame with the ratio of e to g, which is compounded of H 
ratios of e to f, and f to g, which, by the hypotheſis, are tþ 

ſame with the ratios of G to H, and K to L, two of the ot 
ratios; and let the ratio of h to ] be that which is eo 
pounded of the ratios of h to k, and k to l, which are the f 
with the remaining firſt ratios, viz. of C to D, and E to}; 
alſo, let the ratio of m to p, be that which is compounded of tu 


F, and Q to R: Then the ratio of h to 1 is the ſame with the 


Becauſe e is to f, as (G to H, that is, as) V to Z; and fi 
to g, as (K to L, that is, as) Z to a; therefore, ex æquali, eh 
S to T, as e to g; wherefore S is to T, as Y to a; and, by in- 


verſion, T is to 8, as a to Y; and 8 is to X, as Y to d; there 
fore, ex æquali, T is to X, as a to d: Alſo, becauſe h is tok 


is, as) Vto X; therefore, ex æquali, h is to l, as T to X: I 


like manner, it may be demanſtrated, that m is to p, as a tod: WA i 


And it has been ſhown, that J is to X, as a to d; therefore: w 
h is to l, as m to p. Q. E. D. 8 


expreſſed in the ſame terms with propoſitions F and H: And 
therefore it was proper to ſhow the true meaning of them when 
they are ſo expreſſed; eſpecially ſince they are very frequentiy 
prade uſe of by geometers. . 5 
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EE 


\IMILAR redtilinesl figures 
J are thoſe which have their 


ch, and the fides about the ( j — 
qual angles proportionals, 1 


OF EUCLID. 


153 
Bock VI. 
TH E 8 


E L E ME NT S 


TE 2 


$0020 


DEFINITIONS, 
I. 


veral angles equal, each to 


„ RY. 
Reciprocal figures, VIZ. triangles and parallelograms, are 
* ſuch as have their ſides about two of their angles propor- 
*« tionals in ſuch manner, that a fide of the firſt figure is to 
« 2 fide of the other, as the remaining fide of this other i 15 to 


« the remaining lide of the firſt.” 


III. 


firaight line is ſaid to be cut in extreme Py mean ratio, 
| when the whole is to the greater ſegment, as the greater leg 


ment is to the leſs. 

„„ 
e altitude of any figure is the raight 
line drawn from its vertex POET 
jo the baſe. 


i 


(F have the ſame altitude, viz. the perpendicular drawn fron 
the point A to BD : Then, as the baſe BC 1s to the baſe Ch, 


number of ſtraight lines BG, GH, each equal to the baſe RC, 


2 38. 1. 


A Rraxcurs and parallelograms of the ſame altitude 
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PROP. I. THEOR. 


are one to another as their bales. 
Let the triangles ABC, ACD, and the parallelograms EC, 
ſo is the triangle ABC to the triangle ACD, and the parallel. 


gram EC to the parallelogram CF. | 
Produce BD both ways to the points H, L, and take ay 


and DK, KL, any number of them, each equal to the baſe CD; ile 
and join AG, AH, AK, AL: Then, becauſe CB, BG, Gi ie"! 


are all equal, the triangles AHG, AGB, ABC are all equal:: WW" 


Therefore, whatever multiple the baſe HC is of the baſe BC, poſt 


the ſame multiple 1s the triangle AHC of the triangle ABC; 
For the ſame reaſon, whatever multiple the baſe LC is of the 


| baſe CD, the ſame mul- | 


tiple is the triangle ALG E — F 
And if the baſe HC be 


b 5. def. 5. 


triangle AHC is allo 
equal to the triangle 
_ _ALC3z; aud if the baſe 


HC be greater than the px 8 B C op D 


of the triangle ADC : 


equal to the baſe CL, the 


"Ny. duc 
| N | duc 
. the 


baſe CL, likewiſe the > K L | _ 
triangle AHC is greater than the triangle ALC; and if lels 
leſs : Therefore, fince there are four magnitudes, viz. the tuo 
baſes BC, CD, and the two triangles ABC, ACD ; and of tie | 
baſe BC and the triangle ABC, the firſt and third, any equ- Wi an 
multiples whatever have been taken, viz. the baſe HC and tr 
angle AHC; and of the baſe CD and triangle ACD, the i ane 
cond and fourth, have been taken any equimultiples whatever, for 
viz. the baſe CL and triangle ALC; and that it has been ſhown, ang 
that, if the baſe HC be greater than the baſe CL, the triang Wl the 
AC is greater than the triangle ALC; and if equal, equal; alt. 
and if leſs, leſs : Therefore b, as the baſe BC is to the baſe CD, the 
ſo is the triangle ABC to the triangle ACD. N 
And becauſe the parallelogram CE is double of the tins 


Wore triangles, Kc. Q. E. D. | 


fide of the triangle. 


| angle CDE =, becauſe they are on the ſame baſe DE, and be- 


* 


n 
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BC e and the parallelogram CF double of the triangle ACD, Book vi. 


nd that magnitudes have the ſame ratio which their equimul- 


iples have d; as the triangle ABC 1s to the triangle ACD, ſo 45 


; the parallelogram EC to the parallelogram CF: And becauſe 
t has been ſhown, that, as the baſe BC is to the baſe CD, ſo is 
he triangle ABC to the triangle ACD; and as the triangle 


ABC is to the triangle AC, fo is the parallelogram EC to the 


parallelogram CF; therefore, as the baſe BC is to the baſe CD, 


o is © the parallelogram EC to the parallelogram CF. Where- , "EY 
Cox. From this it is plain, that triangles and parallelograms b 
that have equal altitudes, are one to another as their baſes. 
Let the figures be placed ſo as to have their baſes in the ſame 


ſtraight line; and having drawn perpendiculars from the ver- 


tices of the triangles to the baſes, the ſtraight line which Joins , 
the vertices is parallel to that in which their baſes are f, be. 33. 1. 
cauſe the perpendiculars are both equal and parallel to one 
another. Then, if the ſame conſtruction be made as itt the pro- 
poſition, the demonſt ration will be the fame. | 


| * 


PROF. U. THEOR. 
If a ſtraight line be drawn parallel to one of the ſides See N. 
of a triangle, it ſhall cut the other ſides, or thoſe pro. 
duced, proportionally : And if the ſides, or the ſides pro- 
duced, be cut proportionally, the ſtraight line which joins 
the points of ſection ſhall be parallel to the remaining 


* 


Let DE be drawn parallel to BC, one of the ſides of the tri- 
angle ABC : BD is to DA, as CE to EK. 
Join BE, CD ; then the triangle BDE is equal to the tri- 
a 37. I, 
tween the ſame parallels DE, BC: ADE is another triangle, WY 
and equal magnitudes have to the ſame, the ſame ratio b; there- h 5. 3. 
fore, as the triangle BDE to the triangle ADE, fo is the tri- 
angle CDE to the triangle ADE ; but as the triangle BDE to | 
the triangle ADE, ſo is e BD to DA, becauſe having the ſame cx. 6. 
altitude, viz. the perpendicular drawn ſrom the point to AB, 
e are to one another as their baſes ; and for the ſame reaſon, 
| as 
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Bock VI. as the triangle CDE to the triangle ADE, ſo is CE t to EA 


an Therefore, as BD to DA, ſo is CE to EA d. 
I. 5. 


see N. 


x %. A 
D LE | 
B ä 0 


produced, be cut proportionally i in the points D. E, that is, f 
that BD be to DA, as CE to EA, and jou DE; DE is par 
lel to BC. 


ſſio is CE to EA; and as BD to DA, ſo is the triangle BDE 
= * 7 
CDE to the triangle ADE; therefore the triangle BDE is tg 

the triangle ADE, as the triangle CDE to the triangle ADE; 
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Next, Let the ſides AB, AC of the triangle ABC, or thek 


The ſame ena ich being TTY 0 as BD to DA 
to the triangle ADE e; and as CE to EA, ſo is the triangle 


that is, the triangles BDE, CDE have the ſame ratio to te F 
triangle ADE and therefore f the triangle BDE is equal u Ar 
the triangle CDE: and they are on the ſame baſe DE; co. 
equal triangles on the ſame baſe are between the ſame par. por 
lels g; therefore DE is parallel to BC. WI if a ſtraight * 
line, e. Q E. D. equ 

| . . 8 BA 

PROP. III. THE OR. "a 

ift 


F the angle of a iat be divided into two equi 
angles, by a ſtraight line which alſo cuts the baſe; 
the ſegments of the baſe ſhall have the ſame ratio which 
the other ſides of the triangle have to one another: Anl 


if the ſegments of the baſe have the ſame ratio which the 
other ſides of the triangle have to oné another, the 


ſtraight line drawn from the vertex to the point of {ec« 


tion, divides che W angle into two equal angles. 


Let the angle BAC of any triangle ABC be divided into two 


; equal angles by the ſtraight line AD: BD 15 to P, as BA to Ac 


Through 
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208 Through the point C draw CE parallel a to DA, and let BA Book VI. 

produced meet CE in E. Becauſe the ſtraight line AC meets * 3 

he parallels AD, EC, the angle ACE is equal to the alternate py 

angle CAD Þ: But CAD, by the hypotheſis, is equal to the b 29. 1. 

angle BAD; wherefore BAD is equal to the angle ACE. A. 

gain, becauſe the ſtraight line 3 . | F 

BAE meets the parallels AD, | 

EC, the outward angle BAD 

is equal to the inward and op- 

Epoſite angle AEC: But the 

angle ACE has been proved e- 

qual to the angle BAD ; there- 

Liore alſo ACE is equal to the Ie wr. i 
angle AEC, and conſequentl . 

the fide AE 1s ou to the B D 9 1 

fide c AC: And becauſe AD is drawn parallel to one of tlie e 6. 1. 

fides of the triangle BCE, viz. to EC, BD is to DC, as BA to 

AE d; but AE is equal to AC; therefore, as BD DC, ſo is d 2. 6. 

BA to AC e. . OW 6. "07 $o 
Let now BD be to DC, as BA to AC, and join AD; the 

angle BAC 1s divided into two equal angles by the ſtraight line 

—_ L no DS 

The ſame conſtruction being made; becauſe, as BD to DC, 

ſo is BA to AC; and as BD to DC, ſo is BA to AE d, becauſe | 

AD is parallel to EC; therefore BA is to AC, as BA to AE f: f 11. 25 

Conſequently AC is equal to AE 8, and the angle AEC is there. g 9. f. 

fore equal to the angle ACE h: But the angle AEC is equal to h 5. 1. 

the outward and oppoſite angle BAD; and the angle ACE is 

equal to the alternate angle CAD b: Wherefore alſo the angle 

BAD is equal to the angle CAD : Therefore the angle BAC is 

cut into two equal angles by the ſtraight line AD. Therefore, 

if the angle, &c. Q. E. D. e „ 


— 


3 845 
f ſec» | 3 5 | 
8. | 


to two 17 \ | | 
to AC . 
rough | 
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$ POR PROP. A. THEOR. 


F the outward angle of a triangle made by produciy 
one of its ſides, be divided into two equal angles, . 

a ſtraight line which alſo cuts the baſe produced; th 
ſegments betweeen the dividing line and the extremitt 
of the baſe have the ſame ratio which the other ſides o 
the triangle have to one another: And if the ſegmem 
of the bale produced, have the ſame ratio which the. 
ther ſides of the triangle have, the ſtraight line dram 
from the vertex to the point of ſection divides the out 
ward angle of the triangle into two equal angles. 


Let the outward angle CAE of any triangle ABC be divide 
into two equal angles by the ſtraight line AD which meets th 
baſe produced in D: BD is to DC, as BA to AC. * 
Through Cdraw CF parallel to AD a; and becauſe the ſtraigt 
line AC meets the parallels AD, FC, the angle ACF is equi 
b 29. 1. to the alternate angle CAD b: But CAD is equal to the any 
_ cHyp. DAE e; therefore alſo DAE is equal to the angle ACF. Agan 
becauſe the ſtraight line FAE meets the parallels AD, FC, th 
outward angle DAE is e- 1 . x8 
qual to the inward and op- 
poſite angle CFA: But the 

angle ACF has been proved 

equal to the angle DAE ; 

therefore alſo the angle 

ACF is equal to the angle 25 3 

CFA, and conſequently the B 1 D 1 
ſide AF is equal to the ſide | | | 


a 31. I. 


d 6. 1. AC d: And becauſe AD is parallel to FC, a fide of the triangl F 
- 2.6, BCF, BD is to DC, as BA to AF e; but AF is equal to AL; 8 
as therefore BD is to DG, fo is BA to ACCc. 1 

Let now BD be to DC, as BA to AC, and join AD ; tie ( 

angle CAD is equal to the angle DAE. F 

The ſame conſtruction being made, becauſe BD is to Db, n 


f 11. 5. as BA to AC; and that BD is alſo to DC, as BA to AF" 
989. 5 therefore BA is to AC, as BA to AF g; wherefore AC is equi 8 
h 5. 1. to AF b, and the angle AFC equal h to the angle ACF ; . þ 


* 
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the angle AFC is equal to the outward angle EAD, and the Book VI. 

angle ACF to the alternate angle CAD; therefore alſo EAD is wry 

equal to the angle CAD. Wherefore, if the outward, &c. | 
Q E. D. | ü : ; ; | 


PROP. IV. THEOR. _ 


itte HE ſides about the equal angles of equiangular tri- 
les of angles are proportionals ; and thoſe which are op- 
nene poſite to the equal angles are homologous ſides, that is, 
he are the antecedents or conſequents of the ratio. 


Let ABC, DCE be equiangular triangles, having the angle 
ABC equal to the angle DCE, and the angle ACB to the angle 
DEC, and conſequently 2 the angle BAC equal to the angle a 32. 1. 
CDE. The ſides about the equal angles of the triangles ABC, 
DCE are proportionals ; and thoſe are the homologous fides 
which are oppoſite to the equal angles. 

Let the triangle DCE be placed, ſo that its fide CE may be 


ag contiguous to BC, and in the ſame ſtraight line with it: And 
ky becauſe the angles ABC, ACB are together leſs than two right 
angles Þ, ABC, and DEC, which is C. T v8 &+ + 
equal to ACB, are alſo leſs than | Fn 
wo right angles; wherefore BA, pee 5 - 
EB ED produced ſhall meet e; let them , 6m 1. Kr. . 


be produced and meet in the point 
F: And becauſe the angle ABC is 
equal to the angle DCE, BF is pa- 


\ | rallel d to CD. Again, becauſe the 2 gf 
angle ACB is equal to the angle — 

T) DEC, AC is parallel to FE d: | * E hog 

4 Therefore FAC is a parallelogram ; and conſequently AF is 


equal to CD, and AC to FD ©: And becauſe AC is parallel toe 34. 7. 
FE, one of the fides of the triangle FBE, BA is to AF, as BC =p 

| toCEf; But AF is equal to CI; therefore 8, as BA to CD, f 2. 6. 

fo is BC to CE; and altrroately, as AB to BC, ſo is DG tos? * 

CE b: Again, becauſe CD is parallel to BF, as BC to CE, ſo is 


\ DC, FD to DE; but FD is equal to AC; therefore, as BC to CE, 

AF bis AC to DE: Andalternately, as BC to CA, ſo CE ro DE: | 
equi Therefore, becauſe it has heen proved that AB is to BC, as PC | 
=" 0 CE, and as B. to CA, fo CE to ED, ex æquali h, BA is to h 22. f. 


AC as CD to DE. Therefore the fides, &c. Q. E. D. 
9 „ PROP. 


a ſtraight line which alſo cuts the baſe produced; tþ 
ſegments betweeen the dividing line and the extremitis 


the triangle have to one another: And if the ſegmenz 
ol the bale produced, have the ſame ratio which the 
ther ſides of the triangle have, the ſtraight line dram 


ward angle of the triangle into two equal angles. 


a qt. x. 


b 29. I. 
c Hyp. 
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F the outward angle of a triangle made by produc; 
one of its ſides, be divided into two equal angles, 


of the baſe have the ſame ratio which the other ſides g 


from the vertex to the point of ſection divides the out 


D 
Let the outward angle CAE of any triangle ABC be divide 5 
into two equal angles by the ſtraight line AD which meets th D 
baſe produced in P: BD is to DC, as BA to AC. wi 
Through Cdraw CF parallel to AD a; and becauſe theRtraight | 
line AC meets the parallels AD, FC, the angle ACE is equi he 
to the alternate angle CAD b: But CAD is equal to the 29 
DAE e; therefore alſo DAE is equal to the angle ACF. Agi *" 
| becauſe the ſtraight line FAE meets the parallels AD, FC, th . 
outward angle DAE is e= ES RD a FI E 
qual to the inward and op= _ . * 
poſite angle CFA: But the F 
angle ACF has been proved . * 
equal to the angle DAE; E. on k, 
therefore alſo the angle 1 | bs 
ACF is equal to the angle _—_ 88 d 
CFA, and conſequently the B C. 5 7 


d 6. 1. 
e . 6. 


f 11. 5. 
8 9. 5. 
| Þ B95 


as | 


| fide AF is equal to the fide. * 


as therefore BD is to DC, ſo is BA to AC, | | 10 


therefore BA is to AC, as BA to AF 8; wherefore AC is equi 
to AF b, and the- angle AFC equal h to the angle ACF: " A 


AC d: And becauſe AD is parallel to FC, a ſide of the triangl F 
BCF, BD is to DC, as BA to AF e; but AF is equal to Al; 


Let how BD be to DC, as BA to AC, and join AD; the C 


angle CAD is equal to the angle DAE F 
The ſame conſtruction being made, becauſe BD is to DC, 10 
as BA to AC; and that BD is alſo to DC, as BA to AF*; 1 


F EUCLID. 
the angle AFC is equal to the outward angle EAD, and the 
| angle ACE to the alternate angle CAD; therefore alſo EA is 
| equal to the angle CAD. Wherefore, if the outward, &c. 


PROP. IV. THE OR. 


NHE ſides about the equal angles of equiangular tri- 


poſite to the equal angles are homologous ſides, that is, 
are the antecedents or conſequents of the ratios. 


Let ABC, DCE be equiangular triangles, having the angle 
ABC equal to the angle DCE, and the angle ACB to the angle 
DEC, and conſequently 2 the angle BAC equal to the angle 
CDE. The fides about the equal angles of the triangles ABC, 
DCE are proportionals ; and thoſe are the homologous ſides 
which are oppoſite to the equal angles. 

Let the triangic DCE be placed, fo that its fide CE may be 
contiguous to BC, and in the ſame ſtraight line with it: And 
| becauſe the angles ABC, ACB are together leſs than two right 

nagles ©, ABC, and DEC, whichss p77 oe TIT 
equal to ACB, are alſo leſs than "> ety ky + Shs a 
two right angles; wherefore BAK, 
ED produced ſhall meet e; let them A 
be produced and meet in the point * 
F: And becauſe the angle ABC is 
equal to the angle DCE, BF is pa- 
rallel d to CD. Again, becauſe the B KW 
angle ACB is equal to the angle Fx 
DEC, AC is parallel to FE d: PPT 
Therefore FACD is a parallelogram ; and conſequently AF is 
equal to CD, and AC to FD ©: And becauſe AC is parallel to 
FE, one of the fides of the triangle FBE, BA is to AF, as BC 
to CE f: But AF is equal to CU) ; therefore g, as BA to CD, 
ſo is BC to CE; and alternately, as AB to BC, ſo is DC to 
CE Þ: Again, becauſe CD is parallel to BF, as BC to CE, ſo is 
FD to DE,; but FD is equal to AC ; therefore, as BC to CE, 
fois AC to DE: And alternately, as BC to CA, ſo CE to DE : 


_ 
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nw 


angles are proportionals ; and thoſe which are op- 


a 32. I. 


7 


b 17. 1. Th 


d 28. 1. 


e 34. T- 4 


Ts & 
g 7.5. 


Therefore, becauſe it has been proved that AB is to BC, as G 
to CE, and as BC 10 CA, fo CE to ED, ex æquali h, BA is to h 22. . 


AC as CD to DE. Therefore the ſides, &e. C. E. D. 
5 | | | : TATA | 


1 
: : "= 
4 4 "” 
, I, 
; | 
* | 
on! 
1 


JF the the ſides of two triangles, about TY of has angles 


fo that AB is to BC, as DE to EF; and BC to CA, as EFH 
FD; and conſequently, ex æquali, BA to AC, as ED to DF; 


a 13. 1. 


f 8. 1. 


8 4. J. 


ſides. 


BAC to EDE. 


the triangle ABC is there- 
fore equiangular to the tri- 
angle GEF; and conſequent- 
ly they have their ſides op- 
|  poſiteto theequalangles pro- 


but as AB to BC, fois DE to EF; ; 3 as DE to EF, ſod | 
GE to EF: Therefore DE and GE have the ſame ratio to EF, 


to EG, and EF common, the two ſides DE, EF are equa, to 
the two GE, EF, and the baſe DF is equal to the baſe GF 

other angles te the other angles which are ſubtended by the e- 

GFE, and EDF to EGF: And becauſe the 3 DEF 1s equal 
the angle ACB ts equal to the angle DFE, and the angle ai A 


to the angle at D. Therefore the the triangle ABC is equiangulat 
to he triangle DEF, Wherefore, if the fides, &c. Q. E. P. 


THE ELEMENTS 


PROP. v. THEOR. 


be proportionals, the triangles ſhall be equiangula, 
and haye their Equal angles oppolite to the — 


Let the triangles ABC, DEP have wb rides proportionds 


the triangle ABC is equiangular to the triangle DEF, and thei Y 
equal angles are oppoſite to the homologous ſides, viz. the an. equ 
gle ABC equal to the angle DEF, and BCA to EFD, and o WW" 


At the points E, F, in the ſtraight hos EF, make 3 the angle 
FEG equal to the angle ABC, and the angle EFG equal u 

CA; . een the remain- 
ing angleBAC 1 is equal tothe ; A D 
remaining angle EGF b, and . 2 


portionals e. Wherefore, as 


AB to BC, 6 is GE to EF; 


and conſequently are equal e, For the ſame reaſon, DF is equal 
to FG : And becauſe, in the! triangles DEF, GEF, DE is equal 
therefore the angle DEF is equal f to the angle GEF, and the 
qual fides 8, Wherefore the angle DFE. is equal to the angle 


to the angle GEF, and GEF to the angle ABC; therefore tie 
angle ABC is equal to the angle DEF: For the ſame reaſon, 


PROP 


- 
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PROP. VI. THE OR. 


F two triangles have one angle of the one equal to 
one angle of the other, and the ſides about the equal 
Jangles proportionals, the triangles ſhall be equiangular, 
Land ſhall have thoſe angles equal which are oppoſite to 
the homologous ſides. e ; 


| Let the triangles ABC, DEF have the angle BAC in the one 
equal to the angle EDF in the other, and the fides about thoſe 
angles proportionals ; that is, BA to AC, as ED to DF; the 
triangles ABC, DEF are equiangular, and have the angle ABC 
equal to the angle DEF, and ACB to DFE. * 3 
At the points D, F, in the ſtraight line DF, make a the angle 3 23. 1. 
FDG equal to either of the angles BAC, EDF; and the angle 
DFG equal to the angle | ˙ Ong 
Ach: Wherefore the re- A | 
WT maining angle at B is e- 
(dual to the remaining one 
at G b, and conſequently |/ 


4 


the triangle ABC is equi- b N 

angular to the triangle 

DGF; and therefore as * 
C 4. 6. 


BA to AC, fo is GD K g 
to DF: But, by the hy- 5 CE 3 
pothefis, as BA to AC, ſo is ED to DF; as therefore ED to 

DF, ſo is d GD to DF; wherefore ED is equal e to DG; and d 11. S. 
DF is common to the two triangles EDF, GDF: Therefore the e 9. 5. 
wo ſides ED, DF are equal to the two ſides GD, DF; and the 

angle EDF is equal to the angle GDF; wherefore the baſe EF 

is equal to the baſe FG f, and the triangle EDF to the trian glef4 r. 
GDF, and the remaining angles to the remaining angles, each 

to each, which are ſubtended by the equal ſides: Therefore the 

angle DFG is —_ to the angle DFE, and the angle at G to 

| the angle at E: But the angle DFG is equal to the angle ACB ; 
therefore the angle AC; is equal to the angle DFE : And the 
angle BAC is equal to the angle EDF g; wherefore alſo there- g Hyp. 
maining angle at B is equal to the remaining angle at K. 
Therefore the triangle ABC is equiangular to the triangle DEF. 
Wherefore, if two triangles, &c. Q. E. D. = 


5 23. I, 


1 two lines have one angle of the one 6 can to 


angles proportionals, then, if each of the remaining 


_ equiangular, and have thoſe angles equal about which 
the ſides are proportionals. 


equal to one angle in the other, viz. the angle BAC to the ar. 


AB, make the angle K ð˙ A 


E. 


is equal to the angle at D, 


1. angle AGB 1s equal b to the | 
remaining angle DFE : Therefore the triangle ABG is equi. 

angular to the triangle DEF; wherefore cas AB is to BG, ſos 
DE to EF; but as DE to EF, ſo, by hypotheſis, is AB to Bl; 
therefore as AB to BC, ſo is AB to BG d; and becauſe AB 


THE ELEMENTS 
PROP, vn. TH EO R. 
one angle of the other, and the ſides about two other 


angles be either leſs, or not leſs, than a right angle; 
if one of them be a right angle: The triangles ſhall be 


121 the two triangles ABC, DEF have one + ihe in the one 
gle EDF, and the fides about two other angles ABC, DEF pro. 


portionals, ſo that AB is to BC, as DE to EF; and, in the fit 


caſe, let each of the remaining angles at C, F be leſs than a 
right angle. The triangle ABC is equiangular to the triangle 
DEF, viz. the angle ABG 1s equal to the angle DEF, and the 
remaining angle at C to the remaining angle at F. 


For, if the angles ABC, DEF be not equal, one of them is ; | 
greater than the other : let ABC be the greater, and at the 7 


point B, in the ſtraight line 


equal to the angle a DEF: 
And becauſe the angle at X 


and the angle ABG to the 
angle DEF ; the remaining B 


has the ſameratio to each of the lines BC, BG ; BC is equal © 
to BG, and therefore the angle BGC is equal to the angle 
BCG f: But the angle BCG is, by hypotheſis, leſs than a right 
angle ; therefore alſo the angle BGG is leſs than a right angle 
and the adjacent angle AGB muſt be greater than a right ai gle 
But it was proved that the angle AGB is equal to the angle at; 
therefore the angle at F is greater than a right angle: But, by the 
hypotheſis, it is leſs than a Tight angle ; which is abſurd. bay ++ 

ore 


— 8 


8 


8 © 


rere Of. 


— — 


an, 


oF EKU CLI D. x6; 


fore the angles ABC, DEF are not unequal, that is, they are hes VI. 
equal: And the angle at A is equal to the angle at D; where- God 
fore the remaining angle at C 1s equal to the remaining angle _ 
at F: Therefore the triangle ABC is equiangular to the tri- 
W + 5 

Next, Let each of the angles at G, F be not leſs than a right 
angle: The triangle ABC is alſo in this caſe equiangular to 
the triangle DEF. e e ts 

The ſame conſtruct ion 
being made, it may be pro- 
ved in like manner that BC 
is equal to BG, and the 
angle at C equal to the an- 
gle BGC : But the angle B 
at C is not leſs than a right 
angle ; therefore the angle | Ss 5 
| BGC is not leſs than a right angle: Wherefore two angles of 
the triangle BGC are together not leſs than two right angles, D 
which is impoſſible Þ ; and therefore the triangle ABC may be h 14. i. 
proved to be equiangular to the triangle DEF. as in the firſt 
= caſe. 5 „ 1 | 5 | 
= Laſtly, Let one of the angles at C, F, viz. the angle at C, 
bea right angle; in this caſe likewiſe the triangle ABC is e- 
= quiangular to the triangle DEF. „ 

For, if they be not equian- 5 5 : 
gular, make, at the point B 1 A | eos 
of the ſtraight line AB, the „„ 
angle ABG equal to the an- „55 
gle DEF; then it may be G 
proved, as in the firſt. caſe, B | f 
that BG is equal to BC : But 
the angle BCG is a right an- 
gle, therefore i the angle BGC 
is alſo a right angle; whence 
two of the angles of the tri- 
E {gle BGC are together not 
| lels than two right angles, 
which is impoſſible h: There. 
fore the triangle ABC is e- 1 „ 
quiangular to the triangle DEF. Wherefore, if two trian- 
gles, Ke. Q. E. DP). 5 "Hs 


> Q 


L; PROP, 


\ 


Book VI. 


gee N. 
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PROP. VIIL THEOR. 


J 2 right angled triangle, if a perpendicular be drayn 
from the right angle to the baſe ; the triangles on 


each ſide of it are ſimilar to the whole triangle, and tg 


one another. 


Let ABC be a right angled triangle, baving the inks angle 
BAC ; ; and from the point A let AD be drawn perpendicular 


to the baſe BC: The triangles ABD, ADC are fimilar to the 


whole triangle ABC, and to one another. 


Becauſe the angle BAC is equal to the angle ADB, each of 


them being a right angle, and that the angle at B is common 


triangle ABC is equiangular 
to the triangle ABD, and tlhe 
ſides about their equal 33 — 
are proportionals b; wherefore „ D 0 4 


to the two triangles ABC, | | 
ABD; the remaining angle | | A 
ACB is equal to the remaining 5 | 


angle BADa: Therefore che 


' the triangles are ſimilar c: In 


the like manner it may be demonſtrated, that the Gi ADC | 
is equiangular and ſimilar to the triangle ABC: And the tri. 
angles ABD, ADC, being both equiangular and ſimilar to 


ABC, are equiangular and ſimilar to each other. Therefore 


in a right angled, &. Q. E. D. 


Cok. From this it is manifeſt, that the perpendicular drawn 


from the right angle of a right angled triangle to the baſe, is 
mean proportional between the ſegments of the baſe : And al- 
fo, that each of the fides is a mean proportional between the 
| baſe, and its ſegment adjacent to that fide : Becauſe in the tii- 
angles BDA, ADC, BD is to DA, as DA to DG; and in tbe 


triangles ABC, DBA, BC 1s to BA, as BA to BD b; and in 


the triangles ABC, ACD, BC 1s to CA, as GA to CD. 


PROP, 


Brook VI. 
PROP. IX. PRO B. 
I3ROM a given ſtraight line to cut off any part re- see N. 


Let AB be the given ſtraight line; it is required to cut oft 
| any part from it. V AS i 
From the point A draw a ſtraight line AC making any angle 
with AB; and in AC take any point D, and take AC the ſame 
| multiple of AD, that AB is of the part N 
which is to be cut off from it; join BC, 
| and draw DE parallel to it: Then AE is 
| the part required to be cut of 
| Becauſe ED is parallel to one of the ſides 
of the triangle ABC, v1z. to BC, as CD is 
to DA, ſo is 2 BE to EA; and, by compo- 
= ſition b, CA is to AD, as BA to AE: But 
= CA is a multiple of AD; therefore c BA 1155 
ische ſame multiple of AE: Whatever part — 
WF therefore AD is of AC, AE is the ſame = C 


part of AB: Wherefore, from the ſtraight 8 185 
ue AB the part required 1s cut off. ich was to be done. 
tri PROP. X. ROB. 
8 F® divide a given ſtraight line ſimilarly to a given 
wn L divided ſtraight line, that is, into parts that ſhall 
have the ſame ratios to one another which the parts of 
| 0 the divided given ſtraight line have. : bp 
8 Let AB be the ſtraight line given to be divided. and AC the 
12 divided line; it is required to divide AB ſimilarly to Ad. 


Let AC be divided in thę points D. E; and let AB, AC be 
placed ſo as to contain any angle, and join BC, and through the 
points D, E, draw a DF, EG parallels to it; and through Da 31. f. 
draw DHK parallel to AB: Therefore each of the figures FH, X 

UB, 1s a parallelogram ; wherefore DH is equal o to 10, and b 34-1. 
L 4 „„ Vs 
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Book VI. HK to GB And becauſe HE is pa- A 


"> £4 &- 


37-1; 


| — 5 p 
to DA, ſo is GF to FA: But it has K 5 C I ſide 
been proved that CE is to ED, as | E 
BG to GF; and as ED to DA, ſo GF to FA: Therefore the 
given ſtraight line AB 1s divided ſimilarly to AC. Which was 
to be done. 


be placed ſo as to contain any angle; it is A 
AC. 


and make BD equal to AC; and having B = 
Joined BC, through D, draw DE parallel to 


AB to AC, ſo is AC to CE. Wherefore to the two given 


was to be done. 


to find a fourth proportional. to A, B, G. 


THE ELEMENTS 


rallel to KC, one of the ſides of the 
triangle DKC, as CE to ED, fo is 


| equa 

c KH to HD: But KH is equal 8 D r 

BG, and HD to GF; therefore, as F hav? 

CE to ED, fo is BG to GF: Again, 6 | Re pars 

becauſe FD is parallel to EG, one of | 8 oo | poir 
the ſides of the triangle AGE, as ED B——— 


0 find a third proportional to two given ſtraight 
lines. 5 


Te AB, AC bs the two given Qraight lines, and let then 


required to find a third | proportional to AB, 


Produce AB, AC to the points D, E; 


B | 

| Becauſe PC is parallel to DE, a fide of : 
the triangle ADE, AB is Þto BD, as AC to nm. 
CE: But BD is equal to AC; as therefore 


2% 


I 


ſtraight lines AB, AC a third proportional CE is found. Whew 


PROP. XII. PRO B. 


Ä 


0 find a fourth proportional to three gen fir 
lines. 


11. A, B, C be the three given firaight lines; j it is required 
Take 


ene 26g 


ake two ftraight lines DE, DF, containing any angle EDF; Book VI. 
%; upon theſe make DG : nnd 
equal to A, GE equal to B, 
and DH equal to C; and . 
having joined GH, draw EF 


parallel ato it through the 4 
point E : And becauſe GH — 5 

15 parallel to EF, one of the 

ſides of the triangle DEF, i 

DG is to GE , as DH to TD 


[HFb; but DG is equal to 
A, GE to B, and DH to C; 
therefore, as A A is to B, ſo. is C to HF. Wherefore to the 

| three given ſtraight lines, A, B. C a fourth proportional HF is 
4 found. | Which was to be done. | 


PROP, aun. PROB. 


O find a mean proportional bebeven two Siren - 
ſtraight lines. : 


Let AB, BC be the two given ſtraight lines; it is required 

| to find a mean proportional between them. 'S 

| Place AB, EC in a ſtraight line, and _ AC deſcribe the 

ſemicircle ADC, and from the 

point B draw BD at right an- 

| gles to AC, and join AD, DG. 

Becauſe the angle ADC in a 

ſemicircle is a right angle b, and 

becauſe in the right angled tri- [ 

angle ADC, DB is drawn from TE and hep: 

the right angle perpendicular to * . B C 

the baſe, DB is a mean propor- 

tional between AB, BC the ſegments 4 the baſe ©: Therefore e Cor. 7 6. 
between the two given ſtraight lines AB, BC, a mean . 
tional DB i is found. Which was to vs done. 


PROP. 


_ — —— —— 
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170 
Bock VI. 


9 


THE ELEMENTS 


PROP. XIV. THEOR. 
QUAL parallelograms which have one angle ofths 
one equal to one angle of the other, have their 


Hides about the equal angles reciprocally proportional: abo 


„ parallelograms that have one angle of the one equi tria 


to one angle of the other, and their ſides about the e. ang 


qual angles reciprocally proportional, are equal to one rec 


„ 


"ME. 


another, 


BC to FE, ſo is the baſe GB to 


Let AB, BC be equal parallelograms, which have the angles 
at B equal, and let the ſides DB, BE be placed in the ſane 
ſtraight line; wherefore alſo FB, BG are in one ſtraight lines; 
The ſides of the parallelograms AB, BC about the equal anges WW 
are reciprocally proportional; that is, DB is to BE, as GB to Wi 


/ 
Complete the parallelogram FE ; and becauſe the parallel. 


ram AB is equal to BC, and "we. 
Gre FE is dikes parallelo- A _ — . — 1 on 
gram, AB is to FE, as BC to \ 8 \ : IJ —_ Y 
FE »: But % . ˙ E | 2 
the baſe DB to BE £; and, as P B\ © It: 


AB, BC about their equal an- 
gles are reciprocally proportional. 


| GB to BF, ſo is the parallelogram BC to the parallelogram N. 
therefore as AB to FE, ſo BC to FE d: Wherefore the paral- 
lelogram AB is equal e to the parallelogram BC. Therefore 

equal parallelograms, &c. Q. E. D. 0 


BF; therefore, as DB to BE, 
ſo is GB to BF d. Wherefore, 


portional, viz. as DB to BE, ſo GB to BF; the parallelogram 


the ſides of the parallelograms | G C 


But, let the ſides about the equal angles be reciprocally pro- 


AB is equal to the parallelogram BC. | 
Becauſe, as DB to BE, fo is GB to BF; and as DB to BE, 
ſo is the parallelogram AB to the parallelogram FE; and 25 


* 
> "I FR * MS Graco Sto fi 
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— 


OF EUCLID. 


PROP. xv. THEOR: 


[Var triangles which have one angle of the one 
193 


triangles which have one angle in the one equal to one 
angle in the other, and their ſides about the equal angles 
reciprocally proportional, are equal to one another. 


= Let ABC, ADE be equal triangles, which have the angle 
BAC equal to the angle DAE ; the ſides about the equal angles 


AD, as EA to AB. | 1 
Let the triangles be placed ſo that their ſides CA, AD be 
in one ſtraight line; wherefore alſo EA and AB are in one 


qua! to the triangle ADE, and 
that ABD is another triangle; 
W therefore as the triangle CAB is to 
W the triangle BAD, ſo is triangle 
Abd to triangle DAB b: But as 
triangle CAB to triangle BAD, ſo 
is the baſe CA to ADc; and as 
triangle EAD to triangle DAB, fo 
is the baſe EA to AB<c; as there- 


wherefore the ſides of the triangles ABC, ADE about the equal 

| angles are reciprocally proportional. Gr ; 

| But let the ſides of the triangles ABC, ADE about the equal 
angles be reciprocally proportional, viz. CA to AD, as EA to 

| AB; the triangle ABC is equal to the triangle ADE. 


EA to AB; and as CA to AD, ſo is triangle ABC to triangle 
8 BADc; and as EA to AB, ſo is triangle EAD to triangle 
have the ſame ratio to the triangle BAD : Wherefore the tri- 

triangles, &c. C. E D. 
155 | PROP. 


Having joined BD as before; becauſe, as CA to AD, ſo is 
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qual to one angle of the other, have their ſides 
about the equal angles reciprocally proportional: And 


| of the triangles are reciprocally proportional; that is, CA is to 


WW ſtraight line a; and join BD. Becauſe the triangle ABC is e- 1% % 


fore CA to A, ſo is EA to ABd; d. 5. 


| BAD e; therefore d as triangle BAC to triangle BAD, ſo is tri 
angle EAD to triangle BAD ; that is, the trangles BAC, EAD 


angle ABC is equal © to the triangle ADE. Therefore equal eg. 5. 


— . — a — 


5 IF four ſtraight lines be proportionals, the rectangt 
| contained by the means: And if the rectangle containet 


the means, the four ſtraight lines are proportionals, 


a II. I. 


b 7. S. 


by the ſtraight lines AB, F 4 WET TEE 


Let the four ſtraight lines, AB, CD, E, F be proportional 
viz. as AB to CD ſo E to F; the rectangle contained by A}, 
F is equal to the rectangle contained by CD, E. 


therefore the parallelogram BG is equal to the parallelogran J | 
DH: Andtheparallelogram F : ERS | 
BG is contained. by the 
ſtraight lines AB, F;becauſe F — 
G 
= 


tained by CD and E; becauſe 
_ CH is equal to E: There- 


is equal to that which is con- X B S 
tained by CD and . 


contained by CD, E, and that the rectangle BG is contained by 


BG is equal to the parallelogram DH; and they are equiangy- 


- 


THE ELEMENTS 


contained by the extremes is equal to the reQangls 


by the extremes be equal to the rectangle contained by 


PROP. XVI. THEOR. | grar 


From the points A, C draw * AG, CH at right angles to | Ur 


AB, CD; and make AG equal to F, and CH equal to E, and 
complete the parallelograms BG, DH : Becauſe, as AB to CD 
ſo is E to F; and that E is equal to CH, and F to AG ; "A 
is bto CD, as CH to AG: Therefore the ſides of the paralle. 
lograms BG, DH about the equal angles are reciprocally pro. 
portional; but parallelograms which have their fides about e. 
qual angles reciprocally proportional, are equal to one another; 


—— , —_—_ 


AG is equal to F; and the 
parallelogram DH 1s con- 


— — 


fore the rectangle contained 


— — — 


And if the rectangle contained by the ſtraight lines AB, 
be equal to tliat which is contained by CD, E; theſe four lines 
are proportionals, viz. AB is to CD, as E to F. | 

The ſame conſtruction being made, becauſe the re&anglt 
contained by the ſtraight lines AB, F is equal to that which i 


AB, F, becauſe AG is equal to F; and the rectangle DH 
by CD, E, becauſe CH is equal to E; therefore the paralelogran 


N 
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tar: But the ſides about the equal angles of equal parallelo- Book VI. 
rams are reciprocally proportional e: Wherefore, as AB to CD, 2 
fo is CH to AG; and CH is equal to E, and AG to F: As © 14. 6, 
therefore AB is to CD, ſo E to F. Wherefore, if four, &c. 


Q. E. P. = FR 


1 


PROP. XVII. THE OR. 


FP three ſtraight lines be proportionals, the rectangle 
contained by the extremes is equal to the ſquare of 
the mean: And if the rectangle contained by the ex- 
tremes be equal to the ſquare of the mean, the three 
ſtraight lines are proportionals, ESE" Of 


Let the three ſtraight lines A, B, C be proportionals, viz. as 
A to B, ſo B to C; the rectangle contained by A, C is equal 
| to the ſquare of B. 8 F 
| Take D equal to B; and becauſe as A to B, fo B to C, and 
WS that B is equal to D; A is a to B, as D to C: But if foura 7, 8. 
ſtraight lines be pro- K | Ag 
JJ 

gle contained by the RR = 

extremes is equal to [FJ ——— . , 
that which is contained 5 See 
by the means b: There- C | = TE OE Þ d 


fore the rectangle con-... —_ | 


| tained by A, C is equal 
| hat contained by. ee mm ———, T—__ 
4 . D: But the Bd A. B 
tangle contained by B, 1 ns : 
D is the ſquare of B; becauſeB is equal to D: Therefore the 
rectangle contained by A, C is equal to the ſquare of 3. 
And if the rectangle contained by A, C be equal to the 
ſquare of B; A is to B, as B to C. . 
| The ſame conſtruction being made, becauſe the rectangle 
contained by A, C is equal to the ſquare of B, and the ſquare 
of B is equal to the rectangle contained by B, D, becauſe B is 
equal to I); therefore the rectangle contained by A, C is equal 
to that contained by B, D: But if the rectangle contained by 
the extremes be equal to that contained by the means, the four 
ſtraight lines are proportionals b: Therefore A is to B, as D to 


C; 
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H Therefore, if three ſtraight lines, &c. Q. E. D. 


gee N. 


a 23. 1. 


c 4. 6. 


d 22. f. 


rectilineal figure. 


Let AB be the given ſtraight line, and CDEF the given rec. 


CFD is equal to the remaining angle AGB b: Wherefore the 


triangle GAB: A- 
again, at the points 
G, B iv the ſtraight | 
line GB make a the 


the angle DFE, and 


fore the remaining angle FED is equal to the remaining angle 
Then, becauſe the angle AGB is equal to the angle CF, ard 


CFE : For the fame reaſon, the angle ABH is equal to the angle 
CDE; alſo the angle at A is equal to the angle at C, and the 


| becauſe AG is tò GB, as CF to FD; and as GB to GH, ſo, 
FE; therefore, ex æquali d, AG is to GH, as CF to FE: In 
DE: And GH is to HB, as & to ED c. Wherefore, becaule 


THE ELEMENTS 
C; but B is equal to D; wherefore as A to B, ſo Bto (, Ie te 


PROP. XVIII. PRO. 


PON a given ſtraight line to deſcribe a redline Medi 
figure ſimilar, and ſimilarly ſituated to a given nd 


tilincal figure of four ſides; it is required upon the given Mi 
{traight line AB to defcribe a re&ilineal figure fimilar, and fimi. III 
larly fituared to DEH. n | 
Join DF, and at the points A, B in the ſtraight line AB, 
make a the angle BAG equal to the angle at C, and the angle 
ABG equal to the angle CDF ; therefore the remaining angle 


triangle FCD is e- 


quiangular to the „ 


angle BGH equal to 


the angle GBH e- 
qual to FDE; there- 


GIIB, and the triangle FDE equiangular to che triangle GBH: 
BGH to DFL, the whole angle AGH is equal to the whole 


angle GHB to FED: Therefore the rectilineal figure ABHG 1s 
equiangular to CDEF: But likewiſe theſe ſigures have their ſides 
about the equal angles proportionals: Becauſe the triangles GAB, 
FCD being equiangular, BA is cto AG, as DC to CF; and 


by reaſon of the equiangular triangles BGH, DFE, is FD to 
the ſame manner it may be proved that AB is to BH, as CD to 


_=_ 
„ 


. 
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ne rectilineal figures A BHG, CDE are equiangular, and have Book vl. 
Heir ſides about the equal angles proportionals, they are frmilae Wy 
jo one another. e. ; | e e x, Def, 6. 
Next, let it be required to deſcribe upon 2 given ſtraight line 
B, a rectilineal figure ſimilar, and ſimilarly fituated to the 
»Ailineal figure CDKEF. 1 . 

Join DE, and upon the given ſtraight line AB deſcribe the 
ectilineal figure ABHG fimilar, and ſimilarly fituated to the 
aadrilateral figure CDEF, by the former cafe; and at the 
Points B, H in the ſtraight line BH, make the angle HBL e- 
aal to the angle EDK, and the angle BHL equal to the angle 
rx; therefore the remaining angle at K is equal to the re- 
Wnaining angle at L: And becauſe the figures ABHG, CDE 
Nee ſimilar, the angle GHB is equal to the angle FED, and 

l. is equal to DEK; wherefore the whole angle GHL is 
qual to the whole angle FEK : For the ſame reaſon the angle 


WB, ABL is equal to the angle CDK: Therefore the five fided ſi- 

gle ures AGHLB, CFERD are equiangular ; and becauſe the fi- 

gle ures AGHB, CFED are fimilar, GH is to BB, as FE to ED; 
E 


ad as HB to HL, fo is ED to EK e; therefore, ex quali d, 4. 6. 
ni to HL, as FE to EK : For the ſame reaſon, AB is to BL d 22.5. 
=; CD to DK: And BL is to LH, as e DK to KE, becauſe the 
triangles BLH, DKE are equiangular : Therefore, becanſe the 
ee ſided figures AGHLB, CFEKD are equiangular, and have 
eir fides about the equal angles proportionals, they are fimilar 
to one another: And in the ſame manner a rectilineal figure of 
x or more ſides may be deſcribed upon a given ſtraight line 
ilar to one given, and ſo on. Which was to be done, 


PROP. XIX. THEO R. 


5 g 11.48 triangles are to one another in the duplicate 
ratio of their homologous ſides, 


Let ABC, DEF be ſimilar triangles, having the angle B equal 
to the angle E, and let AB be to BC, as DE to EF, ſo that the | 
e BY is homologous to EF =: the triangle ABC has to the a 13. Def. 1. 


S 


ſo, triangle DEF, the duplicate ratio of that which BC has to EF. 

to | Take BG a third proportional to BC, Ex b, ſo that BC is to b 11. 6. 
In F. as EF to BG, and join GA : Then, becauſe as AB to BC, 5 
to lo DE to EF; alternately ©, AB is to DE, as BC to EF: But c x6, f. 


x76 


Book VT. 
d 11.5. 


procally proportional 


e 15. 6. 


ther e: Therefore the 
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\ 


as BC to EF, ſo is EF to BG; therefore d as AB to DE, fy 
EF to BG : Wherefore the ſides of the triangles ABG, Dp} 
which are about the equal angles, are reciprocally proportion} 
But triangles which have the fides about two equal angles rec, 


A 


are equal to one ano- 


triangle ABG is equal | D 15 ; 
to the triangle DEF: _ 
And becauſe as BC is - 
to EF, ſo EF to BG; : CER” '1-21 460 . 
and that if three 8 YET — 
ſtraight lines be pro- B 4 G E C | E f F on 
portionals, the firſt is | q 


f 10. Def. 5. 


1. 6. 


EF: But the triangle A BG is equal to the triangle DEF; where. 
fore alſo the triangle ABC has to the triangle DEF the duplicate 


Kc. Q. E. D. 
proportionals, as the firſt is to the third, ſo is any triangle u- 
the ſecond, N 


C Ima polygons may be divided into the ſame num. 


to one another the duplicate ratio of that which thei 
_ homologous ſides have. 5 


the homologous ſide to FG: The polygons ABC DE, FGRKL 


Join BE, EC, GL, LH: And becauſe the poly gon ABC DEI 


to the ſecond; BC therefore has to BG the duplicate ratio d 
that which BC has to EF : But as BC to BG, ſo is s the trangle 
ABC to the triangle ABG. Therefore the triangle ABC hau 


ſaid f to have to the third the duplicate ratio of that which it ha 


the triangle ABG the duplicate ratio of that which BC has u 


ratio of that which BC has to EF. Therefore fimilar triangle, 


Con. From this it is manifeſt, that if three ftraight Ines be 


on the firſt to a ſimilar, and ſimilarly deſcribed triangle upa 
PROP. XX. THEOR. 


ber of ſimilar triangles, having the {ame ratio to one 
another that the polygons have; and the polygons hate 


Let ABCDE, FGHKL. be ſimilar polygons, and let AB l 


may be divided into the ſame number of ſimilar triang!s, 
whereof each to each has the ſame catio which the poly gon 
have; and the polygon ABCDE has to the polygon FCH II 
the duplicate ratio of that which the fide AB has to the fide FO. 


. © GIS +” 


ſimilar 


oF EUCLID. 0” 


Emilar to the polygon FGHKL, the angle BAE is equal to the Bock vl. 
angle GFL a, and BA is to AE, as GF to FL « : Wherefore, Wwnr/ 
ecauſe the triangles ABE, GL have an angle in one equal . def. 6. 
to an angle in the other, and their fides about theſe equal angles 
proportionals, the triangle ABE is equiangular b, and there- b 6 6. 
fore fimilar to the triangle FGL e; wherefore the angle ABE. e 4. 6. 

is equal to the angle FGL : And, becauſe the polygons are fi- 

milar, the whole angle ABC is equal a to the whole angle FGH; 
therefore the remaining angle EBC is equal te the remaining 4 
angle LGH: And becauſe the triangles ABE, FGL are ſimilar, 

EB is to BA, as LG to GF >; and alfo, becauſe the polygons 


are fimilar, AB is to BC, as FG to GH; therefore; ex . 
quali d, EB is to BC, as LG to GH; that is, the ſides about 
the equal angles EBC, LGH are proportionals; therefore d d 22. f. 
S the triangle EBC is equiangular to the triangle LGH, and 
ſimilar to ite. RY AN BA Y . 
For the ſame B | Ra EER 
reaſon, «the . 1 ; F 
triangle FT « SITS . 
ECD like- E K B 
wiſe is ſi mi- „ 
lar to the tri- - WET ATED. = 4s 
angle LHK : Se B — — N 
777 £1 at YE ano cas; 
polygons ABCDE, FGHKLaredividedinto theſame number of 
limilar triangle. tn BE PES F 

Alſo theſe triangles have, each to each, the ſame ratio which 
the polygons have to one another, the antecedents being ABE, 
EBC, ECD, and the conſequents FGL, LGH, LHK: And 
the polygon ABCDE has to the polygon FGHKL the dupli- 
ns _ of that which the fide AB bas ta the homologous 

e FG. 1 

Becauſe the triangle ABE is ſimilar to the triaugle FGL, 1 
ABE has to FG the duplicate ratio e of that which the fide e 19. 6. 
BE has to the fide GL: For the ſame reaſon, the triangle BEC 
has to GLH the duplicate ratio of that which BE has to GL: 
Therefore, as the triangle ABE to the triangle FG“, fo ſ is the f 11. 
triangle BEC to the triangle GLH. Again, becauſe the tri- 
angle EBC is ſimilar to the triangle LGH, EBC has to LGH 

the duplicate ratio of that which the fide EC has to the fide 

LH: For the ſame reaſon, the triangle ECD has to the triangle | 


NE 
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g 1. 5. 


the duplicate ratio of their homologous ſides, and it has alrea 


homologous ſides. EY 5 ; 
| Cor. 2. And if to AB, FG, two of the homologous fide, 
a third proportional M be taken, AB has h to M the duplici: WW 
ratio of that which AB has to FG : But the four ſided figure Wl 
polygon upon AB has to the four ſided figure or polygon up 
FG likewiſe the duplicate ratio of that which AB has to FG: 
Therefore, as AB is to M, ſo is the figure upon AB to the i. 
gure upon FG, which was alſo proved in triangles i. Therefore, 


h 10. def. 5. 


i Cor. 19.6. 


there fore the triangle EBC to the triangle LGH, ſo is fy 
triangle EOD to the triangle LH K: But it has been proved that 
the triangle EBC is likewiſe to the triangle LGH, as the triang 
ABE to the triangle FGL. Therefore, as the triangle ARF j 
to the triangle FGL, ſo is triangle EBC to triangle LGH, ay 
triangle ECD to triangle LHK : And therefore, as one of th 


gure upon the ſecond, F 
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LHK, the duplicate ratio of that which EC has to LH: 4 


antecedents to one of the conſequents, ſo are all the antecedeny 
to all the conſequents g. Wherefore, as the triangle ABEtothy 
triangle FGL, ſo is the polygon ABCDE to the polygu 


FGHKL : But the triangle ABE has to the triangle FGL, th 
duplicate ratio of that which the fide AB has to the homologoy 
ſide FG. Therefore alſo the polygon ABCDE has to the yoly. 
gon FGHKL the duplicate ratio of that which AB has to the f 
homologous ſide FG. Wherefore ſimilar polygons, &c. Q. E. D. 

Cor. 1. In like manner, it may be proved, that ſimilar fou | 


ſided figures, or of any number of ſides, are one to another i 


been proved in triangles. Therefore, univerſally, fimilar reth. 
lineal figures are to one another in the duplicate ratio of thei 


univerſally, it is manifeſt, that if three ſtraight lines be proper 


tionals, as the firſt is to the third, ſo is any rectilineal figure 


upon the firſt, to a ſimilar and fimilarly deſcribed reQilineal ts 


PRO“ 
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PRO P. XXI. THE OR. 


age 1 {on f . | "JOE 
Ei EcrilixrAl figures which are ſimilar to the ſame 
and reckilineal figure, are alſo ſimilar to one another. 

end Let each of the rectilineal figures A, B be ſimilar to the rec- 
the tilineal ügure C: The figure A is ſimilar to the figure BB 


N. Becauſe A is ſimilar to C, they are equiangular, and alſo 
te have their ſides about the equal angles proportionals ? Again, a f. def. 6, 
zom W.ccauſe B is ſimilar to EE TO, : 1 

oy. they afe equiangu- | , 85 | 

the ar, and have their ſides 3 

D. bunt the equal angles N + 

fo proportionals a: There. 


—_— + are Aa, TT TTY OA on e 

are each of them equi= _ e Bhs 

angular to C, and have the ſides about the equal angles of each 

ff them and of C proportionals. Wherefore the rectilineal fi- 

SWrures A and B are equiangularb, and have their ſides about the b x. Ax. 1. 
; qual angles proportionals e. Therefore A is ſimilarato B. 11. . 


5 PRO P. | XXII. T HI. o R. : 


Err four ſtraight lines be proportionals, the ſimilar rec. | 
tilineal figures ſimilarly deſcribed upon them ſhall al- 
Jo be proportionals ; and if the ſimilar reQilineal figures 


tionals, thole ſtraight lines ſhall be proportionals. 


Let the four ſtraight lines AB, CD, EF, GH be propor- 

tionals, viz. AB to CD, as EF to GH, and upon AB, CD let 

the ſimilar rectilineal figures KAB, LCD be fimilarly deſcribed ; 

and upon EF, GH the ſimilar rectilineal figures MF, NH in 

1 ad - wank The rectilineal figure KAB is to LCD, as MF 

To AB, CD take a third proportional a X; and to EF, GH = 17. 6. 
third proportional O: And becauſe AB is to CD, wERS 
H, and that CD is d to X, as GH to O; wherefore, ex æ- b x1. 5. 
dali e, as AB to X, ſo EF to O: But as AB to X, ſo is 4 the c 22. 5. 


20. 6. | 


ſimilarly deſcribed upon four ſtraight lines be propor- 


M 2 85 rectilineal 42 Cor. 
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Book VI. rectilineal KAB to the rectilineal LCD, and as EF to O, 4, 
Wow dee rectilineal MF to the rectilineal NH: Therefore, as KA} 

d 2, Cor. to LCD, ſo bis MF to NH. 195 9 85 

b 11. 3. And if the rectilineal KAB be to LCD, as MF to NH; th, 

| fſtraight line AB is to CD, as EF to GH. | 

1 Make e as AR to CD, ſo EF to PR, and upon PR deſeribe. 

k 18.6. the rectilineal figure SR ſimiliar and fimilarly fituated to eite 


K 


131 = 


of the figures MF, NH: Then, becauſe as AB to CD, ſo is H 
0 PR, and that upon AB, CD are deſcribed the fimilar a 
ſimilarly ſituated rectilineals KAB, LCD, and upon EF, PR, 
in like manner, the ſimilar rectilineals MF, SR; KAB iv 
LCD, as MF to SR; but, by the hypotheſis, KAB is to LCD, 
as MF to NH; and therefore the reQilineal MF having te 
ſame ratio to each of the two NH, SR, theſe are equal 8 to e 
another: They are alſo fimilar, and ſimilarly ſituated; them. 
| fore GH is equal to PR: And becauſe as AB to CD, ſo is H 
to PR, and that PR is equal to GH; AB is to CD, as EF ud 


| 89. | 
GH. If therefore four ſtraight lines, &c, Q. E. D. 


PROP. XXIII. T HE O R. 


See N. 


their hdes. 


Let AC, CF be equiangular parallelograms, having the ang 
BCD equal to the angle ECG : The ratio of the parallelograft 
AC to the parallelogram CF, is the ſame with the ratio wh 


It 


is compounded of the ratios of their ſides. 


N 


TL Quianxcuian parallelograms have to one anothet 
the ratio which is compounded of the ratios d 


1 


] 
A0 
par 

ra 


he 


et as BC to CG, fo is K to L; 


other 
s df 


ange 
gram 
which 
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Let BC, CG be placed in a ſtraight line; therefore DC and Book VI. 
cx are alſo in a ſtraight line 2; and complete the parallelogramn 
Id; and, taking any ſtraight line K, make das BC to CG, : 14. 4 | 
Wo K to L; and as DC to CE, ſo makeÞbL to M: Therefore 12. 6. 
Nie ratios of K to L. and L to M, are the ſame with the ratios 

Pr the fides, viz. of BC to CG, and DC to CE. But the ra- 

o of K to M is that which is ſaid to be compounded of the c A. def. 5, 
W:tios of K to L, and L to M: Wherefore alſo K has to M the 

atio compounded of the ratios 3 4 

I of the 2 And becauſe as BC A — D H 

Wo CG, ſo is the parallelogram 20 \ \ | $a 
ac to the parallelogram CH d; 5 ; oF 3 


e 11. 3 


herefore K is e to L, as the pa- 
allelogram AC to the parallelo- 
gram CH: Again, becauſe as DC 14. 
Wo CE, ſo is the parallelogram | 1 
( to the parallelogram CF; but | We: > | 

Ws DC to CE, fo is LtoM; KLM MF 
berefore Lis e to M, as the pa- "8 
Wallclogram CH to the parallelogram CF: Therefore, fince it 

as been proved, that as K to L, ſo is the parallelogram AC to 

Hoe parallelogram CH; and as L to M, ſo the parallelogram CH 
ſo the parallelogram CF; ex æquali f, K is to M, as the pa- f 24. 5. 

WW allclogram AC to the parallelogram CF: But K has to M the 

atio which is compounded of the ratios of the ſides; therefore 

po the parallelogram AC has to the parallelogram CF the ra- 

oo which is compounded of the ratios of the ſides. Wherefore 
quiangular parallelograms, &c. Q. E. P). 


PROP. XXIV. THE OR. 


HE. parallelograms about the diameter of any pa- g. NM. 
: rallelogram, are ſimilar to the whole, and to ons 
mother. . | 3 1 | | 


| Let ABCD be a parallelogram, of which the diameter is 
AC; and EG, HK the parallelograms about the diameter: The 
arallelograms EG, HK are ſimilar both to the whole parallelo- 

ram ABCD, and to one another.  _ I 
Becauſe DC, GF are parallels, the angle ADC is equal a to a 29... 


10 he angle AGF: For the ſame reaſon, becauſe BC, EF are pa- 


M 3 rallels, 
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Book VI, rallels, the angle ABC is equal to the angle AEF: And eich 
— of tue angles BCD, EFG is equal to the oppoſite angle DAR 
b * 7 and therefore are equal to one another, wherefore the par, 


lelograms ABCD, AEFCG are equiangular : And becauſe th þ 


angle ABC is equal to the angle AEF, and the angle BAC 

common to the two triangles BAC, EAF, they are equiagy, 
e4.6. Jar to one another; therefore e as AB 1 Þ 

to BC, ſo is AE to EF: And becauſe — 


the oppoſite ſides of parallelograms FN | 7 
d. 5. are equal to one another b, AB is e to EL © ET: 

2430, as AE to AG; and DC to CB y 7 [ 
as GF to FE; and alſo CD to DA / 

as FG to GA; Therefore the ſides of 

the parallelograms ABCD, AEFG a- | 

bout the equal angles are proportion- 1) K 

Als; and they are therefore ſimilar to | 

e I. def. 6. one another e: For the ſame reaſon, the parallelogram ABC 

is ſimilar to the parallelogram FHCK. Wherefore each ofthe 

parallelograms GE, KH is ſimilar to DB: But rectilineal i. 


gures which are ſimilar to the ſame rectilineal figure, are u WM 
f 21. 6. yimilar to one another f; therefore the parallelogram GE is . 


milar to KH. Wherefore the parallelograms, &c. Q. E. I, 


Bec N. Tae a rectilineal figure which ſhall be ſm 


ngure. 


Let ABC be the given rectilineal figure, to which the figur 
to be deſcribed is required to be ſimilar, and D that to which 
it muſt be equal. It is required to deſeribe a rectilineal figur 


— 


ſimilar to ABC, and equal to D. 


| aCor. 45. 1. Upon the ſtraight line BC deſcribe 3 the parallelogram IE 


equal to the figure ABC; alſo upon CE deſctihe a the parall- 
logram CM equal to D, and having the angle FCE equi 
to the angle CBL: Therefore BC and CF are in a ſtraigit 
1. line b, as alſo LE and EM: Between BC and CF find e a meat 
proportional GH, and upon GH deſcribe d the rectilineal!. 
gure KGH ſimilar and fimilarly ſituated to the figure ABC 
And becauſe BC is ta GH as GH to CF, and if three ſtraight 
N lines be proportiouals, as the firlt is to the third, fo is ehe 


| þgure 


© eu. 


lar to one, and equal to another given reilinal|i 
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upon the firſt to the ſimilar and ſimilarly deſcribed fi- Book VI. 
1h 24 the ſecond; therefore as BC to CF, ſo is the recti 
lineal figure ABC to KGH : But as BC to CF, ſo is f the pa- f 1. 6, 
rallelogram BE to the parallelogram EF: Therefore as the rec- 

tilineal figure ABC is to KGH, ſo is the parallelogram BE to | 
the parallelogram EF 8: Aud the rectilineal hgure ABC is equal g 11. 5. 


to the parallelogram BE ; therefore the rectilineal figure KGH 
is equal h to the parallelogram EF: But EF is equal to the fi- h 14. 5, 
gure D; wherefore alſo KG H is equal to D; and it is ſimilar 

to ABC. Therefore the rectilineal figure KGH has been de- 
ccribed fimilar to the figure ABC, and equal to D. Which 
vas to be done. 9 9 


PROP. XXVI. THE OR. 


1 IF two ſimilar parallelograms have a common angle, and 
8 1 be ſimilarly ſituated; they are about the ſame diameter, 


Let the parallelograms ABCD, AEFG be ſimilar and ſimi- 

{ larly ſituated, and have the angle DAB common. ABCD and 

| AEFG are about the ſame diameter. . 
For, if not, let, if poſſible the 5 

parallelogram BD have its dia- A © 9 

| meter ANC in a different ſtraight 


o 


meet AHC in H; and through © 
ſame diameter, they are ſimilar : 


line from AF the diameter of the AST - 

3 — 

H draw HK parallel to AD or 

BC: Therefore the parallelograms 

to one another 2: Wherefore as DA to AB, ſo is bGA to AK: a 24.6 
But becauſe ABCD and AEFG are ſimilar parallelograms, b r. def. . | 


parallelogram EG, and let GF E © | JU | 
ABCD, AKH being about the B 
„ as 


184 


Book VI. as DA is to AB, ſo is GA to AE; therefore © as GA to AF, 
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— GAto AK; wherefore GA has the ſame ratio to each of the 


e 11. 8. 
4 9. F. 


and AE FG muſt be about the ſame diameter, Therefore, if 
two ſimilar, &c. Q. E.D. | 555 


| See N. 


Io underſtand the three following propoſitions more eahly 


AB. 5 | 


line AB, deficient by a parallelogram, when AD the baſe of 
AE is leſs than AB, and there- | 


fore AE is leſs than the p aral... — * 0 
« lelogram AC deſcribed upon | | | . 
A in the ſame angle, and be- | . 
_ © tween the ſame parallel, by LL tt 
the parallelogram DC; and A. 0 D B F. 
D is therefore called the le: HD 


CB: Ofall the parallelograms applied to any other pou. : 


ſtraight lines AE, AK; and confequently AK is equal d to 
the leſs to the greater, which is impoſſible : Therefore ARCH 
and AK HCG are not about the ſame diameter; wherefore ARCH 


it is to be obſerved, _ RE” 
1. That a parallelogram is ſaid to be applied to a ftraight 
line, when it is deſcribed upon it as one of its ſides, Ex, gr, 


« "the parallelogram AC is ſaid to be applied to the ftraightlne 


* 2. But a parallelogram AE is ſaid to be applied to a ftraight 


* 


fect Cf AE. 


* tweeu the ſame parallels, by the parallelogram BG.“ 
' PROP. XXVII. THEOR. 


FAV all parallelograms applied to the ſame ſtraight 
line, and deficient by parallelograms, ſimilar and 


ſimilarly ſituated to that which is deſcribed upon the 


half of the line; that which is applied to the half, and 


is ſimilar to its defect, is the greateſt. 


Let AB be a ſtraight line divided into two equal parts in C, 
and let the parallelogram AD be applied to the half AC, 
which is therefore deficient from the parallelogram upon the 
whole line AB by the parallelogram CE upon the other hall 


U 


3. And a parallelogram AG is ſaid to be applied to a firaight WW 

line AB. exceeding by a parallelogram, when AF the baſe of 
A is greater than AB, and therefore AG exceeds AC the 
_ © parallelogram deſcribed upon AB in the ſame angle, and be. 


. | to DK ; therefore DK is An. than 


AB, wt Jeficient b parallelograms that are ſimilar, and ſimi. Book VI. 

W1acly ſituated to CE, AD is the greateſt, oy 
2 AF be any parallelogram applied to AK, any othie part os 

of AB than the half, ſo as to be deficient from the parallelo- 
[gram upon the whole line AB by the parallelogram KH fimi- 
Jar, and fimilarly ſituated to CE; AD is greater than AF. 

Firſt, let AK the baſe of AF, be greater than AC the half of 
AB; and becauſe CE 1s fimilar to me 

parallelogram KH, they are about the 


2 3 diameter 2: "Draw ther dame- LL D L | E a 26. 6, 

ter DB, and complete the ſcheme : Be- Tn | | 

W cauſe the parallelogram CF is equal ＋ . 
to FE, add KH to both, therefore G — H b 43. 1 


the whole CH is equal to the whole 5 | > 
XE: But CH is equal c to CG, be- | Sb 
W cauſe the baſe AC is equal to the baſe | |. | 

| CB; therefore CG is equal to KE: 
To each of theſe add cb, then the A 0 KB 

W whole AF is equal to the gnomon CHL : Therefore CE, or the - 
W parallelogram AD, is greater than the perallelogram AF. 
Next, let AK the baſe of AF, 
oe leſs than AC, and, the ſame 
conſtruction being 10245 the paral- 6 F M N 


1 | lelogram DH is equal to DG c, for [x I 9 
HM is equal to MG d, becauſe BC 11 4 'r, 
is equal to CA; wherefore DH is | JE ” 


greater than LG : But DH is e qual "= 


| IG: To each of theſe add AL; then 
the whole AD is greater than the 
whole AF. Therefore of all paralle- 
| lograms applied, &e, * „ 


e 


a parallelogram ſimilar to a given parallelogram : But the 
given rectilineal figure to which the parallelogram to hc 


defect ſimilar to the defect of that which is to be a 
plied; that is, to the given parallelogram. : 


| neal figure, to which the age, dam to be applied is requi. 


1 upon the whole line by a pa- 


; {> O a given ſtraight line to apply a parallelogram «, 


line AB, which ſhall be equal 
to the figure C, and be defi- 


parts a in the point E, and 
upon EB deſcribe the paral- 


ſimilarly ſituated to D, and 
qual to C, or greater than it. 8 
For, upon the ſtraight line AB, the parallelogram AG is applied 
| it; and EF is equal to AG; therefore EF alſo is greater than 


C. Makec the parallelogram KLMN equal to the exceſs of 
6.  fimilar to EF, therefore d alſo KM is ſimilar to EF: Let KL 
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'PROP. XXVIIL PROB. 
qual to a given rectilineal figure, and deficient by 


applied is to be equal, muſt not be greater than the px. 
rallelogram applied to halt of the given line, having its 


Let AB be the given ftraight line, and C the given rel. 


red to be equal, which figure muſt not be greater than the ya. 
rallelogram applied to the half of the line having its defect fron 
that upon the whole line fimilar to the defect of that which is 


ta be applied; and let D be the parallelogram to which this t 
defect is required to be fimilar. It is required to apply a h. 1: 
rallelogram to the ſtraight = 0 


cient from the parallelogram 


rallelogram ſimilar to DP). 
Divide AB into two equal 


lelogram EBFG ſimilar b and 


complete the parallelogram 
AG, which muſt either be e- 


by the determination : And if TS 
AG be equal to C, then what was required is already done: 


equal to the figure C, and deficient by the parallelogram Ef 
ſimilar to D: But, if AG be not equal to C, it is greater than 
EF above C, and fimilar and ſimilarly fituated to D; but D is 
be 
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he the homologous fide to EG, and LM to GF: And becavſe Book VI. 


Ex is equal.to C and KM together, EF is greater than KM; were 
merefore the ſtraight line EG is greater than KL, and GF than 
LM: Make GX equal to LK, and GO equal to LM, and com- 
plete the parallelogram XGOP : Therefore XO is equal and 
{milar to KM; but KM is fimilar to EF; wherefore alſo X 
is fimilar to EF, and therefore XO and EF are about the ſame 
diameter ©: Let GPB be their diameter, and complete the e 26. 6, 
W ſcheme : Then becaufe EF is equal to C and KM together, and 
Ko a part of the one is equal to KM a part of the other, the 
W remainder, viz. the gnomon ERO, is equal to the remainder C: 
And becauſe OR is equal f to XS, by adding SR to each, the f 34. 1. 
whole OB is equal to the whole XB: But X is equal 8 to TE, g 36. 1. 
becauſe the baſe AE is equal to the baſe EB; wherefore alſo | 
W TE is equal to OB: Add XS to each, then the whole TS is 
equal to the whole, viz. to the gnomon ERO : But it has been 

| proved that the gnomon ERO is equal to C, and therefore alſo 
W TS is equal to C. Wherefore the parallelogram TS, equal to 
me given rectilineal figure C, is applied to the given ſtraight 
line AB deficient by the parallelogram SR, ſimilar to the given 
one D, becauſe SR is ſimilar to EF h. Which was to be done, h 24. 6, 


' PROP. XXIX. PROB, 


T2 2 given ſtraight line to apply a parallelogram e- 5. N. 
qual to a given rectilineal figure, exceeding by a 
parallelogram ſimilar to another given. . 


Let AB be the given ſtraight line, and C the given rectilineal 
| figure to which the parallelogram to be applied is required to be 
equal, and D the parallelogram to which the exceſs of the one 
to be applied above that upon the given line is required to be i 
imilar. It is required to apply a parallelogram to the given 
ſtraight line AB which ſhall be equal to the figure C, exceeding 
by a parallelogram ſimilar to Dp). . = on 

Divide AB into two equal parts in the point E, and upon 
EB deſcrihea the parallelogram EL fimilar, and ſimilarly * a 18,6, 


-- 
* 


Book VI. ted to D: And make b the parallelogram GH equal to EL wy 
13 C together, and ſimilar, and ſimilarly fituated to D; wherefon 
c 21. b. 


4 26. 6. 


ſimilar to GH ; but 
H is ſimilar to EL; 
Wherefore MN is ſi- 
milar to EL, and con- 


the ſcheme. There- 
fore, ſince GH is e- 


then the remainder, viz. the gnomon NOL is equal to C. And 3 
. becauſe AE is equal to EB, the parallelogram AN is equal es 
the parallelogram NB, that is, to BM f. Add NO to each; 


. gnomon NOL. But the gnomon NO is equal to C; therefore 3 
alſo AX is equal to C. Wherefore to the (ſtraight line AB Wh 
there is applied the parallelogram AX equal to the given redi- W 
lineal C, exceeding by the parallelogram PO, which is fimilat W 
to D, becauſe PO is ſimilar to EL g. Which was to be done, 


Fo cut a given ſtraight line in extreme and mean 


THE ELEMENTS 


GH is ſimilar to EL e: Let KH be the fide homologous to F. 
and KG to FE : And becauſe the parallelogram GH is great WW 
than EL, therefore the fide KH is greater than FL, and 40 
than FE : Produce FL and FE, and make FLM equal to Ky, 
and FEN to KG, and complete the parallelogram MN, MN 
therefore equal and K H 


ſequently EL and | 
MN are about the 

ſame diameter d: 
Draw their diameter | 
FX, and complete | 


qual to ELand Cto- 
gether, and that GH N 
is equal to MN; MN | 


is equal to EL and C: Take away the common part EL; 


therefore the whole, viz. the parallelogram AX, is equal tothe WM 


' PROP. XXX. PRO B. 


| ratio. 


Let AB be the-given ſtraight line ; it is required to cut it io 


extreme and mean ratio. 


Upon 


of £ZUCLID.. ng * 


= Upon AB deſcribe > the ſquare BC, and to AC apply the Book VI. 
perallelogram CD equal to BC, exceeding by the figure AD ſi- hg 
nilar to BC b: But BC is a ſquare, e 125 Un 
gmerefore alſo AD is a ſquare; and be D = 
tauſe BC is equal to CD, by taking the AT! 
common part CE from each, the re= | | : 
mainder BF is equal to the remainder A* 3 B 
Ab: And theſe figures are equiangular, 1 DOEY | 
WE therefore their ſides about the equal 
WE angles are reciprocally proportional: HC 
= Wherefore, as FE to ED, ſo AE to EB: | :3 7 a ws 
But FE is equal to AC d, that is to AB; e 4. l. 
Wand ED is equal to AE : Therefore as (C — 5 
W 3A to AE, ſo is AE to EB: But AB is F 
greater than AE; wherefore AE is WVVä' OT 0R 
greater than EB ©: Therefore the ſtraight line AB is cut in ex- e 14. 5, 
W treme and mean ratio in E fo Which was to be done. f. def. 6. 
. Otherwiſe, 2 5 e „ 
Let AB be the given ſtraight line; it is required to cut it in 
extreme and mean ratio. i | | i 
; Divide AB in the point C, ſo that the rectangle contained by 
A, BC be equal to the ſquare of ACs: nm . 81.2. 
hben, becauſe the rectangle AB, BC is - A OC B | 
a qual to the ſquare of AC, as BA to ACG,o 9| 
is AC to CB h: Therefore AB is cut in extreme and mean ra- h 17. 6. 
tio in Cf. Which was to be done. 4) F 


PRO P. XXXI. THE OR. 


bo P right angled triangles, the rectilineal figure deſcri - gte N. 
10 bed upon the ſide oppoſite to the right angle, is e- 
qual to the ſimilar, and ſimilarly deſcribed figures upon 

dhe ſides containing the right angle. 


Let ABC be a right angled triangle, having the right angle 
BAC: The rectilineal figure deſcribed upon BC is equal to the 
ſimilar, and ſimilarly deſcribed figures upon BA, AC. ip 

Draw the perpendicular AD; therefore, becauſe in the right 
angled triangle ABC, AD is drawn from the right angle at-A 
perpendicular to the baſe BC, the triangles ABD, ADC are fi 
milar to the whole triangle ABC, and to one another 2, and a8. 6. 

37 gt | | becauſe 


190 


Book VI 
6 j 


b 4. 6. 


e 2. Cor. 
Bb, fo is the figure upon S [wh 


20. 6. 


dB. 5. 


e 24. 3. 
4.4. 


| See N. | 


BA: And, inverſely das DB _, 
to BC, ſo is the figure upon { / | 3 
BA to that upon BC: For B —13;XEʒ-ʒWX. XC 
the ſame reaſon, as DC to © | D +: 

C, ſo is the figure upon C, e 1 


as BD and DC together to BC, ſo are the figures upon BA, Ad 
Therefore the figure deſcribed on BC is equal f to the ſimilat 
right angled triangles, &c. Q. E. D. 


IF two triangles which have two ſides of the one pro. 
1 portional to two ſides of the other, be joined at ont 
angle, ſo as to have their homologous ſides parallel to 
one another; the remaining ſides ſhall be in a ſtraight 
line. e 5 


BA, AC proportional to the two CD, DE, viz. BA to AC, s 
CD to DE; and let AB be parallel to DC, and AC to DE, 
| BC and CE are in a ſtraight line. tes Do 
DC, and the ſtraight line A 
ternate angles BAC, ACD 


reaſon, the angle CDE is 


qual to CDE: And becauſe 3 88 


1HE ELEMENTS 


becauſe the triangle ABC is ſimilar to ADB, as CB to Ba, t, he 
is BA to BD b; and becauſe theſe three ſtraight lines are 1 WD, 
portionals, as the firſt to the third, ſo is the figure upon th AC 
firſt to the ſimilar, and fimilarly deſcribed figure upon the f. be 
-ondc: Therefore as CB to | 


CB to the ſimilar and fimi« nb 
larly deſcribed figure upon V qua 


1 — * t 


to that upon CB. Wherefore 
to that upon BC e: But BD and DC together are equal to BC, 
and ſimilarly deſcribed figures on BA, AC. Wherefore, u 


PROP. XXXII. THE OR. 


8 


Let ABC, DCE be two triangles which have the two fide 


hed — bad 


BecauſeAB is parallelto 
AC meets them, the al- 


are equal 3; for the ſame 


equal to the angle Ac; . 
wherefore alſo BAC 1s e- 8 


rr eee 
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he triangles ABC, DCE have one angle at A equal to one at Book VI. 


L Im, and the fides about theſe angles proportionals, viz. BA to 
Fr AC, as CD to DE, the triangle ABC is equiangular b to DCE: b 6. 6. 


Wherefore the angle ABC is equal to the angle DCE: And the 

angle BAC was proved to be equal to ACD: Therefore the 

wholk angle ACE is equal to the two angles ABC, BAC; add 

the common angle ACB, then the angles ACE, ACB are e- 

qual to the angles ABC, BAC, ACB : But ABC, BAC, ACB. 

care equal to two right angles e; therefore alſo the angles ACE, e 32. 1. 

= ACB are equal to two right angles: And fince at the point 

C, in the ſtraight line AC, the two ſtraight lines BC, CE, 

W which are on the oppoſite ſides of it, make the adjacent angles 

W ACE, ACB equal to two right angles; therefore d BC and d 14. 1. 
(E are in a ſtraight line. Wherefore, if two triangles, &c. > 

0. ; 

lar 


PROP. XXXIII. THE OR. 


IS Þ* equal circles, angles, whether at the centres or Cir- gee N. 
cumferences, have the {ame ratio which the circum. 
ſerences on which they ſtand have to one another: So 
| alſo have the ſeQtors. N 1 5 


Let ABC, DEF be equal circles; and at their centres the 

| angles BGC, EHF, and the angles BAC, EDF at their cir- - 

| cumferences ; as the circumference BC to the circumference 

EF, ſo is the angle BGC to the angle EHF, and the angle 
755 to the angle EDF; and alſo the ſector BGC to the ſector 
Take any number of circumferences CK, KL, each equal to 

BC, and any number whatever FM, MN each equal to EF: 

And join GK, GL, HM, HN. Becauſe the circumferences 

BC, CK, KL are all equal, the angles BGC, CGK, KGL 

are alſo all equal a: Therefore what multiple ſoever the circum- a7. 3. 

| ference BL is of the circumference BC, the ſame multiple is 
the angle BGL of the angle BGC : For the ſame reaſon, what- 

ever multiple the circumference EN is of the circumference 

EF, the ſame multiple is the angle EHN of the angle EHF , 

| 5 
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Book vl. And if the circumference BL be equal to the circumferey 

N., the angle BGL'is alſo equal a to the angle EHN; 2 
a 27. 3. if the circumference BL be greater than EN, likewiſe the a 

BGL is greater than EHN ; and if leſs, leſs : There being the 

four magnitudes, the two circumferences BC, EF, and MW 

two angles BGC. EHF; of the circumference BC, and of th 

angle BGC, have been taken any equimultiples whatever, yi, 

the circumference BL, and the angle BGL; and of the citeun 

ference EF, and of the angle EHF, any equimultiples wha, 


ever, viz. the circumference EN, and the angle EHN: Ai 
it has been proved, that, if the circumference BL be greater 
than EN, the angle BG is greater than EHN; and if 

aual, equal; and if leſs, leſs: As therefore the circumferem 
b 5. def. 5. BU to the circumference EF, ſo b is the angle BGC tothe 
angle EHF: But as the angle BGC is to the angle EHF, ſou Wl 
* 15. 5. © the angle BAC to the angle EDF, for each is double d 
d 20. 3, each d; Therefore, as the circumference BC is to EF, ſo is te 
| angle BGC to the angle EHF, and the angle BAC to the angle i 

Alſo, as the circumference BC to EF, ſo is the ſe&or B00 
to the ſector EHF. Join BC, CK, and in the circumferencs 
BC, CK take any points X, O, and join BX, XC, CO, Ok: 
 Fhen, becauſe in the triangles GBC, GCK the two ſides BG, 
C are equal to the two CG, GK, and that they contain e- 
e 4. J. qual angles; the baſe BC is equal e to-the baſe CK, and the F 
_ triangle GBC to the triangle GCK : And becauſe the circun- 
| ference BC is equal to the circumference CK, the remaining 
part of the whole circumference of the circle ABC, is equal u 
| the remaining part of the whole circumference of the ſat 
circle: Wherefore the angle BXC is equal to the angle COR! 
x2, def. 3. and the ſegment B&C is therefore ſimilar tothe ſegment COR 
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ind they are upon equal ſtraight lines BC, CK : But fimilar ſeg- Book. VI; | 
nents of circles upon equal ſtraight lines, are equal gto one ano- . 
her: Therefore the ſegment BXCis equal to the ſegment COK : 
And the triangle BGC is equal to the triangle CGK; therefore 
he whole, the ſector BG, is equal to the whole, the ſector 
CCK : For the ſame reaſon, the ſector KG is equal to each of 

he ſectors BGC, CGK : In the ſame manner, the ſectors EHF, 
AM, MHN may be proved equal to one another: Therefore, 
hat multiple ſoever the circumference BL is of the cireumfe- 
rence BC, the ſame multiple is the ſector BGL of the ſector 
BGC: For the ſame reaſon, whatever multiple the circumfe- 
rence EN is of EF, the ſame multiple is the ſector EH N of the 
Wi:tor EHF: And if the circumference BL be equal to EN, the 


of D_ 


24+ I 7 


Wor BGL is equal to the ſector EHN; and if the circumfe- 

eence BL be greater than EN, the ſector BG is greater than 
the ſetor EAN ; and if leſs, leſs : Since, then, there are four 
magnitudes, the two circumferences BC, EF, and the two ſec- 
tors BGC, EHF, and of the circumference BC, and ſector 
BGC, the circumference BL and ſector BG are any equal 
multiples whatever; and of the circumference EF, and ſe&or 
EHF, the circumference EN and ſector EHN, are any equi- 
multiples whatever; and that it has been proyed, if the circum- 
ference BL be greater than EN, the ſector BG is greater than 
the ſetor EHN ; and if equal, equal; and if leſs, leſs. There: 5 
[fore b, as the circumference BC is to the cireumference EF, ſo b 5. def 5. 
5 the ſector BGC to the ſector EHF. Wherefore, in equal cir- 
cles, &e, Q. E. D. RES . 1 TT | 0 | 


e 4. 6. 


135. 3. 


by the ſides of the triangle is equal to the rectangle con, 
tained by the ſegments of the baſe, together with tie 
{ſquare of the ſtraight line biſecting the angle. 


bar. 3. 


ſquare of AD. Wherefore, if an angle, &c. Q. E. D. | 


See N. 


Let ABC be a triangle, and AD the perpendicular from the 


by the ſtraight line AD; the rectangle BA, AC is equal tothe 
rectangle BD, DC, together with the ſquare of AD. 


AD to the circumference in E, 


angle BAD is equal to the angle 
CAE, and the angle ABD to the 


ſameſegment; thetriangles ABD, 
AEC are equiangular to one an- 


2 is ERA to AC, and conſe- 
quently the rectangle BA, AC is 


that is e, to the rectangle ED, DA, 


together with the ſquare of AD : But the rectangle ED, DA . 
is equal to the rectangle f BD, DC. Therefore the reQangle Wi 


5 1 from any angle of a triangle a ſtraight line be drawn 
the fides of the triangle is equal to the rectangle con- 


cle deſcribed about the triangle. 7 


rectangle contained by AD and the diameter of the circle de- 
ſeribed about the triangle, 


THE ELEMENTS 


PROP. B. THE OR. 


F an angle of a triangle be biſected by a ftraight line 
which likewiſe cuts the baſe ; the rectangle contained 


Let ABC be a triangle, and let the angle BAC be biſcfed ; 


Deſcribe the circle a ACB about the triangle, and produce } 


and join EC: Then becauſe the — A : 


angle b AEC, for they are in the 


other: Therefore as BA to AD, 


equal d to the rectangle EA, AD, 
BA, AC is equal to the rectangle BD, DC, together with the } 
PROP. c. THE OR. 


perpendicular to the baſe; the rectangle contained ij 


tained by the perpendicular and the diameter of the cit 


angle A to the baſe BC; the rectangle BA, AC is equal to the 


Deſcribe 


W the angle AEC in the ſame ſega \ 
W meat e; thetriangles ABD, ARC 


3B Cis to CE, ſo is BD to DA; and | 
| conſequently the rectangle BC, AD 


| angles BAE, to the angle BDC, \ 
| the triangle ABE is equiangular to 
| the triangle BCD: As therefore BA 


Fg 
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Deſcribe the tircle ACB a- 
bout the triangle, and draw its 
diameter AE, and join EC: Be- 
cauſethe right angle BDA is e- 
qual b to the angle ECA in a ſe- 
micircle, and the angle ABD to 


are equiangular: Therefore as 
d BA to AD, ſo is EA to AC; 
and conſequently the reftangle 
BA, AC is equal © to the rectan- J 

gle EA, AD. If therefore from an angle, &c. Q. E. D. 


PRO P. D. TH E OR. 


T rectangle contained by the diagonals of a qua- SN. 


drilateral inſcribed in a circle, is equal to both the 


W rectangles contained by its oppoſite ſides. 


Let ABCD be any quadrilateral inſcribed in a circle, and 
join AC, BD; the rectangle contained by AC, BD is equal to 


: che two rectangles contained by AB, CD, and by AD, BC“. 


Make the angle ABE equal to the angle DBC; add to each 


or theſe the common angle EBD, then the angle ABD is e- 


is equal e to the rectangle BD, CE : | 
Again, becauſe the angle ABE is 
equal to the angle DBC, and the 


to AE, ſo is BD to DC; where- 


RC. Therefore the rectangle, &c. Q. E. D. 
TT 5 _ Ze 54:47 51 OR 
* This is a Lemma of Cl. Ptolomaus, in page 9. of bis Ev I. 
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DEFINITIONS. 


Sou i 13 that which _ length, breadth, and thieknel 
I. 


That which bounds Aa \ ſolid is a ſuperficies. 

| „ 
A kraight line is en or at right angles to a plane, 
when it makes right angles with way. ts line meeting 
it in that plane. 


< £ ns. Bf; £86 7 - 
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4 plane is perpendicular to a plane, when the ftraight lines W 
drawn in one of the planes perpendicalarly to the comma | 
ſection of the two planes, are perpendicular to the other I 


plane. 
V. | 


The een of a ſtraight line to a plane is the acute angle 
contained by that ſtraight line, and another drawn from the 
point in which the firſt line meets the plane, to the point in 
which a perpendicular to the plane drawn from any point a 
the firſt line above the plane, meets the ſame plane. 
| VI. | 
The inclination of» plane to a plane is the acute angle contain 
ed by two ſtraight lines drawn from any the ſame point of 
their common ſection at right angles to it, one upon obe 
Plane, and the other upon the other Plane. 


VII. Two 
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VAL: - Book Xl. 
ro planes are ſaid to have the ſame, or a like inclination to rnd 
one another, which two other planes have, when the ſaid 
angles of inclination are equal to one another. 

FX 1 VIII. . 

| Parallel planes are ſuch which do not meet one another though 
produced. | EN | | | 

A {olid angle is that which is made by the meeting of more See N. 

than two plane angles, which are not in the ſame plane, in 

one point. mo a TE 5 


« The tenth definition is omitted for reaſons given in the notes,” See N. 

| Similar ſolid figures are ſuch as have all their ſolid angles equal, gee N. 
each-to each, and which are contained by the ſame number 
of ſimilar planes. - Ws 


A pyramid is a ſolid figure contained by planes that are con- 
ſtituted betwixt one plane and one point above it in which 
they meet. 5 55 WE 2 
jj Em one y . 
A priſm is a ſolid figure contained by plane figures of which 
two that are oppoſite are equal, ſimilar, and parallel to one 
another; and the others parallelograms. e 
A ſphere is a ſolid figure deſcribed by the revolution of a ſami- 

= circle about its diameter, which remains unnoved, | _ 
The axis of a ſphere is the fixed ſtraight line about which the 


ſemicircle reyolves. Fs Ie 
XVI. 


| The centre of a ſphere is the ſame with that of the ſemicircle. 
5 „ 7 5 

The diameter of a ſphere is any ſtraight line which paſſes thro? 

the centre, and is terminated both ways by the ſuperficies of 


the ſphere, 3 

| 3 XVIII. 2 

A cone is a ſolid figure deſcribed by the revolution of a right 
_ angled triangle about one of the fides containing the right 

angle, which fide remains fixed. 

| If the fixed fide be equal to the other fide containing the right 

angle, the cone is called a right angled cone ; if it be leſs 

than the other fide, an obtuſe angled, and if greater, an acute 

angled cone, 6 


' N 3 XX. The 


Ci. TOS 


, IM 8 - who $3 
. 


198 THE ELEMENTS 


Book XI. XIX. 
— The axis of a eone is the ſixed ſtraight line about which the 
triangle revolves. 1 


The baſe of a cone is the circle deſcribed by that fide contain, 
ing the nk angle, which revolves, 
| . 
A cylinder i is a ſolid figure deſcrtbed by the revolution of 4 
right 22 * about one of its ſides wich rt. 


mains fixed 
XXII. 2 
The: axis of a cylinder is the fixed ſtraight line about which th 1 

* revolves, 
>. OIL 


The baſes of a cylinder are the cireles deſeribed by be r two te 
volving oppoſite ſides of the parallelogram. ” 
XXIV. 
Similar cones and cylinders are thoſe which have their Axes and 
the drameters of their baſes proportionals. 
=_—- * CR 
A cube i is a ſolid figure contained by fix equal ſquares, 
XXVI. 


\ RM 
_ EY. 2p A. LI IS) Io niet, f 
* 


„„ „». 0e 


1 A is a ſolid figure contained "> four equal and F 


e Wien. 1 b 
| XXVII. | 9 
8 An octahedron is a folid ee contained by eight equi an = 
equilateral triangles. = 
XXVIII. 


A dodecahedron is a ſolid figure coutgined by . equal 7 
Pentagon which are equilateral and equiangular. | 


XXIX. 
An icoſahedron 1s a folid figure contained by twenty equal and 
equilateral triangles. 
DEF. 


A parallelepiped i is a ſolid figure 3 by ſix quadrilatery 1 
figures, whereof very oppolits two are parallel. 


OF EUCLID. 


PROP. I. THEOR. 


NE part of a ſtraight line cannot be in a plane, and See N. 
another part above it. Re *© 


If it be poſſible, let AB, part of the ſtraight tine ABC, be in 
the plane, and the part BC above it: And fince the 18 


une AB 3 IS in the plane, it can be 


F and be turned about it until it 


nne EB, and let the plane be turned a- 


produced in that plane: Let it de 


produced to D. And let any plane . 
paſs through the ſtraight line AP, IXI | = 
2 


ſs thro* the point C; and be- 
WF cauſe the points B, C are in this plane, the fraight line BC is 

W in it: Therefore there are two ſtraight lines ABC, ABD in a 5. def. 1. 
= the ſame yn that have a common ſegment AB, which is imm 
poſſible b. Therefore, one part, &c, Q. E. D. | db Cor. 11. 1. 


PROP. II. THEOR. 


"WO ſtraight lines which cut one another are in See N. 
4 one plane, and three ſtraight lines which meet one 
naother are in one plane. 


Let two firaight lines AB, CD, cut one another in E; AB, 

= CD are one plane: And three ſtraight lines EC, CB, BE | 
which meet one another, are in one plane, 

Let any plane paſs through the ſtraight 


bout EB, produced, if neceſſary, until it 
paſs through the point C: Then becauſe 
the points E, C are in this plane, the 
ſtraight line EC is in it 2; For the fame 
reaſon, the ſtraight line BC is in the 
ſame ; and, by the hypotheſis, EB is in 
it: Therefore the three ſtraight lines EC, 
CB, BE are in one plane: But in the plane VL 
in which EC, EB are, in the ſame are b 
CD, AB: Therefore AB, CD are in 

one plane. Wherefore two Araight lines, &c QE. D. 


N4 | PROM 


8 a 7. def. 1. 


210, Ax. I. 


fore the triangles AEG, BEH have two angles of one equal 


FF two planes cut one another, their common ſeRig 


' DB be their common ſection: DB is a 
ſtraight line: If it be not, from the point 
D to B, draw, in the plane AB, the 
ſtraight line DEB, and in the plane BC 
the ſtraight line DFB: Then two ſtraight 
lines DEB, DFB have the ſame extremi- 
ties, aud therefore include a ſpace be- 
twixt them; which is impoſſible 2 : There- _ 
fore BD the common ſection of the planes 
AB, BC cannot hut be a ſtraight line. 


T* a ſtraight line ſland at right angles to each of tug 


alſo be at right angles to the plane which paſles through 


any ſtraight line GEH; and join AD, CB; then, from any 
the two ſtraight lines AE, ED are equal to the two BE, EC, 
is equal b to the baſe BC, and the angle DAE to the angle 
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PROP. III. THEOR. 


\ 


is a ſtraight line. 


Let two planes AB, BC, cut one another, and let the lin WR.” 


Wherefore, if two planes, &c. Q. E. D. 


PROP. IV. THEOR. 


ſtraight lines in the point of their interſection, it ſhall 
them, that is, to the plane in which they are, 


Let the ſtraight line EF ſtand at right angles to each of the ll 
ſtraight lines AB, CD in E, the point of their interſection: El 
is alſo at right angles to the plane paſſing through AB, CD. 
Take the ſtraight lines AE, EB, CE, ED all equal to oneat- 
pther ; and through E draw, in the plane in which are AB, CD, 


point F in EF, draw FA, FG, FD, FC, FH, FB: And becaule 
and that they contain equal angles a AED, BEC, the baſe AD 
EBC: And the angle AEG is equal to the angle BEH =; there- 
to two angles of the other, each to each, and the ſides AL, 
EB, adjacent to the equal angles, equal to one another; where | 


fore they ſhall have their other ſides equal e: GE is den 
FO " _ equi lc 
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nal to EH, and AG to BH: And becauſe AE is equal to EB, Book xl. 
d FE common and at right angles to them, the baſe AF is 
qual b to the baſe FB; for the ſame reaſon, CF is equal TOE 
D: And becauſe AD is equal to BC, and AF to FB, the two 
les FA, AD are equal to the two 5 
B, BC, each to each; and the baſe | F 
DF was proved equal to the baſe FC; WW. 
erefore the angle FAD is equal d to 

the angle FBC : Again, it was proved A 
What GA is equal to BH, and alſo AF = 
oFB; FA, then, and AG, are equal | / 
to FB and BH, and the angle FAG (5 
Ws been proved equal to the angle 
BH; therefore the baſe G is equal 
to the baſe FH: Again, becauſe it 
as proved, that GE is equal to EH, _. 
and EF is common; GE, EF are e- D : | 
Wal to HE, EF; and the baſe GF 3 
3s equal to the baſe FH ; therefore the angle GEF is equal d 
to the angle HEF ; and conſequently each of theſe angles is a 
right e angle. Therefore FE makes right angles with GH, e 10. def.x, 
bat is, with any ſtraight line drawn through E in the plane 
ang through AB, CD. In like manner, it may be proved, 
bat FE makes right angles with every ſtraight line which meets 
cia that plane. But a ſtraight line is at right angles to a plane 
ben it makes right angles with every ſtraight line which meets | 
Wt in that plane f: Therefore EF is at right angles to the plane f 3. def, 11. 
6 _—_ are AB, CD. Wherefore, if a ſtraight line, &c, 5 


— * 


0n 


PROP. V. THEOR. 


ny IF three ſtraight lines meet all in one point, and a 3 N. 
ule ſtraight line ſtands at right angles to each of them in 
5 that point; theſe three ſtraight lines are in one and the 


lame plane. 


Let the ſtraight line AB ſtand at right angles to each of the . 
ſtraight lines BC, BD, BE, in B the point where they meet; 


NR „BD, BE are in one and the ſame plane. » PT. 
_ If not, let, if it be poſſible, BD and BE be in one plane, and 


BC be above it; and let a plane paſs through AB, BC the 
common ſection of which with the plane, in which BD and BE 
„„ are, 
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Book XI. 
32 


2 3. 11. 


5 4.11. | 
C 3- def, II. 


b 4. I, 


that plane: But BD, BE, which are in 


ſon, each of the angles C DB, CDE is 
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are, ſhall be a ſtraight 2 line; let this be BF: Therefore the threg 
ſtraight lines AB, BC, BF are all in one plane, viz. that which 


_ paſſes through AB, BC; and hecauſe AB ſtands at right angles 


to each of the ſtraight lines BD, BE, it is alſo at right angles 
b to the plane paſſing through them; and therefore make, 
right angles c with every ſtraight A e 
line meeting it in that plane; but 7 | 
BF which is in that plane meets it: 


I” 


Therefore the angle ABF is a right 03 ©; 
angle ; but the angle ABC, by the | 
hypotheſis, is alſo a right angle; 
therefore the angle ABF is equal 
to the angle ABC, and they are 
both in the ſame plane, which is 
impoſſible : Therefore the ſtraight 


line BC is not above the plane in 


which are BD and BE: Wherefore the three ſtraight lines BC, 
| BD, BE are in one and the ſame plane, Therefore, if three 
ſtraight lines, &c. Q. E. D. „ : 


PROP. VI. THEOR. 


T* two ſtraight lines be at right angles to the ſame 
4. plane, they ſhall be parallel to one another. 


Let the ſtraight lines AB, CD be at right angles to the ſame 


plane; AB is parallel to CD. 


Let them meet the plane in the points B, D, and draw the 


ſtraight line BD, to which draw DE at right angles, in the 
ſame plane; and make DE equal to AB, | 


C 


and join BE, AE, AD. Then, becauſe A 
AB is perpendicular to the plane, it 
ſhall make right * angles with every 
ſtraight line which meets it, and is in 


that plane, do each of them meet AB. 
Therefore each of the angles ABD, 
ABE is a right angle: For the ſame rea- 


a right angle: And becauſe AB is equal 
to DE, and BD common, the two | 
ſides AB, BD are equal to the two  _ 
ED, DB; and they contain right angles; therefore the baſe 


AD is equal b to the baſe BE : Again, becauſe AB is * 


in 
Pa 
lit 
Ei 
ty 
in 
W 
th 
pe 
pl 
tt 
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to DE, and BE to AD; AB, BE are equal to ED, DA; and, Book Xl. 
in the triangles ABE, EDA, the baſe AE is common; there 
fore the angle ABE is equal e to the angle EDA: But ABE is c 8. 1. 

a right angle; thereſore EDA is alſo a right angle, and ED 

| perpendicular to DA: But it is alſo perpendicular to each of 

the two BD, DC: Wherefore ED is at right angles to each of 

the three ſtraight lines BD, DA, DC in the point in Which 

they meet : Therefore theſe three ſtraight lines are all in the 
ame plane d: But AB is in the plane in which are BD, DA, ds. 11. 
becauſe any three ſtraight lines which meet one another are in 
one plane e: Therefore AB, BD, DC are in one plane: And e 2. 11. 
eꝛch of the angles ABD, BDC is a right angle; therefore AB is 
perallel f to CD. Wherefore, if two ſtraight lines, &c. Q. E. D. f 28. r, 


PROP. VI. THEOR. 


F two ſtraight lines be parallel, the ſtraight line drawn 3 M. 
from any point in the one to any point in, the other, 
zs in tae ſame plane with the parallels. | 


Let AB, CD be parallel ſtraight lines, and take any point 
E in the one, and the point F in the other: The ſtraight line 
which joins E and F is in the ſame plane with the parallels. 
If not, let it be, if poſſible, above the plane, as EGF ; and 

in the plane ABCD in which the 41 1 

| parallels are, draw the ſtraight 8 

line BHF from E to F; and ſince 

EGF alſo is a ſtraight line, the 

two ſtraight lines EHF, EGF 
inelude a ſpace between them, i 8 
which is impoſſible a. Therefore — — 
the ſtraight line joining the C D 

points E, F is not above the 2 = 

plane in which the parallels AB, CD are, and is therefore in 

that plane, Wherefore, if two ſtraight lines, &c. Q. E. D. 


Fi 


PROP. vn. THEOR. 


þ two ſtraight lines be parallel, and one of them is at See NM. 
night angles to a plane; the other alſo ſhall be at 
ſight angles to the ſame plane, 5 
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g 7. 11. 


13. def. 11. 


b 29. 1. 


two AB, BD are equal to the two ED, | ” 


the angle EDB, becauſe each of them 
is a right angle; therefore the baſe AD 
is equal e to the baſe BE: Again, be- 
cauſe AB is equal to DE, and BE to 
AD; the two AB, BE are equal to the 


4. 1. 


mon to the triangles ABE, EDA; 
wherefore the angle ABE is equal dito 


d TT 


equal b to two right angles: And ABD is a right angle; 
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Let AB, CD be two parallel ſtraight lines, and let one of 
them AB be at right angles to a plane; the other CD is at i ht 
angles to the ſame plane. 5 as ro by. 
Let AB, CD meet the plane in the points B, D, and join 
BD: Therefore g AB, CD, BD are in one plane. In the plane 
to which AB 1s at right angles, draw DE at right angles 
to BD, and make DE equal jo AB, and join BE, AE, Ab. 
And becauſe AB is perpendicular to the plane, it is perpen. 
dicular to every ſtraight line which meets it, and is in that 
plane a: Therefore each of the angles ABD, ABE, is a right 
angle: And becauſe the ſtraight line BD meets the parallel 
ſtraight lines AB, CD, the angles ABD, CDB are together 


therefore alſo CDB is a right angle, and CD perpendicular to 
BD: And becauſe AB is equal to DE, and BD common, the 


DB, and the angle ABD 1s equal to A I 0 


two ED, DA; and the baſe AE is com- B. 


the angle EDA: And ABE is a right | 


angle; and therefore EDA is a right * 
angle, and ED perpendicular to DA: 3 


4 17. 
fi 3. deſ. 11. 


But it is alſo perpendicular to BD; therefore ED is perpendi- 


cular e to the plane which paſſes through BD, DA, and ſhall | 
make right angles with every ſtraight line meeting it in that 
plane: But DC is in the plane, paſſing through BD, DA, be- 
cauſe all three are in the plane in which are the parallels AB, 
CD: Wherefore ED is at right angles to DC ; and therefore 
CD is at right angles to DE : But CD is alſo at right angles to 


PB; CD then is at right angles to the two ſtraight lines DE, 
DB in the point of their interſection D; and therefore is at 
right angles e to the plane paſſing through DE, DB, which is 


the ſame plane to which AB is at right angles. Therefore, if 


two ſtraight lines, &c. QE. D. 


PROP. 


wil 


p. 


PROP. IX. THE OR. 
WO Reaight lines which are 4 of them parallel 
T to the ſame ſtraight line, and not in the N plane 2 
with it, are parallel to one another. 
| Let AB, CD be each of them parallel t to EF, and not in the 
ſame plane with it ; AB ſhall be parallel to CD. 
In EF take any point G, from which draw, in the plane 
paſſing through EF, AB, the ſtraight line GH at right angles to 
EF; and in the plane paſſing through EF, CD, draw GK at 
right angles to the ſame EF. And A H . 
becauſe EF 1s perpendicular both . B 
to GH and GK, EF is perpendi- * N N 
cular a to the plane HGK paſſing 5.3" Weak 1 
through them: And EF is parallel E NES. G F 9 ag 
to AB; therefore AB is at right 4 ROY 
angles bto the plane HG K. For the 1 e 


ſame reaſon, CD is like wiſe at riglit S K 1 D 

angles to the plane HGK. There- N | 

fore AB, CD are each of them at right angles to the vane 

HGK. But if two ſtraight lines are at right angles to the ſame 
plane, they ſhall be parallele to one another. Therefore AB is c 6. 11. 
parallel to CD. Wherefore two ſtraight lines, &c. Q. E. D. 


'PROP. X. THEOR. 


= two Qraight lines meeting one another be parallel 
to two others that meet one another, and are not in 


| the ſame plane with the firſt two; the firſt two and the 


Other two ſhall contain equal angles. 


Let the two ſtraight lines AB, BC which mect one another 
be parallel to the two ſtraight lines DE, EF that meet one ano- 
ther, and are not in the ſame plane with AB, BC. The angle 
ABC is equal to the angle DEF. 


Lake BA, BC, ED, EF all 8888 to one another; and join 


AD, 


— * = 
— — 4" 2 2 — — — — — rc a 
\ . , — 5 — OO 
= Cn 37S — — I · tO — — . Q— 4 nene 
* 


d 8. 1. 


1 12. 1. 


parallel to BE. For the ſame reaſon, FR Then 
CF is equal and parallel to BE. There- 4 E 2 DE. 


line, and not in the ſame plane with it, | 
A0 is parallel to CF; and it is equal c | 1 perp 
to it, and AC, DF join them towards E 

the ſame parts; and therefore a AC is D —— 
equal and parallel to DF. And be- 


baſe DF; the angle ABC is equal Ito the — DEF. Then 
fore, if two ſtraight lines, &c. 2 E. D 


L ] 0 draw a ftraight Wne r to a plane 


to draw from the Point A a ſtraigbt line perpendicular to the 
Fan .. 


5 A draw a AD perpendicular to BC. If then AD be alſo per- 
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AD, CF, BE, AC, DF : Becauſe BA is equal and parallel 
ED, therefore AD is a both equal and 


fore AD and CF are each of them e- A; | 
qual and parallel to BE. But ſtraight 1 5 
lines that are parallel to the ſame ſtraight | _ : plane 


are parallel b to one another. Therefore 


F 
cauſe AB, BC are equal to DE, EF, and the baſe AC to the 


PROP. xl. PROB. 


from a given point above it. 
Let A be the given point above the plane BH; it is s require 


In the plane draw any icht line BC, and from the point 


peundicular to the plane BH, the thing — is 1 th 
done; but if it be not, from the it 
point D drawb, in the plane BH, to 


3 


the ſtraight line DE at right 3 F oo 
gles to BC; and from the 88 : N 


; c 31. 1. 


parallel to BC : And becauſe BC 


inn. 


e 8. 11. 


f 3. del. 17, and is perpendicular f to every ftraight line meeting it in that 


paſſing through 
GH is parallel to BC; but, if 


A draw AF perpendicular to 


DE ; and through F draw 3 


is at right gee; to ED and DA, 
BC isatright wg dto the plane 1 3 
D., DA. And B D ( 


two ſtraight lines be parallel, one of which i is at right anglesto 
a plane, the other ſhall be at right © angles to the fame plane; 
wherefore GH is at right angles to the plane through ED, DA, 


plane. But AF, which is in che plane through ED, DA, * 


Therefore AF is perpendicular to each of the ſtraight lines GH, 
DE. But if à ſtraight line ſtands at right angles to each of 
two firaight lines in the point of their interſection, it ſhall alſo 
be at right angles to the plane paſſing through them. But the 
plane paſſing through ED, GH is the plane BH ; therefore AF 
is perpendicular to the plane BH ; therefore, from the given 
point A, above the plane BH, the ſtraight line AF is drawn 
perpendicular to that plane: Which was to be done. | 


PROP. XII. PROB. 


o erect a ſtraight line at right angles to a given 
plane, from a point given in the plane, 


a ſtraight line from the point A at right 
| angles to the plane. 
From any point B above the plane 7. 
draws BC perpendicular to it; and 10 3 
from A draw b AD parallel to BC. Be-. ⁵̃ ͤwZ 
cauſe, therefore, AD, CB are two pa- | ba. 
E 


mm B 


ont rallel ſtraight lines, and one of them 
Pet. Bis at right angles to the given plane, 2 
ady the other AD is alſo at right angles to 


to a given plane from a point given in it. Which was to be done. 


PROP. XIII. THEO R. 


8 the ſame point in a given plane, there cannot 


pendicular to a plane from a point above the plane. 


ne; 5 55 | Ns 
JA, For, if it be poſſible, let the two ſtraight lines AC, AB, be at 
hat right angles to a given plane from the ſame point A in the plane, 
cets and upon the ſame fide of it ; and let a plane paſs through BA, 


AC; the common ſection of this with the given plane is a 
| | | ſitraight 


4 


Tet A be the point given in the plane ; it is required to ere& 


be two ſtraight lines at right angles to the plane, 
upon the ſame ſide of it: And there can be but one per- 
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. Therefore GH is perpendicular to AF; and conſequently Book xl. 
AF is perpendicular to GH; and AF is perpendicular to DE: 


it e. Therefore a ſtraight line has been erected at right angles e g. 11. 
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Book XI. ſtraight a line paſſing through A: Let DAE be date 


* ſection: Therefore the ſtraight lines AB, AC, DAE 


commot 
Are in one 


plane: And becauſe CA is at right angles to os given plane, 
ſhall make right angles with every | 
ſtraight line meeting it in that plane. C 
But DAE, which 1s in that plane, e 
meets CA; therefore CAE is a right 
angle. For the ſame reaſon BAE C 
is a right angle. Wherefore the an- 
gle CAE is equal tothe angle BAE; 7 r 
and they are in one plane, which is? A J 
impoſſible. Alſo, from a point above a plane, there can 1 be bu 
one perpendicular to that plane; for, if there could be tyo, 
b 6. 11. they would be parallel b to one another, which is abſurd. Then 
moms Trom the ſame n Ke. VS E. D. 


PROP. XIV. THEOR. 


LANES to which the 30 fra ght line i is pepe. 
cular, are Parallel to one another. 


I the draicke line AB be perpendicular to each of the 
| Plapen CD, EF; theſe planes are parallel to one another. 
Tf not, they ſhall meet one another when produced; let them 
meet; their common ſection ſhall be 
8 ſtraight line GH, in which take any 
point K, and join AK, BK : Then, 
becauſe AB 1s perpendicular to the . 
a 3. def. rx, Plane EF, it 1s perpendicular ato the 
| ſtraight line BK which is in that plane. 
Therefore ABK is a right angle. For 
the ſame reaſon, BAK is a right angle; 
wherefore the two angles ABK, BAK | 
of the triangle ABK are equal to two | 
vi7.r. Tight angles, which is impoſſible Þ; 
Iherefore the planes CD, EF, though 
produced, do not meet one another ; 
| <8.de 5 11. that is, they are parallel ce. There- 
fore planes, . 2. E. D. 
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One 


" PROP. XV. THEOR. 


are not in the ſame plane with the firſt two; the plane 
| which paſſes through thele is parallel to the plane paſſing 
through the others. „„ a 


= 


but 
wo, 
ore. 


Let AB, BC, two ſtraight lines meeting one another, be pa- 
rallel to DE, EF that meet one another, but are not in the 


DE, EF ſhall not meet, though produced, 


which paſſes through DE, EF, and let it meet that plane in 


rallel to EF: And becauſe BG is perpendicular to the plane 
through DE, EF, it ſhall E 


W make right angles with every _ 1 — =» 
ſtraightline meeting it in that B. 1 8 Gs 


nd. 


GH, GK in that plane meet 1 
it: Therefore each of the an- | 


gles BGH, BGK ts a right A . _ OP 
angle: And becauſe BA is 1 W 
parallel a to GH (for each ort H= 


them 1s parallel to DE, and 1 > 3 

they are not both in the ſame plane with it) the angles GBA, 
5H are together equal e to two right angles : And BGH is a 
right angle; therefore alſo GBA is a right angle, and Gli per- 


C: Since therefore the ſtraight line GB ſtands at right angles 
to the two ſtraight lines BA, BC, that cut one another in B; 


perpendicular to each of the planes through AB, BC, and DE, 
EF: But planes to which the ſame ſtrai ght line is perpendicular, 
are parallel gto one another : Therefore the plane through Ag 
50 is parallel to the plane through DE, EF. Wheretore, if 
wotraght lines, &c. QE. D. 1 1 8 


P. 


K OI PROP 


Book XI. 
— 


lame plane with AB, BC: The planes through AB, BC, and 


d 9. 11 


e 29. I, 


pendicular to BA: For the ſame reaſon, GB is perpendicular to 


F two ſtraight lines meeting one another, be parallel see N. 
to two ſtraight lines which meet one another, but 


From the point B draw BG perpendicular a to the plane, rr. 18 


6; and through G draw GH parallel bto ED, and GK pa- b 31, 1. 


plane c. But the ſtraight lines . En [> K <3: def. 17, 


GB is perpendicular ſ to the plane through BA, BC: And it is 4. 11. 
perpendicular to the plane through DE, EF; therefore BG is 


g 14.11 


See N. 


the plane CD: Wherefore the 
planes AB, CD produced 


Therefore the ſtraight lines E = 
EF, Gif do not meet when 5 ü 
produced on the fide of FH: In the ſame manner it aw 
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PROP. XVI. THEOR. 


Ir two parallel planes be cut by another plane, the 


common ſections with it are parallels. 


Let the paralle] planes, AB, CD be cut by the plane EFRG, 


and let their common ſections with it be EF, GH: EF is pal 


lel to GH 
For, if it is not, EF, GH ſhall mbc, if produced, ds 
the fide of rH, or EG: Firſt, let them be produced on the fide 


of H, and meet in the point K: Therefore, ſince EFK is n 


the plane AB, every point in K 
EFK is in that plane; and K 
is a point in EFK ; therefore O 
K is in the plane AB: For . 
the ſame reaſon K is alſo in N 


meet one another; but they „ 


do not meet, Lace they are gt [ee 
parallel by the hypotheſis : yn © E 


proved, that EF, GH do not meet when produced on the fide 


of EG: But ſtraight lines which are in the ſame plane and do 
Not meet, though produced either way, are parallel : Therefore 
EF is pardlel to GH. Wherefore, if two pk _ Nc. 


n 


PROP. XVII. THEOR. 


li two ſtraight lines be cut by parallel planes, they ſhall 


be cut in the ſame ratio. 


Lt the ſtraight Uncs AB, CD is cut by the -aralle planes 
GH, KL, MN, in the points A, E, B; C, F * As AE isto 
Fg, ſo is CF to FD. 

Join AC, BD, AD, and let AD meet the "lens KL in the 
point X; and join EX, XF: Becauſe the two parallel planes 
KL, MN are cut by the plane EBDX, the common 4 


7 


| ABD, as AE to EB, ſo is b AX 


AE to EB; Therefore e, as / K 
AE to EB, ſo is CF to FD. MA 
| Wherefore, if two ſtraiglit lines, 25 oy 


| &c. Q. E. D. 


| the plane CK. 


| CE: And becauſe AB is per- 


| Tight angles to the ſame plan: e. But one plane is at right an- c 8. 11. 
| gles to auother plane when the ſtraight lines drawn in one of the 
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EX, BD, are parallel a, For the ſame reaſon, becauſe the two Baok XI. 


parallel planes GH, KL are cut 1 W 5 


by the plane AX FC, the com- | = 

4 ſections AC, XF Are paral» | al A "A 7 
el; And becauſe EX is parals 8 DOR 4 ea 

lel to BD, a fide of the triangle ig | 


b 2. 6. 
to XD. Again, becauſe XF is 
parallel to AC, a fide of the _ / E. 
triangle ADC, as AX to XD, K 
ſo is CF to FD: And it was 
proved that AX is to XD, as 


PROP. XVIII. THE OR. 


F a ſtraight line be at right angles to a plane, every 
plane which paſſes through it ſhall be at right angles 
to that plane. ES 


Let the ſtraight line AB be at right angles to a plane CK; 
every plane which paſſes through AB ſhall be at right angles to 


Let any plane DE paſs through AB, and let CE be the com- 
mon ſection of the planes DE, CK; take any point F in CE, 
from which draw FG in the | E 
plane DE at right angles to, | D | G a A | H 


pendicular to the plane CK, | 14 | ET 
therefore it is alſo. perpendi» _ , KR | 

cular to every ſtraight line in T | pb 
that plane meeting it a: And 
conſequently it is perpendicu- | | 

hr o CE: Wherefore ABF IMs F B 3 E 
is a right angle; but GFB is C e . 
likewiſe a right angle; therefore AB is parallel b to FG. And b 28. 1. 
AB is at right angles to the plane CK; therefore FG is alſo at | 


planes, at right angles to their common ſection, are alſo at right 
. | +" "SY ; angles 


212 


Book XI. 
4 4. det. FE 


u 4. def. IT. 


b 13. 11. 


lar to the third plane. Wherefore, 
from the point D two ſtraight lines 
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angles to the other plane d; ; and any ſtraight line FG in V 
plane DE, which is at right angles to CE the common ſeQion 
of the planes, has been proved to be perpendicular to the other 
plane CK ; therefore the plane DE is at right angles to the 
plane CK. In like manner, it may be proved that all the planes 


which paſs through AB are at right angles to the plane CK, 


Therefore, if a ſtraight line, &c. Q. E. D. 


PRO P. XIX. THEO R. 
F two planes cutting one another be each of them 
perpendicular to a third plane; their common ſection 


ſhall be perpendicular to the ſame plane. 


Let the two planes AB, BC be each of them perpendicular o 


a third plane, and let BD be the common ſection of the firſ 


two; BD is perpendicular to the third plane. 
If i it be not, from the point D draw, in the plane AB, the 
ſtraight line DE at right angles to AD the common ſe&ion of 


the plane AB with the third plane; and in the plane BC dray 


DF at right angles to CD. the common — ot the aw BU 


with the third plane. And becauſe the 
plane AB is perpendicular to the third 
plane, aud DE is drawn in the plane AB 


at right angles to AD their common 


ſection, DE is perpendicular to the 
third plane a. In the ſame manner it 
may be proved that PF is perpendicu- 


ſtand at right angles to the third plane, 
upon the ſame fide of it, which :s im- 
poſſible b; Therefore, from the point 
D there cannot be any ſtraight line at A. 


right angles to the third plane, except £ 
BO the common ſection of the planes AB, BC. BD there! ore 


15 © OW to the third plane, W herefoze, if two 


Kc. n 


"PROP. 


„ „„ -- a RN ro = 


WM 
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ion PRO P. XX. THE OR. 9 Book XI. 
. 5 a (id angle be contained by three plane * See N. 
= any two of them are greater than the third. 0 


Let the ſolid angle at A be contained by the three plane an- 

| gles BAC, CAD, DAB. Any two of them are * than 
the third. 

| If the angles BAC, CAD, DAB be all equal, it is evident 

| that any two of them are greater than the third. But if they 

are not, let BAC be that angle which is not leſs than either of 

the other two, and is greater than one of them DAB; and at 
the point A in the ſtraight line AB, make, in the plane which 

| paſſes through BA, AC, the angle BAE equal * to the angle 
DAB; and make AE equal to AD, and through E draw 
BEC cutting AB, AC ia the points 1 

B, C, and join DB, DC. And be- 

| cauſe DA is equal to AE, and AB is 

| common, the two DA, AB are equal 

to the two EA, AB, and the angle 

| DAB is equal to the angle EAS : 
Therefore the baſe DB is equal b to ; 141. 

the baſe BE. And hecauſe BD, DC 5 EL E CG 

| are greater © than CB, and one of OY 

| them BD has been proved equal to BE a part ol CB, therefore: c 20. 2. | 

the other DC is greater than the remaining part EC. And be- | 

cauſe DA is equal to AE, and AC common, but the baſe DC 

greater than the baſe EC; therefore the angle DAC is greater d | 1 

than the angle EAC; and, by the conſtruction, the angle DAB d L.. : | oy 

is equal to the angle BAE; wherefore the angles DAB, DAC 8 | 

| arc together greater than BAE, EAC, that is, than the angle 

{ BAC. But BAC is not leſs than either of the angles DAB, 

DAC; therefore BAC, with either of them, is greater than the 

other. Wherefore, if 2 folid angle, Ke. Q. E. D. 


em 


on N 23. 1. 


T to 


i 


the 
| of 
raw 


BY 


PROP. XXI. TOR. 


Een ſolid be ia contained by plane angles which 
together are leſs than four right angles. 


Firſt, Let the ſolid angle at A be contained by three plane 
angles BAC, CAD, DAB. Theſe three together are leſs than 
four right angles, 

03 Take 
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b 32. I. 


5 angles : Therefore the remaining three angles BAC, DAC, 


are greater than the angle FBC : For 


ſame reaſon, the angles BCA, ACD are greater than the angle 


are greater than the three angles DBC, D 
BCD, CDB : But the three angles 6... 8 
DBC, BCD, CDB are equal to two 


are equal to fix right angles : Of theſe the fix angles CBA, 


right angles. 


ed by three plane angles CBA, ABF, 


at each of the points C, D, E, F, viz. 
the angles which are at the baſes of the 
triangles having the common vertex 


the ſame point, which is one of the 


angles of the polygon BCDEF: There- ' 
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Fake in each of the ſtraight lines AB, AC, AD any points 
B, C, D, and join BC, CD, DB : Then, becauſe the ſolid angle 
at B is contained by the three plane angles CBA, ABD, DR, 
any two of them are greater ® than the third; therefore the 
angles CBA, ABD are greater than the angle DBC: For the 


DCB; and the angles CDA, ADB greater than BDC: Where. 
fore the fix angles CBA, ABD, BCA, ACD, CDA, ADB 


right angles b: Therefore the fix an- 
gles CBA, ABD, BCA, ACD, CDA, 
ADB are greater than two right an- 19 
gles: And becauſe the three angles of . 
each of the triangles ABC, ACD, 3 e ( 
ADB are equal to two right angles, ; 

therefore the nine angles of theſe three triangles, viz. the angles 


CBA, BAC, ACB, ACD, CDA, DAC, ADB, DBA, BAD 


ACB, ACD, CDA, ADB, DBA are greater than two right 
BAD, which contain the ſolid angle at A, are leſs than four 


Next, let the ſolid ele at A be . FO any number 
of plane angles BAC, CAD, DAE, EAF, FAD 3 theſe toge- 
ther are leſs than four right angles. 


Let the planes in which the angles are, be cut by A Plane, and 
let the common ſection of it with thoſe N 
planes be BC, CD, DE, EF, FB: And 


becauſe the folid angle at B L contain- 


FBC, of which any two ,are greater 2 
than the third, the angles CBA, ABF 


the ſame reaſon, the two plane angles BI 


A, are greater than the third angle at 


fore all the angles at the baſes of the triangles are together 
greater 


greater than all the angles of the polygon : And becauſe all the Book xl. 
angles of the triangles are together equal to twice as many, 
richt angles as there are triangles b; that is, as there are ſides b 32. 1. 
in the polygon BC DEF; and that all the angles of the polygon, | 
together with four right angles, are likewiſe equal to twice as 

many right angles as there are ſides in the polygon e; there- e 1. Cor. 
ſore all the angles of the triangles are equal to all the angles 32. 7. 

of the polygon together with four right angles. But all the > 

| angles at the baſes of the triangles are greater than all the angles 

| of the polygon, as has been proved. Wherefore the remaining 

angles of the triangles, viz. thoſe at the vertex, which contain 

the ſolid angle at A, are leſs than four right angles: There- 

| fore every ſolid angle, &c. Q. E. D. | 


PROP. XXII. THEOR. 


F every two of three plane angles be greater than the gte N. 
third, and if the ſtraight lines which contain them be 
all equal; a triangle may be made of the ſtraight lines 
that join the extremities of thoſe equal ſtraight lines. 


Let ABC, DEF, GHK be three plane angles, whereof every 
two are greater than the third, and are contained by the equal 
ſtraight lines AB, BC, DE, EF, GH, HK; if their extremities 
be joined by the ſtraight lines AC, DF, GK, a triangle may be 
made of three ſtraight lines equal to AC, DF, GK; that is, 
every two of them are together greater than the third. 


. 4 


If the angles at B, E, H are equal: AC, DF, GK are alſo 
equal a, and any two of them greater than the third: But if 24. 1. 
the angles are not all equal, let the angle ABC be not leſs than 
either of the two at E, H; therefore the ſtraight line AC 
is not leſs than either of the other two DF, GK Þ; and it is þ 4. Cor. 
plain that AC, together with either of the other two, muſt be 24. 1. 
greater than the third : Alfo DF with GK are greater than 
AC; For, at the point B in the ſtraight line AB make e the c 23. 1. 
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Book xl. angle ABL. equal to tlie angle GHK, and make BL equal to 


d 24.7. 


e 20.1. 


See N. 


AL, LC: Then becauſe AB, BL are equal to GH, HK, ang 


the angle ABC, of which the angle at H is equal to ABL, there. 


And becanſe the two fides LB, BC are equal to the two DE, 
EF, and that the angle DEF is greater than the angle LBC, 


| 18 than AL and LC: But AL and LC are greater e than 
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one of tne ſtraight lines AB, BC, DE, EF, GH, HK, and Join 


the angle ABL to the angle GHK, the baſe AL is equal to 
the bate GK: And becauſe the angles at E, H are greater than 


fore the remaining angle at E is greater than the angle LBC. 


B 3 


— 2 55 
+ 


K 


the baſe DPF is greater d than the baſe LC: And it has been 
proved that GK is equal to AL; therefore DF and GK are 


C; much more then are DF and GK greater than AC. 
Wherefore every two of theſe ſtraight lines AC, DF, GK are 
greater than the third; and, therefore, a triangle may be made f, 


the ſides of which ſhall be equal to AC, DF, GK. Q.E.D. 


PROP. XXIII. PRO B. 


Fo make a folid angle which ſhall be contained by 
three given plane angles, any two of them being 


greater than the third, and all three together leſs than 
four right angles. 5 | 


Let the three given plane angles be ABC, DEF, GHK, ay 
two of which are greater than the third, and all of them toge- 
ther leſs than four right angles. It is required to make a ſolid 


angle contained by three plane angles equal to ABC, DEF, 
K, each to each. . Ss 


From 
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From the ſtraight lines containing the angles, cut off AB, Book XI. 
BC. DE, EF, GH, HK, all equal to one another; and join 
AC DE, GK: Then a triangle may be made > of three ſtraight 2 11. 


H 


VVV 
lines equal to AC, DF, GK. Let this be the triangle LMN b, b 22 1. 
ſo that AC be equal to LM, DF to MN, and GK to LN ; and 
about the triangle LMN deſcribe e a circle, and find its centres c 5. 4. 
X, which will either be within the triangle, or in one of its 

ſides, or without it. Fe NET 
'Firſt, Let the centre X be within the triangle, and join 
LX, MX, NX: AB is greater than LX: If not, AB muſt ei- 
| ther be equal to, or leſs than LX ; firſt, let it be equal : Then 
| becauſe AB is equal to LX, and that AB is alſo equal to BC, 
and LX to XM, AB and BC are equal to LX and XM, each 
to each; and the baſe AC is, by conſtruction, equal to the 
baſe LM ; wherefore the angle ABC is equal to the angle 
LXM 4, For the ſame reaſon, the angle. DEF is equal to the (og , 
angle MXN, and the angle GHK ” | KR e 


to the angle NX L: Therefore the 
three angles ABC, DEF, GHK are 
equal to the three angles LXM, 
MXN, NXT: But the three angles 
LXM, MXN, NXL are equal to 
four right angles e: therefore alſo 
the three angles ABC, DEF, GHK 
are equal to four right angles: But, 
by the hypotheſis, they are leſs 
than four right angles, Which is 
abſurd ; therefore AB is not equal 
to LX: But neither can AB be %%% ad eros ' 
leſs than LX. For, if poſſible, let it be leſs, and upon the 
{traight line LM, on the fide oß it on which is the centze X, 
deſcribe the triangle LOM, the fides LO, OM of which are 
*qual to AB, BC; and becauſe the baſe LM is equal mw 


—— — > —— ——_ — rn 
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Book XI. baſe AC, the angle LOM is equal to the angle ABC d. And vr a 


„ 1 N AB, that is, LO, by the hypotheſis, 1s leſs than LX; where. 


121. 1. 


would be equal to, or greater than 


LO M, that is, the angle ABC; is 
greater than the angle LXMf: In 


that the angle DEF is greater than 
the angle MXN, and the angle 
GK greater than the angle NXL. | 
Therefore the three angles ABC, MIX 
DEF, GHK are greater than the 


that is, than four right angles: But 


and it has been proved that it is not equal to LX; wherefore 
AB is greater than LN. | 1 


join XL: In this caſe alſo AB is 
greater than LX. If not, AB is 
either equal to LX, or leſs than it: 


EF, are equal to MX and XL, that 
is, to MN: But, by the conſtruction, 


5 poſſible +: Wherefore AB is not e- 


LMN, and join LX, MX, NX. In this cafe likewiſe AB is 
greater than LX: If not, it is either equal to, or beſs than LX. 


as in the firſt caſe, that the angle ABC is equal to the angle 
MXL, and GHK to LXN ; therefore the whole angle MXN 


are together greater than the angle DEF; therefore allo 


fore LO, OM fall within the triangle LXM ; for, if they gg 
upon its ſides, or without it, they 


LX, XMf: Therefore the angle 


the ſame manner it may be proved 


three angles LXM, MXN, NX L 


* 


the ſame angles ABC, DEF, GHK are leſs than four righ 
angles; which is abſurd : Therefore AB is not leſs than LX. 


Next, Let the centre X of the circle fall in one of the fide CE 
of the triangle, viz. in MN, and - | K 


Firſt, let it be equal to XL: There- 
fore AB and BG, that is, DE, aud 


MN is equal to DF; therefore DE, 
EF are equal to DF, which is im- 


qual to LX; nor is itlefs ; for then, eq 


much more, an abſurdity would, 2 
follow: Therefore AB 1s greater than LX. | 155 
But, let the centre X of the circle fall without the triangle 


Firſt, let it be equal; it may be proved in the ſame manner, 


is equal to the two angles, ABC, GHK : But ABC and GHI 


„ a 06 0- * ©, % © 


the angle MXN is greater than DEF. And becauſe = 


Hk, and join CP, AP. And becauſe 
| CB, BP are equal to GH, HK, each to each, and they con- 
tain equal angles; wherefore the baſe CP is equal to the baſe 


| whole angle MLX is greater than 
each to each, but the angle MLN 


AP. And MN is equal to DF; 
therefore alſo DF is greater than 
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F are equal to MX, XN, and the baſe DF to the baſe Book Xt. 
\ N. the angle. MXN is equal d to the angle DEF: And it has N 
3 proved, that it is greater than DEF, which 1s abſurd. — 


nerefore AB is not equal to LX. Nor yet is it leſs; for then, 
« has been proved in the firſt caſe, the angle ABC is greater 


han the angle MXL, and the angle GHK greater than the 
angle LXN. At the point B in the ſtraight line CB make the 
angle CBP equal to the angle GHK, and make BP equal to 


oy ro 
CB is equal to GH; 


GK, that is, to LN. And in the iſoſceles triangles ABC, MXL, 
becauſe the angle ABC is greater than the angle MXL, there- 


WT fore the angle MLX at the baſe is greater g than the angle © 3K; I. 
Ach at the baſe. For the ſame reaſon, becauſe the angle GHR, 
| or CBP, is greater than the angle R 5 


LXN, the angle XLN is greater 
than the angle CBP. Therefore the 


the whole angle ACP. And becauſe 
ML, LN are equal to AC, CP, 


is greater than the angle ACP, the 
bale MN is greater hthan the baſe \, 


AP. Again, becauſe DE, EF are 
equal to AB, BP, but the baſe DF 
greater than the baſe AP, the an- "I 
gle DEF is greater k than the angle : 


ABP . AndABP is equal to the two angles ABC, CBP, that . 
is, to the two angles ABC, GHK; therefore the angle DEF is 


greater than the two angles ABC, GHK ; but it is alſo leſs 


than theſe which is impoſſible. Therefore AB is not leſs than 


LX; 


— —— ——— —— — — 3 = —_ 
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exceſs of the ſquare of AB above 


to the plane of the circle LMN, it 


| v 3. def. 11. 


XR common, and at right angles M — | = 


qual to the baſe RM. For the fame \ _ X 


ſtraight lines RL, RM, RN are all 
equal. And becauſe the-ſquare of 


c 47.1, 


becauſe LXR is a right angle. Therefore the ſquare of A} 
is equal to the ſquare of RL, and the ſtraight line AB to RL, 
But each of the {ſtraight lines BC, DE, EF, GH, HK is equal 
to AB, and each of the two RM, RN is equal to RL. Where- 


cach of the ſtraight lines RL, RM, RN. And becauſe RL, 
ERM, are equal to AB, BC, and the baſe LM to the baſe AC; 
the angle LRM is equal d to the angle ABC. For the ſame 
_ reaſon, the angle MRN is equal to the angle DEF, and NRL 
to GHK. Therefore there is made a ſolid angle at K, which 
is contained by three plane angles LRM, MRN, NRL, which 


48. 1. 


each to each. Which was to be done, 


of the circle LMN. And becauſe it has been proved in all the 
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LX; and it has been proved that it is not equal to it; there; 
fore AB is greater than LX. ON Me 
From the point X erect a XR at right angles to the plu 


caſes, that. AB is greater than LX, find a ſquare equal to th 
the ſquare of LX, and make RX is 
equal to its fide, and join RL, RM, 
RN. Becauſe RX 1s perpendicular. 


is b perpendicular to each of the 
ſtraight lines LX, MX, NX. And 
becauſe LX is equal to MX, and 


to each of them, the baſe RL is e- 
reaſon, RN is equal to each of the 


two RL, RM. Therefore the three 


XR is equal to the exceſs of the ſquare of AB above the ſquare 
of LX; therefore the ſquare of. AB is equal to the ſquares of 
LX, XR. But the ſquare of RL is equal e to the ſame ſquares 


fore AB, BC, DE, EF, GH, HK are each of them equal to 


are equal to the three given plane angles ABC, DEF, GHR, 


the angle at A be contained by the three plane angles CAD, 
CAE, EAD; and the angle at B by the three plane angles 
FBG, FBH, HBG ; of which the angle CAD is equal to the 
angle FBG, and CAE to FBH, and EAD to HBG : The 


to one another. 4 


and in the plane CAE 
the ſtraight line KL 


ſame AC: Therefore 


plane CAD to the L 
plane CAE: In BF 
take BM equal toAK, 


clination 2 of the plane FBG to the plane FBH: Join LD, 


KAD, MBG are equal, as alſo the right angles AKD, BMG, 
| and that the fides AK, BM, adjacent to the equal angles, are 
equal to one another; therefore KD is equal Þ to MG, and b 26. 1. 


; MBN, KL is equal to MN, and AL to BN: And in the 
| triangles LAD, NBG, LA, AD are equal to NB, BG, and 
| they contain equal angles; therefore the baſe LD is equal 4. f. 
to the baſe NG. Laſtly, in the triangles KLD, MNG, 


| the baſe NG ; therefore the angle DKL is equal d to the angle ꝗ ;. 1. 
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RO. A. THEOR. 


F each of two ſolid angles be contained by three plane see N. 
| angles equal to one another, each to each; the planes 

in which the equal angles are, have the ſame inclination 

to one another. 553 e 


Let there be two ſolid angles at the points A, B; and let 


planes in which the equal angles are, have the ſame inclination 


In the ſtraight line AC take any point K, and in the plane 
CAD from K draw the ſtraight line KD at right angles to AC, 


1 * 


at right angles to the 


— — — — — — — — — — — —— - 
— 2 — x _ _ — — 
ä—.N2—7— — —— — At. — — : Ld 


the angle DKL i the 


inclination a the 


and from the point M 3 85 3333 | 
draw, in the planes FBG, FBH, the ſtraight lines MG, MN = 
at right angles to BF ; therefore the angle GMN is the in- 


NG ; and becauſe in the triangles KAD, MBG, the angles 


AD to BG: For the ſame reaſon, in the triangles KAL, 


the ſides DK, KL are equal to GM, MN, and the baſe LD to 


27 But the angle DKL. is the inclination of the plane 
+22 to the plane CAE, and the angle GMN is the inclina= 


tion 
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which the equal angles are, have the ſame inclination to ox 


1 85 another. | Therefore, if two ſolid angles, &c. Q. E. D. * { 


IF two ſolid angles be contained, each by three play 


another, 


and the ſtraight line AC with BF; then AD coincides with f. 
BG, becauſe the angle CAD AM 


And becauſe the inclination of 


tion of the plane FBH to the 


| becauſe the ſtraight lines AC, BF coincide, and that the angle 


v 8. A. 1. qual b to one another. Q. E. D. 


THE ELEMENTS 
tion of the plane FBG to the plane FBH, which planes bay 


therefore the ſame inclination ® to one another: And in th 
ſame manner it may be demonſtrated, that the other plane j 


PROP. B. THEOR Ian: 


angles which are equal to one another, each to ea, 
and alike ſituated ; theſe ſolid angles are equal to ou War 1 


Let there be two ſolid angles at A and B, of which the ſold 


angle at A is contained by the three plane angles CAD, Car, Ming! 
EAD; and that at B, by the three plane angles FBG, Fay, aua 
 HBG ; of which CAD is equal to FBG ; CAE to FBH; al 
EAD to HBG; The ſolid angle at A is equal to the ſolid angle 
at B. 8 „ 


Let the ſolid angle at A be applied to the folid angle at B, 
and, firſt, the plane angle CAD being bee to the plane ür 
angle FBG, ſo as the point A may coincide with the point 8, 


is equal to the angle FBG : 


the plane CAE to the plane 
CAD is equal 2 to the inclina- 


x of EN y A 
plane FBG, the plane CAE C D 6 
coincides with the plane FBH, „ 
becauſe the planes CAD, FBG coincide with one another : And 


CAE is equal to the angie FBH ; therefore AE coincides wit 
BH, and AD coincides with BG ; wherefore the plane EAD 
coincides with the plane HBG : Therefore the ſolid angle A 
coincides with the ſolid angle B, and conſeqently they art e, 


applied to the | 


the ſtraight line 
AB coinciding 
with KL, the fi- 


OF ' EUCLID. 


PROP. c. THEOR. 


OLID figures contained by the ſame number of e- see N. 


2 qual and ſimilar planes alike ſituated, and having 
zone of their ſolid angles contained by more than three 
plane angles; are equal and ſimilar to one another, 


| Let AG, K Q be two ſolid figures contained by the ſame 


\umber of ſimilar and equal planes, alike ſituated, viz. let the 

plane AC be fimilar and equal to the plane KM, the plane 

AF to KP; BG to LQ; GD to MN; DE to NO; and laſtly, 

FH ſimilar and equal to PR: The ſolid figure AG is equal and 
milar to the ſolid figure Aa... 


| Becauſe the ſolid angle at A 1s contained by the three plane 


angles BAD, BAE, EAD, which, by the hypotheſis, are e- 


the other ſolid angles of the figures are equal to one another. 


If, then, the ſolid figure AG be applied to the ſolid figure KQ , 
firſt, the plane fi- 1 N 


gure AC being H — G ROS 


plane figure KM; 


gure AC muſt A. B . 


| coincide with tge Ts 5 
figure KM, becauſe they are equal and ſimilar: Therefore the 
| ſtraight lines AD, DC, CB coincide with KN, NM, ML, 
each with each; and the points A, D, C, B, with the points 


K. N, M, L: And the ſolid angle at A coincides with a the 
lolid angle at K; wherefore the plane AF coincides with the 


plane KP, and the figure AF with the figure KP, becauſe they 


are equal and fimilar to one another: Therefore the ſtraight 
lines AE, EF, FB, coincide with KO, OP, PL; and the points 


E, F, with the points O, P. In the ſame manner, the figure 
| AH coincides with the figure KR, and the ſtraight line DH 


with NR, and the point H with the point R: And becauſe the 


ſolid angle at B is equal to the ſolid angle at L, it may be pro- 


ved, in the ſame manner, that the figure BG coincides with 


— 


qual to the plane angles LKN, LKO, OK N, which contain 
the ſolid angle at K, each to each; therefore the ſolid angle 
lat A is equal a to the ſolid angle at K: In the ſame manner, a B. 11. 


the 
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Book XI. the figure LQ, and the ſtraight line CG with MQ, and th 


_ tides of the ſolid figure KQ,, AG is equal and ſimilar to KO. 
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point G with the point Q: Since, therefore all the planes 
and ſides of the ſolid figure AG coincide with the planes wy 


And, in the ſame manner, any other ſolid figures whatever om. 
tained by the ſame number of equal and ſimilar planes, aliks 
ſituated, and having none of their ſolid angles contained h 


more than three plane angles, may be proved to be equal ul bf 


Zee N. 


@ 16. 11. 


A is parallel to CD; therefore AC is a parallelogram. In like 
manner, it may be proved that each 1 jo] 
of the figures CE, FG, GB, BL, | 

AE is a parallelogram: Join AH, A 2 


lar to the parallelogram CE. In the ſame manner it may 
be proved, that the parallelogram AC is equal and fi- 


ſimilar to one another. Q. E. D. 5 


equal parallelograms. 


_ GF; BG, CE; FB, AE: Its oppoſite planes are ſimilat a 


ſtraight lines AB, BH, which meet C. 


AH is equal e to the baſe DF, and the triangle ABH to the ti 


PROP. XXIV. T HE OR. 


IF a ſolid be contained by ſix planes, two and two gf 
which are parallel; the oppoſite planes are ſimilar and 


Let the ſolid CDG be contained by the parallel le AC, 


equal parallelograms. 3 

| Becauſe the two parallel planes BG, CE, are cut by the 
plane AC, their common ſections AB, CD, are parallel 2. A. 
gain, becauſe the two parallel planes BF, AE, are cut by the 
plane AC, their common ſe&ions AD, BC, are parallel »: And 


DF; and becauſe AB is parallel to ore 76 
DC, and BH to CF; the two { | | 


one another, are parallel to DG | —_— © q 
and CF which meet one another, — 2 

and are not in the ſame plane with D 4. 
the other two; wherefore they con-„- „„ 
tain equal angles b; the angle ABH is therefore equal to ths 
angle DCF: And becauſe AB, BH, are equal to DC, CF, and 
the angle ABH equal to the angle DCF; therefore the bale 


angle DCF: And the parallelogram BG is double 9 of the tris 
angle ABH, and the parallelogram CE double of the triangle 
Def; therefore the paralellogram BG is equal and fimi- 


EE >. . Syn pat 


milar 


— — —— — — 
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milar to the parallelogram GF, and the parallelogram AY to Bok kl. 
BF, Therefore, if a ſolid, &c. Q. E. D. : 


' PROP. XXV. THEOR. 


F a ſolid parallelepiped be cut by a plane parallel to 34% N. 
two of its oppoſite planes; it divides the whole into _ 


| two ſolids, the baſe of one of which ſhall be to the 


baſe of the other, as the one ſolid is to the other. 


Let the ſolid parallelepiped ABCD be cut by the plane EV, 


| which is parallel to the oppoſite lanes AR, HD, and divides 


the whole into the two ſolids ABFV, EGCD ; as the baſe 
AEFY of the firſt is to the baſe EHCF of tlie other, ſo is the 


| folid ABFV to the folid EGCD. = 


Produce AH both ways, and take any number of ſtraight 


lines HM, MN, each equal to EH, and any number AK, KL. 


each equal to EA, and complete the parallelograms LO, KY, : 


HQ, MS, and the ſolids LP, KR, HU, MT: Then, becauſe 
| the ttraight lines LK, KA, AE are all equah the parallelograms 


- HO 6. 
> SRIeahN 
kl} 


i 
| 


_— — ———— 


* r 


OO Y F CY 


LO, KY, AFare equal a: And likewiſe the parallelograms KX, a 36. f. 


| KB, AG =; as alſo b the parallelograms LZ. KI. AR, becauſe b 24. x1; 


th-y are oppoſite planes: For the ſame reaſon, the paral- oh 
Jelograns EC, HQ , MS, are equal ; and the parallelograms 


* UG, HI, IN, as alto bHD, MU, NT: Therefore three planes 


of the ſolid LP, are equal and ſimilar to three planes of the ſo- 


| 1d KR, as alſo to three plaiies of the ſolid AV: But the three 


planes oppoſite to theſe three are equal and fimilar b to them 

in the ſeveral ſolids, and none of their ſolid angles are contain- 

ed by more than three plane angles: Therefore the three ſolids 

Lo, KR, AV are equal e to one another: For the ſame reaſon, , C. fr. 

the three ſolids ED, HU, MT are equal to one another: There: 
HO * N | fore” 


—. — — o _— —̃ — — — — o — - — 
— — — — — . = 
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Book XI. fore what multiple ſoe ver the baſe LF is of the baſe AF, che 
ſame multiple is the ſolid LV of the ſolid AV: For the 


1 | we the ſame 
reaſon whatever multiple the baſe NF is of the baſe 


| HF, 
ſame multiple is the ſolid NV of the ſolid ED: And if 8 


e C. 11. LF be equal to the bafe NF, the ſolid LV is equal e to the, Wi Lis 
lid NV; aud if the baſe LF be greater than the baſe NF, the 5 


ſolid LV is greater than the ſolid NV; and if leſs, leſs: Since 
then there are four magnitudes, viz, the two baſes AF, HR, i ah 
„„ ö 5 wy ey | that 
E CR. _G BT PTE ang] 


Li KL ALE DE MUNI 


0 FT C & 8 
and the two ſolids AV, ED, and of the baſe AF and ſolid AV, 

the baſe LF and ſolid LV are any equimultiples whatever; and 

of the baſe FH and ſolid ED, the baſe FN and ſolid NV are + 

ny equimultiples whatever; and it has been proved, that if the 

baſe LF is greater than the baſe FN, the ſolid LV is greater 

= than the ſolid NV; and if equal, equal; and if lefs, les, 

d F. def. 5. Therefore d as the baſe AF is to the baſe FH, ſo is the ſolid AV 
dc the ſolid ED. Wherefore, if a folid, &c. O. E. 0. 


PROP. XXVI. PROB. 


"SON \ T a given point in a given ſtraight line, to make 
| a {olid angle equal to a given ſolid angle contain- 
ed by three plane angles. 


Let AB be a given ſtraight line, A a given point in it, and 

D a given folid aagle contained by the three plane angles EDC, 

EDF, FDC: lt is required to make at the point A in theſtraight 

line AB a ſolid angle equal to the ſolid angle 0). 
Ik!n the ſtraight line DF take any point F, from which draw 

a IL. 11. a FG perpendicular to the plane EDC, meeting that plane in 
G; join DG, and at the point A in the ſtraight line Ab 
make b the angle BAL equal to the angle EDC, and in the 
plane BAL make the angle BAK equal to the angle EDG; 
111 then make AK equal to DG, and from the point K erect © * 


b 23, I, 
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i right angles to the plane BAL; and make KH equal to Bock Xl. 
Nor, and join, AH : Then the ſolid angle at A, which is con- — 
zined by the three plane angles BAL, BAH, HAL, is equal 

to the ſolid angle at D contained by the three plane angles 

| Take the equal ſtraight lines AB, DE, and join HB, KB, 

FE, GE: And becauſe FG is perpendicular to the plane EDC, _ | 
it makes right angles d with every ſtraight line meeting it in dz. def. xx; 
that plane: Therefore each of the angles FGD, FGE, is a right 
angle : For the ſame reaſon, HKA, HKB are right angles: And 

becauſe KA, AB are equal to GD, DE, each to each, and | 
contain equal angles, therefore the baſe BK is equal e to the e 4. 1. 
baſe EG: And KH is equal to GF, and HKB, FG E. are right 

angles, therefore HB is equal to FE: Again, becauſe AK, 

KH are equal to DG, GF, and contain right angles, the 

T baſe AH is equal to the baſe DF; and AB is equal to DE.: 

therefore HA, AB are equal to FD, DE, and the baſe HB 1s e- 

qual to the baſe FE, A N 

therefore the angle 4 
BAH is equal f to N 
the angle EDF: For 

the ſame reaſon, the 
angle HA is equal 

| ay angle FDC. B 
Becauſe if AL and 
{DC be made equal, 
and KL, HL, GC, 7 EN 5 

FC be joined, ſince the whole angle BAL is equal to the 
whole EDC, and the parts of them BAK, EDG are, by 
the conſtruction, equal; therefore the remaining angle KAL 

is equal to the remaining angle GDC: And becauſe KA, 

A are equal to GD, DC, and contain equal angles, the baſe 

EKL is equal © to the baſe GC: And KH is equal to GF, ſo that 

ILK, KH are equal to CG, GF, and they contain right angles; 

| therefore the baſe HL is equal to the baſe FC: Again, becauſe 
HA, AL are equal to FD, DC, and the baſe HL to the baſe 
FC, the angle HAL is equal f to the angle FDC : Therefore, 
becauſe the three plane angles BAL, BAH, HAL, which con- 

tain the ſolid angle at A, are equal to the three plane angles 
EDC, EDF, FDC, which contain the ſolid angle at D, each 
do each, and are {:tuated in the ſame order, the ſolid angle at 
A is equal 8 to the ſolid angle at D. Therefore, at a given 
Point in a given ſtraight line, a ſolid angle has been made e- 
qual to a given ſolid angle contained by three plain angles. 
* hich was to be done. . 


F 8. I. 


g B. 11, 
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7” O deſcribe from a given ſtraight line a ſolid pan. | 
L lelepiped ſimilar, and ſimilarly ſituated to ons 
given. RE: | N 


Let AB be the given ſtraight line, and CD the given (ul 
parallelepiped. It is required from AB to deſcribe a ſolid jy, 
lallelepiped ſimilar and ſimilarly fituated to CD. f 
226. 11. At the poiut A of the given ſtraight line AB, make = a (1M 
angle equal to the ſolid angle at C, and let BAK, KAH, Hay Wit 
be the three plane angles which contain it, ſo that BAK hee. if 
qual to the angle ECG, and KAH to GCF, and HAB 1, Wall 


3 0 FCE: Aud as EC to CG, ſo make b BA to AK; and as GC U E els 
C, ſo make d KA to AH; wherefore, ex æquali e, as EC 
CF, ſo is BA to AH: Complete the patallelogram BH, wi Mi | 
the ſolid AL: And „ | Wc t 
| becauſe, as EC to 5 _L =D, 
C, ſo BA to AK, XH A BE lel 
the ſides about the th 
equal angles ECG, el 
B XK are proporti- | 14 pt 
onals; therefore the K—— \ | WC 
parallelogram BK N : eq 
is fimilar to EG. >. an 
For the ſame rea- ', B C0 
ſon, the parallelo- JVC | lit 
gram KH is ſimilar to GF, and HB to FE, Wherefore thre Wl © 
parallelograms of the ſolid AL are fimilar to three of the fo 
d 24.11. CD; and the three oppoſite ones in each ſolid are equal d anl i 
ſimilar to thefe, each to each. Alſo, becauſe the plane angles WW * 
which contain the ſolid angles of the figures are equal, each b ; 
eee each, and fituated in the ſame order, the ſolid angles are. WW * 
e B. 11. qual e each to each. Therefore the ſolid AL is ſimilar f tote WF 
F:1.def. 11 jolid CD. Wherefore from a given ſtraight line AB a ſolid q. WF 
rallelepiped AL has been deſcribed fimilar, and ſimilarly ſitua BF 
to the given one CD. Which was to be done. | 
| | 
T 
8 l 
P RON lp 


PROP. XXVIII. THE OR. 
pan = a folid parallelepiped be cut by a plane paſſing see N. 
0 One | 


through the diagonals of two of the oppoſite 2 
It ſhall be cut in two _ parts. 


Let AB we" a ſolid caralleleviped, and DE, CF the diago- 

nals of the oppoſite parallelograms AH, GB, viz. thoſe which 

tte drawn betwixt the equal angles in ck; And becauſe CD, 

k are each of them parallel to GA, and not in the ſame plane : 
with it, CD, FE are parallel a whoretore the diagonals CF, a 9. 11. 


H 

ol D are in the plane in which the pa- | 5 

WBS amels are, and are themſelves paral- C 3 B - 
3C ts els b: And the plane CDEF ſhall cut ,, I 53 bub. ox; 
EC v we ſolid AB into two equal parts. Py MY 17255 | 


Becauſe the triangle CGF is equal | | | |: 


, wi 
. Wc to the triangle CBF, and the triangle ; 4.4 eq t; 
W DAE to DHE ; and that the paral- | ) ko 
) lelogram CA is equal d and ſimilar to - 424. 1. 


W the oppoſite one BE; and the paral＋1q1„ . 
lelogram GE to CH: Therefore the A | | 

W priſm contained by the two triangles 

CF, DAE, and the three parallelograms CA, GE, EC, is 
equal e to the priſm contained by the two triangles CBF, DHE, e C. 11. 
ind the three parallelograms BE, CH, EC; becauſe they are 
contained by the ſame number of equal and fimilar planes, alike | 

| lituated, and none of their ſolid angles are contained by more 


three BE than three plane angles. Therefore the ſolid AB is cut into 
fold BA two equal parts by the plane CDEF, Q. E. D. 

| and N. B. The inſiſting ftraight lines of a parallelepiped, men- 
ngles e © tioned in the next and ſome following pechpeſitions, are the 
chu © fides of the parallelograms betwixt the baſe and the — 
re. Pane parallel to it.“ 

o the | | : 

6 PROP. XXIX. THEOR. 


Sn parallelepipeds upon the ſame baſe, and of 4% M. 
| the ſame altitude, the inſiſting ſtraight lines of b 
| Which are terminated in the ſame ſtraight lines of the 

| Plane oppoſite to the baſe, are equal to one another. 

| . FH Let 


| 4 
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3 be- 


4140W 


b 34. T. 


e 38. K. 
d 30 1. 


© 24. II, 


| ſtraight tle DK ; the ſolid AH ; 15 equal to the ſolid Ak. 


to the baſe AB, have a common ſide G Then, becauſe 8 : 


CBH : For the ſame reaſon, 

becauſe the ſolid AK is cut C 2 

by the plane LGH B through 

the diagonals LG, BH of 


' CBKH, the ſolid AK is double : the 3 priſm ui 
ſolid AH is equal to the ſolid AK. 


part HE; then DE is equal to HK: Wherefore alſo theti, "I 
angle CHE is equal © to the triangle BHK: And the parall. 


THE ELEMENTS 


Let the ſolid parallelepipeds AH, AK be upon the ſan; 
AB, and of the ſame altitude, ond let their inſiſting ſtray 1 
ares AF, AG, LM, LN, be terminated in the ſame fin | 
line FN, and CD, CE, BH, BK be terminated in the 


Firſt, let the parallelograms DG, HN. which are oppch a Kc. 


ſolid AH is cut by the plane AGI C paſſing through the tin 
nals AG, CH of the oppoſite planes ALGF, CBHD, ax; 
cut into two equal parts ® by the plane AGHC: "_ 
ſolid AH is double of the Db * 

priſm which is contained be- = 
twixt the triangles ALG, 


24 
* 
8 
= 
* * : 
Di 
3 
(I 
* 


the oppolite planes ALNG, 
contained betwixt the triangles ALG, CBH. Therefore 7 | 


But, let the parallelograms DM, EN . to the ki 6 
have no common fide ; Then, Yecutile CH, CK are parle 
grams, CB is equal bto each of the oppoſite ſides DH, A 
wherefore DH is equal to EK : Add, or take away the conna 


gram DG is equal « to the parallelogram HN : For the ſari 
reaſon, the triangle AFG is equal to the triangle LMN, ali 
the POR” CF is = fig eto the parallelogram BM, u 


ND 2 


Z 8 5 f Di UAC TA | 


Je G, ML | 0 


* G to BN ; for they are oppoſite. Therefore the priſm whit ; 


parallelograms AD, DG, GC is equal to the priſm, conta 


W—_— 


55 ” L 


i. 1% „ 


is ee by the two triangles AFG, CDE, and the i 0 | 


ed by the two triangles LMN, BBK, and the three pzralle 5 | 
grams BM, MK, KL. If therefore the priſm inn : 
1 
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taken from the ſolid of which the baſe is the parallelogram Bo ok XI. 
AB, and in which FDKN is the one oppoſite to it; and f- 
from this ſame ſolid there be taken the priſm AFGCDE ; | 


0 ; the remaining ſolid, viz. the parallelepiped AH, is equal to the 


remaining parallelepiped AK. Therefore ſolid parallelepipeds, 4 
.. Q. E. P). 7 


PROP, XXX. THE OR. 


WO OLID parallelepipeds upon the ſame baſe, and of g. N. 
dee ſame altitude, the inſiſting ſtraight lines of 
W which are not terminated in the ſame ſtraight lines in 
W the plane oppoſite to the baſe, are equal to one another. 


Let the parallelepipeds CM, CN, be upon the ſame baſe AB, 
end of the ſamie altitude, but their inſiſting ſtraight lines AF, 
= AG, LM, LN, CD, CE, BH, BK, not terminated in the ſame 
ttraigbt lines: The ſolids CM, CN are equal to one another. 
= Produce FD, MH, and NG, KE, and let them meet one 
WE another in the points O, P, Q, R; and join AO, LP, BQ. 
R. And becauſe the plane LBHM is parallel to the oppoſite 


WE lane ACDF, and that the plane LBHM is that in which are 
be parallels LB, MHPQ , in which alſo is the figure BLP . 
and the plane AC DF is that in which are the parallels Ad, 
+4 FDOR, in which alſo is the figure CAOR ; therefore the fi. 
1 pores BLPQ, CAOR are in parallel planes: In like manner, 
becauſe the plane ALNG. is parallel to the oppoſite plane CBKE, 
nnd that the plane ALNG is that in which are the parallels 
: „ 3 | AL, 
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| See N. 


Book XI. AL, OPGN, in which alſo is the figure ALPO and the plane 


 ailo 1» the figure CBQR ; therefore the figures ALPO, CBQR 
are in parallel planes: and the planes ACBL, ORQP are 


baſe is the parallelogram ACBL, to which ORQP is the one 
oppoſite; becauſe they are upon the ſame baſe, and their in. 


are in the ſame ſtraight lines FR, MQ : And the ſolid CP ise- 
qual *to the ſolid CN; for they are upon the ſame baſe ACBL, 


lelepipeds, &c. Q. E. D. 


O OLD parallelepipeds which are upon equal baſes, 


Ag. CD, and be cf the ſame altitude; the folid AE is equal 
to the ſolid CF. © | | e | 


baſes AB, CD, and let the baſes be placed in the ſame plane, 


THE ELEMENTS 


CEKE 's that in which are the parallels CB, RQEK, in which 


rallel; therefore the ſolid CP is a parillelepiped : But ws 


lid CM, of which the baſe is ACBL, to which FDHM is the 
oppoſite parallelogram, is equal a to the ſolid CP, of which the 


K 


fiſting ſtraight lines AF, AO, CD. CR; LM, LP, BH, BQ 


and their inſiſt ing ſtraight lines AO, AG, LP, LN; CR, CE, 
BO, BK are in the ſame ſtraight lines ON, RK : Therefore 
the ſolid CM 1s equal to the ſolid CN. Wherefore folid paral- 


and of the ſame altitude, are equal to one another, 


Let the ſolid parallelepipeds AF, CF, be upon equal baſes 


Firſt, Let the infilling ſtraight lines be at right angles to the 


aud 


4 


ee the ſtraight line LM, which is at right angles to the plane 
| which the baſes are, in the point L, is common a to the two a 13. 11. 
nds AE, CF; let the other inſiſt ing lines of the ſolids be 

G, HK, BE; DF, OP, CN: And firſt, let the angle ALB be 
bual to the angle CID; then AL, LD are in a ſtraight line b. b 14. 1. 
duce OD, HB, and let them meet in Q, and complete the 
id parallelepiped LR, the baſe of which is the parallelogram 
Q, and of which LM is one of 1ts inſiſting ſtraight lines: 
W.crefore, becauſe the parallelogram AB is equal to CD, as the 
ſe AB is to the baſe LQ, ſo is the baſe CD to the ſame , , 
BL: And becauſe the ſolid parallelepiped AR is cut by the © 
ane LMEB, which is parallel to the oppoſite planes AK, DR; 
the baſe AV is to the baſe LQ, ſo is «the ſohd AE to the d 25. rr. 
lid LR: For the ſame reaſon, becauſe the ſolid parallelepiped 
ER is cut by the plane LMFD, which is parallel to the oppoſite 

lanes CP, BR; as | r . 1 
e baſe CD to the * IS | K 


WS: LO, ſo is the | * N 3 SM: LIK 
lid CF to the ſo- „„ —_ en e 
Wid LR : But as the 40 kg 16g fk 200g? n 
Waſc AgB to the baſe OR — 1 | 55 
=) ſothe baſe CD Nj 24> + | Þ | i 
Wo the baſe LQ , as = ——— 8 
efore was proved: C E — 
Therefore as the ſo- K 8 H T 


Wd AE to the folid 
WR, ſo is the ſolid CF to the ſolid LR; and therefore the ſolid 
WE is equal e to the ſolid CF . 
W But let the ſolid parallelepipeds SE, CF be upon equal baſes 
PB. CD, and be of the ſame altitude, and let their inſiſting 
ait lines be at right angles to the baſes; and place the 
Waſcs SB, CD in the ſame plane, ſo that CL, LB be in a ſtraight 
De; and let the angles SLB, CLD be unequal ; the ſolid SE 

alſo in this caſe equal to the ſolid CF: Produce DL, TS un- 
Wl they meet in A, and from B draw BH parallel to DA; and 

et HB, OD produced meet in Q, and complete the ſolids AE, 
IR; Therefore the ſolid AE, of which the baſe is the parallelo- 
Fram LE, and AK the one oppoſite to it, is equal f to the ſo- 
id SE, of which the baſe is Lb., and to which SX is oppoſite ; 
Jor they are upon the ſame baſe LE, and of the ſame altitude, 
pad their inſiſting ſtraight lines, viz. LA, LS, BH, BT; MG, 
AV, EK, EX are in the ſame ſtraight lines AT, GX: And be- 
1 cgaauſe 
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"1 ſo as that the ſides CL, LB be in a ſtraight line ; there- Boot: X.. 
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g 35. 1 


1 


equal to the angle 0 "0 5 


the ſolid AE is e- oi HT 


CF; but the ſolid AE is equal to the ſolid SE 
ſtrated ; therefore the ſolid SE is equal to the ſolid CF. to | 


RS, DF, OP, be not at right angles to the baſes AB, CD 


plane in which are the baſes AB, CD; and let them mcet ith 


* 


ſore the ſolid QE is a parallelepiped : In like manner, it mi 
be proved, that the ſolid VF is a parallelepiped : But, fron 
what has been demonſtrated, the ſolid EQ is equal to the ſold 

FL, becauſe they are upon equal baſes MK, PS, and of ths 


THE ELEMENTS 


Book XI. cauſe the parallelogram AB is equal 8g to SB, for they are y to tl 


the ſame haſe LB, and between the ſame parallels LR 15 | 
and that the baſe p A. - i OY 

SB is equal to the | mmm 
baſe CD; therefore | N 


N De WE to t! 
the baſe ABisequal | BF = — 
to the baſe CD, and FE = 


the angle ALB is 


CLD : Therefore, — 
by the firſt caſe, C L 


qual to the ſolid | 
„as Was demon, 
But, if the infiſting ſtraight lines AG, HK, BE, LM; q 


1 


this caſe likewiſe the ſolid AE is equal to the ſolid CF: Fron 


the points G, K, E, M; N, S8, F, P, draw the ſtraight la re 


h 11. 11. 


GK, EV, MX; NY, SZ, FI, PU, perpendicular þto h 


the points Q I, V, X; Y, Z, I, U, and join QT, TV, va Gh 
XQ YZ, ZI, IU, UY : Then, becauſe GQ, KT, are ariph 


FN 


N 


— 9 
OS 


AE EGE-::: : = W 
16. 11. angles to the ſame plane, they are parallel i to one another: Wl the 
And MG, EK are parallels ; therefore the plane M, ET, « 
which one paſſes through MG, G,, and the other throupt 
EEK, KT which are parallel to MG, GQ, and not in the lan: Wl Q. 
k 15. 11. Plane with them, are parallel k to one another: For the fan D 


reaſon, the planes MV, GT are parallel to one another: Thett 


ſame altitude, and have their infilting ſtraight lines at rightzog be 


he baſes: And the ſolid EQ is equal! to the ſolid AE ; and Book XI. 
| Agr FY to the ſolid CF ; becauſe they are upon the ſame 3 
haſes and of the ſame altitude: Therefore the ſolid AEis equal 39,97 3 


: is, 
to the ſolid CF : Wherefore ſolid parallelepipeds, &c. Q. E. D. 11 


PROP, XXXII. THE OR. 


OLID parallelepipeds which have the fame altitude, See N. 
8 are to one another as their baſes. e 


Let AB, CD be ſolid parallelepipeds of the ſame altitude: 
They are to one another as their baſes ; that is, as the baſe AE 
to the baſe CF, ſo is the ſolid AB to the ſolid CD. | 

To the ſtraight line FG apply the parallelogram FH equal a 
to AE, ſo that the angle FGH be equal to the angle LCG ; 
and complete the ſold parallelepiped GK upon the baſe FH, 
one of whoſe inſiſting lines is FD, whereby the ſolids CD, GK . 
muſt be of the ſame altitude: Therefore the ſolid AB is equal b b 31. IT, 
to the ſolid 8 . 3 a 
GK, becauſe. | | DEER 5 — 
they are upon | , e 
0 baſes | OO Þ 9 2 — 

AE, FH, and = EN 
are of the ſame | 
W alt! tude: And | 


becauſe the ſo- : 1 
F 
ped CK is cut 3 1 
by the plane DG which is parallel to its oppoſite planes, the baſe c 25. 11. 


a Cor. 45.1, 


— 3 


„ 


"2M 


His c to the baſe FC, as the ſolid HD to the ſolid DC: But 


dhe baſe HF is equal to the baſe AE, and the ſolid GK to the 
W old AB: Therefore, as the baſe AE to the baſe CF, ſo is the 
| * AB to the ſolid CD. Wherefore ſolid parallelepipeds, &c. 
A „„ 
Cor. From this it is manifeſt that priſms upon triangular 
baſes, of the ſame altitude, are to one another as their baſes. 
Let the priſms, the baſes of which are the triangles AEM, 
CG, and NBO, PDQ the triangles oppoſite to them, have 
the ſame altitude; and complete the parallelograms AE, CF, 
and the ſolid parallelepipeds AB, CD, in the firſt of which let 
Mo, and in the other let G be one of the inſiſting lines. And 
becauſe the ſolid parallelepipeds AB, CD have the ſame alti- 
| tude, they are to one another as the baſe AE is to the an 
| 2 
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Book XI. CF; wherefore the priſms, which ars their halves d ar 

| Pr thre another, as the baſe AE to the baſe CF; that is, as the triangle 
07% b. AEM to the triangle CFG. | 1 


e to one 


5 PROP. XXXIII. THEOR, 
5 in ſolid parallelepipeds are one to anotherjn 


the triplicate ratio of their homologous ſides, 


Let AB, CD be ſimilar ſolid parallelepipeds, and the fide AF 
homologous to the fide CF : The ſolid AB has to the ſolid Ch 
the triplicate ratio of that which AE has to CF, 1 
Produce AE, GE, HE, and in theſe produced take FK «. 
qual to CF, EL equal to FN, and EM equal to FR; and cw. 
plete the parallelogram KL, and the ſolid KO: Becauſe KE. El 
are equal to CF, FN, and the angle KEL equal to the angle Cx, 
becauſe it is equal to the angle AEG which is equal to CFN, by 
reaſon that the ſolids AB, CD are ſimilar ; therefore the paral. 
lelogram KL is ſimilar and equal to the parallelogram CN: Fer 
the ſame reaſon, the parallelogram MK. is ſimilar and equal u 
R, andalſo OE © | RS 
to FD. There * B X 
fore three paralle X 

lograms of the ſo- 
lid KO are equal 
and ſimilar to three 
parallelograms of \ 
the ſolid CD: And 
the three oppoſite 
ones in each ſolid . 


2 24. IT. are equal ® and OW I | & 
c | 25 Y 
Therefore the ſo- | | 0 


6 C. 17. lid KO is equal b | | : : 
and fimilar to the ſolid CD : Complete the parallelogram 
GK, and complete the ſolids EX, LP upon the bats 
GK, KL, fo that EH be an infiſting ſtraight line in each 
of them, whereby they muſt be of the ſame altitude with tht 
ſolid AB: And becauſe the ſolids AB, CD are fimilar, and 
by permutation, as AE is to CF, ſo is EG to FN, and 1015 EH 
to FR; and FC is equal to EK, and FN to EL, and FR 
EM: Therefore, as AE to EK, ſo is EG to EL, and fo 1s HE 

to EM: But, as AE to EK, ſo cis the parallelogram AG to 


the parallelogram GK; and as GE to EL, ſo 1 "US 1 


uo 


= ©; 
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and as HE to EM, ſo © is PE to KM: Therefore as the paral- Book xl. 
leiogram AG to the parallogram GK, ſo is GK to KL, and PE * 
KM: But as AG, to GK, ſo d is the ſolid AB to the ſolid © “ 
EX; and as GK to KL, ſo d is the ſolid EX to the ſolid PL; d 25. 11. 
and as PE to KM, ſo d is the ſolid PL to the folid KO: And 
therefore as the ſolid AB to the ſolid EX, ſo is EX to PL, 

»nd PL to KO: But if four magnitudes be continual propor- 

tionals, the firſt is ſaid to have to the fourth the triplicate ratio 

Pot that which it has to the*' ſecond : Therefore the ſolid AB 

has to the ſolid KO, the triplicate ratio of that which AB has 

to EX: But as AB is to EX, fo is the parallelogram AG to 

me parallelogram GK, and the ſtraight line AE to the ſtraight 

line EK. Wherefore the ſolid AB has to the ſolid KO, the tri- 

WE plicate ratio of that which AE has to EK. And the ſolid KO 

is equal to the ſolid CD, and the ſtraight line EK is equal to 

| the ſtraight line CF. Therefore the ſolid AB has to the ſolid 

Cd, the triplicate ratio of that which the fide AE has to the 
homologous fide CF, &c. Q. E. D. „ 


Con. From this it is manifeſt, that, if four ſtraight lines be 
W continual proportionals, as the firſt is to the fourth, ſo is the 
W (old parallelepiped deſcribed from the firſt to the fimilar ſolid 

fimilarly deſcribed from the ſecond ; becauſe the firſt ſtraight 
line has to the fourth the triplicate ratio of that which it has 
| to the ſecond, = EW 85 


ar b rho 


s 


OLID parallelepipeds contained by parallelograms See Rl. 
1) <quiangular to one another, each to each, that is, 

of which the ſolid angles are equal, each to each, have 

| to one another the ratio which is the ſame with the 

ratio compounded of the ratios of their ſides. 


K ů 


* 
— — —— - — - —— —ę— 5 — 
— * 
— F 1 
2 = = —y - = — 
8 a _— — ͥſ — 2 "= — LED — 2 — — % - — * 
— - — — 7 a, of — O_o the — — — - — — — 2 — —— - — 
— — — * — - * >= 
1 8 , , — — - 


Let AB, CD be ſolid parallelepipeds, of which AB is con- 
tained by the parallelograms AE, AF, AG equiangular, each 
| to each, to the parallelograms CH, CK, CL, which contain the 
bold CD. The ratio which the ſolid AB has to the ſolid CD 
{ 18 the ſame with that which is compounded of the ratios of the _ 


ides AM to DL, AN to DK, and, AO to DH. 


% 4 
7 a, * — 
— — : - . — 2 22 
—_ ©» IO . — — 
—— — = PP — » 
— — — —ũ—ʒĩãñ—fẽ4æ ä p——— ʒ —— — Du — — 2 — 
. — = 


Produce _ 
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A fimilar and equal to CH, CK, CL, each to each. Ther, 


a C. 17. 


one of its inſiſting ſtraight lines. Take any ſtraight line 5 
and as MA to AP, ſo make a to b; and as NA to A 


THE ELEMENTS 


Produce MA, NA, OA to P. Q, R, ſo that AP be equy 
to DL, AQ to DK, and AR to DH; and complete the ſolid 
parallelepiped AX contained by the parallelograms A8, AI 


fore the ſolid AX is equal a to the ſolid CD. Complete likewig 
the ſolid AY, the baſe of which is AS, and of which A0 h 


Q, 6 


make b to c; and as AO to AR, ſoc to d: Then, becauſe th 


parallelogram AE is equiangular to AS, AE is to AS, as the Let 


ſtraight line a to c, as is demonſtrated in the 23. Prop. Bok 


6. and the ſolids AB, AY, being betwixt the parallel planes 


BOY, EAS, are of the ſame altitude. Therefore the ſolid AR | = 


b 32. 11. 


line d. And becauſe the ſolid AB is to the ſolid AY, as a 18 to 


d def. A. 5, 


to AQ, and OA to AR, each to each. And the ſides AP, AQ 


AX, as © the baſe OQ is to the baſe QR; that is, as the firaight 


is to the ſolid AY, as b the baſe AE to the baſe AS; that h Fi 
as the ſtraight line a is to c. And the ſolid AY is to the foli 


TH t 
& 
O H 

8 5 1 
N Ee”: EC 


line OA to AR; that is, as the ſtraight line c to the ftraight 


e, and the ſolid AY to the ſolid AX, as c is tod; ex qual, 
the ſolid AB is to the ſolid AX, or CD which is equal to 1 
as the ſtraight line a is to d. But the ratio of a to d is ſaid to 
be compounded d of the ratios of a to b, b to c, and e to d, 
which are the ſame with the ratios of the ſides MA to AP, NA 


AR are equal to the ſides DL, DK, DH, each to each. There. l 


fore the ſolid AB has to the ſolid CD the ratio which 1s the 


AM to DL, AN to DK, and AO to DH, Q. E. DP). Be 


ſame with that which is compounded of the ratios of the fits RN 


PROT, 


= PROP. XXXIV. THEO R. — 
ve HE baſes and altitudes of equal ſolid parallelepi. See N. 


I peds, are reciprocally proportional; and if the 
fs and altitudes be reciprocally proportional, the 
lid parallelepipeds are equal. | 


the by AB, CD be equal ſolid parallelepipeds j their baſes are 
* eciprocally proportional to their altitudes ; that is, as the baſe 


TH is to the baſe NP, ſo is the altitude of the ſolid CD to the 
Ititude of the ſolid KB. 5 

W Firſt, Let the inſiſting ſtraight lines AG, EF, LB, HK; 
FM, NX, OD, PR be at right angles to the baſes. As the baſe 
FH to the baſe NP, ſo is | „„ 

M to AG. If the baſe K Ty 1 
H be equal to the baſe \ G | & 
WP, then becauſe the fo- | TTY] 3 X 

d AB is likewiſe equal 11 E 


Wo the ſolid CD, CM ſhall , L 1 
We equal to AG. Becauſe Hy N P GI 


the baſes EH, mf bee. E GN 


zual, but the altitudes 
\G, CM be not equal, . * 
either ſhall the ſolid AB be equal to the ſolid CD. But the 
Woiids are equal. by the Wypotheſis. Therefore the altitude CWM 
s not unequal to the altitude AG ; that is, they are equal. 
Wherefore as the baſe EH to the baſe NP, ſo is CM to AG. 
Next, Let the baſes EH, NP not be equal, but EH greater 


qht man the other: Since then the ſolid AB is equal to the ſolid 
zi: D, CM is therefore - | 

$1 ter than AG: For, 3 . 
al, fit be not, neither 1 | | | N n | 
i, o in this caſe, would K B INM V 5 


Wic ſolids AB, CD be 1 | 
qual, which, by the — AF 


1 2ů 
0 Wy potheſis, are equal. . | 
" Makethen CT equalto 2. L : 3 
0 p G, and complete the HS P — O | 
2 old parallelepipedtCY A 


NP, and altitude CT. : 

Decauſe the ſolid A3 | | | 

P* <qual to the ſolid CD, therefore the ſolid AB is to the 
eg | | --- fold 


if which the baſe is 1 C N 
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Book XI. ſolid CV, as a the ſolid CD to the ſolid CV. But a8 the l 
- lid AB to the ſolid CV, ſo dis the baſe EH to the baſe xp, er, 
. N the ſolids AB, CV are of the ſame altitude; and as the tl fold 
<25.11. CD to CV, ſo eis the baſe MP to the baſe PT, and e bet 
5 e * o Tat : ; Ps (611d 
d. 6. the ſtraight line MC to CT; and CT is equal to AG. Then 
fore, as the baſe EH to the baſe NP, ſo is MC to AG, When, 2 
fore, the baſes of the ſolid parallelepipeds AB, CD are rein B ö 
cally proportional to their altitudes. | 1 
Let now the baſes of the ſolid parallelepipeds AB, Ch ben 5 
ciprocally proportional to their altitudes; viz. as the baſs l * 
to the baſe NP, ſo the al- a” | * 
titude of the ſolid CV to E B R D 4 
the altitude of the ſolid N N | 
AB; the ſolid AB is e- G 1 2 Ly 55 
qual to the ſolid CD. Let 4 | = CD 
the inſiſting lines be, as i 1 
before, at digt angles to H . r l 
the baſes. Then, if the _ * — D — 
baſe EH be equal to the | C N 
baſe NP, ſince EH is to 
VNQ, as the altitude of the ſolid CD is to the altitude of the 
e A. 5. lid AB, therefore the altitude of CD is equal e to the altitak 
of AB. But ſolid parallelepipeds upon equal baſes, and of ti 
ſame altitude, are equal f to one another; therefore the ſolid A} 
is equal to the foliq:CD, © hes: : 55 
But let the baſes EH, NP be unggual, and let EH beth 0 
greater of the two. Therefore, ſince as the baſe EH to the bak 1 
NP, ſo is CM the alti- e 
tude of the ſolid CD to | e | | 
-AGthe altitude of AB, EY N 
CM is greater than K L. Nu V | fan 
AG. Again, Take C 5 B N BY | 5 
equal to AG, and com- 99 F TIT? th 
plete, as before, the ſo- | | | | ar 
lid CV. And, becauſe 5 1 "4-4 VL 
the baſe EH is to tlie I 14 Sou P <A $50 
baſe NP, as CMto AG, Nen_s — be 
and that AG is equal to A EE C 12 
CT, therefore the baſe VV. b. 
EH is to the baſe NP, as MC to CT. But as the baſe LH is to N 5 


ſo bis the ſolid Ah to the ſolid CV; for the ſolids AB, CVar a 
the lame altitude; and as MC to CT, ſo is the baſe MP heb 4 


1 


that is, each of the ſolids AB, CD has the fame ratio to the 
cold CV; and therefore the fold AB is equal to the ſolid CD. 


Sis book. In this cafe, likewife, if the ſolids A — 
qual, their baſes are reciprocally proportional to their altitudes, 
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and the ſolid CD to the ſolid © cv: And therefore as the Book Xl. 
11 A5 to the ſolid CV, ſo is rhe folid CD to the ſolid CW; Ci 


1 18.11. 


Second general caſe. Let the inſiſting ſtraight lines FE, 
BI., GA, KH; XN, DO, MC, RP not be at right angles to : 
he baſes of the ſolids ; and from the points F, B, K, G; X, 
D. R. M draw perpendiculars to the planes in which ate the 
vaſes EH. NP meeting thoſe planes in the points 8, Y, V, T; 


9 . U. Z; and complete the folids FV, XU, Which are pa- 
ra 


lelepipeds, as was proved in the laſt part of prop 31. of 
"ook B CD be e. 


viz. the baſe EH to the baſe NP, as the altitude of the folid 


| CD to the altitude of the ſolid AB. Becaufe the ſolid AB is 
equal to the ſolid CD, and that the ſolid BT is equal g to the $ 29-97 30. 


ſolid BA, for they are upon the fame baſe FK, and of the * 25 


| ſame altitude; and that the folid DC is equal 2 to the ſolid 
| DZ, being upon the fame baſe. XR, and of the ſame altitude; 
| therefore the ſolid BT is equal to the ſolid DZ: But the baſes 


are reciprocally proportional to the altitudes of equal ſolid pa- 
rallele pipeds of which the infiſting ſtraight lines arc at right 


| angles to their baſes, as before was proved: Therefore as the 
| baſe FK to the baſe XR, ſo is the altitude of the ſolid DZ to 
the altitude of the ſolid BT : And the baſe FK is equal to the 

| baſe LH, and the baſe XR to the baſe NP: Wherefore, as the 


baſe EH to the baſe NP, ſo is the altitude of the ſolid DZ to 
the altitude of the ſolid BT: But the altitudes of the ſolids 
DZ, DC, as alſo of the ſolids BT, BA are the fame There- 


| fore as the baſe EH to the bate NP, ſo is the altitude of the 


AS ſolid 


IE m 


Book XI. ſolid CD to the altitude of the ſolid AB; that is, the 

*""Y— the ſolid parallelepipeds AB, CD are reciprocally Mm 
| to their altitudes... 4 os 1 

Next, Let the baſes of the ſolids AB, CD be reciprocil 
Proportional to their altitudes, viz. the baſe EH to the tal 
NP, as the altitude of the ſolid CD to the altitude of the lo. 
lid AB; the ſolid AB is equal to the ſolid CD: The fans 
conſtruction being made; becauſe, as the baſe EH to the baſe 
NP, ſo is the altitude of the ſolid CD to the altitude of the 
ſolid AB; and that the baſe EH is equal to the baſe FK; and 
NP to XR; therefore the- baſe FK is to the baſe XR, 2a the 
altitude of the ſolid CD to the altitude of AB: But the alli. 


U M Nx 


3 , 6 
wal. T De 
3 


tudes of the ſolids AB, BT are the ſame, as alſo of CD and 

DZ; therefore as the baſe FK to the baſe XR, ſo is the ali. 
| tude of the ſolid DZ to the altitude of the ſolid BT: Where. 
fore the baſes of the ſolids BT, DZ are reciprocally propor. 
tional to their altitudes; and their infiſting ſtraight lines are at 
right angles to the baſes ; wherefore, as was before proved, the 
2 29. or zo. folid BT is equal to the ſolid DZ: But BT is equals to the fv- 
11. lid BA, and DZ to the ſolid DC, becauſe they are upon the 
ſame baſes, and of the ſame altitude. Therefore the ſolid AB 

is equal to the ſolid CD. Q. E. D. 55 _ 


PROP, 


or EUc ld. 
| \ 


PROF. XXXV. THEOR. 


F, from the vertices of two equal plane angles, there 


with the ſides of thoſe angles, each to each; and it in 


in which the firſt named angles are: And from the 
points in which they meet the planes, ſtraight lines be 


E drawn to the vertices of the angles firſt named; theſe 
ſtraight lines ſhall contain equal angles with the 
ſtraight lines which are above the planes of the angles. 


Let BAC, EDF be two equal plane angles; and from the 


points A, D let the ſtraight lines AG, DM be elevated above 
W the planes of the angles, making equal angles with their ſides 
each to each, viz. the angle GAB equal tothe angle MDE, and 
Aceto MDF; and in AG, DM let any points G, M be ta- 

ken, and from them let perpendiculars GL, MN be drawn to 
the planes BAC, EDF meeting theſe planes in the points L, N, 


pod fe LA, ND: The angle GAL is equal to the angle 


Make AH e ual to DM, and through H draw HK parallel 
to GL : But GL is perpendicular to the plane BAC; where- 


K, N, to the ſtraight lines AB, AC, DE, DF, draw perpen- 


diculars KB, KC, NE, NF; and join HB, BC, ME, EF: 
| VVV 


Beeaufe 
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= 


See N. is 


be drawn two ſtraight lines elevated above the planes 
in which the angles are, and containing equal angles 


me lines above the planes there be taken any points, 
Wand from them perpendiculars be drawn to the planes 


ore HK is perpendicular a to the ſame plane: From the points a8. 11. 


. 
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_ XI. Becauſe HK is perpendicular to the plane BAC, the Plane 
18. 11, 


C 4. def. 11. 
d 3. def. 11. 


26, 


5 


angle ABH: And the angle HAB is equal to the angle MDF, 


one ſide equal to one fide, oppoſite to one of the equal ange 
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HBK which paſſes through HK is at right angles to the ple WS D) 
BAC; and AB is drawn in the plane BAC at right angles y au 


the common ſection BK of the two planes; therefore Ay j Al 


perpendicular © to the plane HBK, and makes right angles i | to 
with every ſtraight line meeting it in that plane: But BH me; 
it in that plane; therefore ABH is a right angle: For the fans 
reaſon, DEM 1s a right angle, and 1s therefore equal to th 


Thereforein the two triangles HAB, MDE there are twoangle 
in one equal to two angles in the other, each to each, ai 


in each, viz, HA equal to DM ; therefore the remaining ſds WR F. 
are equal e, each to each: Wherefore AB is equal to DE. h 
the fame manner, if HC and MF be joined, it may be demos. tn 
ſtrated that A is equal to DF: Therefore, ſince AB is equal lin 
to DE, BA and AC are equal to ED and DF; and the angle (0 
| | ON 
al 
0 
ei 
e 
BAC is equal to the angle EDF; wherefore the baſe BCise- 
qual * to the baſe EF, and the remaining angles to the reman- l 
ing angles: The angle ABC is therefore equal to the ang a 
DEF: And the right angle ABK is equal to the right angl: WW , 
DEN, whence the remaining angle CBK is equal to the te. 4 
maining angle FEN: For the ſame reaſon, the angle BCK » 
equal to the angle EFN: Therefore in the two triangles BCl, , 
EFN, there are two angles in one equal to two angles in the 
other, each to each, and one ſide equal to one fide adjacent f 
to the equal angles in each, viz. BC equal to EF; the ohe ! 
ſides, therefore, are equal to the other tides; BK then is equi f 


to EN: And AB is equal to DE; wherefore AB, BK are equi 
to DE, EN; and they contain right angles; wherefore tit 
baſe AK is equal to the baſe DN: And ſince AH 12 
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0 ox, the ſquare of AH is equal to the ſquare of DM: But the Bel, 
5 ſquares of AK, KH are equal to the ſquare 8 of AH, becauſe g 47. l. 

33 AKH is a right 2 And the ſquares of DN, NM are equal 

es to the ſquare of DM, for DN Mis a right angle: Wherefore 


| the ſquares of AK, KH are equal to the ſquares of DN, NM; 

and of thoſe the ſquare of AK is equal to the ſquare of DN: 

W Therefore the remaining ſquare of KH is equal to the remain- 

> ing ſquare of NM; and the ſtraight line KH to the ſtraight line 
NM: And becauſe HA, AK are equal-to MD, DN each to 


* each, and the baſe HK to the baſe MN as has been proved; 
gle therefore the angle HAK is equal hto the angle MDN. Q. b8.:. 
E. D. = ; | I ; 


Cor. From this it 15 manifeſt, that if, from the vertices of 

| two equal plane angles, there be elevated two equal ſtraight 
nes containing equal angles with the ſides of the angles, each 
to each; the perpendiculars drawn from the extremities of the 
equal ſtraight lines to the planes of the firſt angles are equal to 
W one another. . 


Another Demonſlraiion of the Corollary. 


Let the plane angles BAC, EDF be equal to one another, 
and let AH, DM be two equal ſtraight lines above the planes 
| of the angles, containing equal angles with BA, AC; ED, DF, 
| each to each, viz. the angle HAB equal to MDE, and HAC 
| equal to the angle MDF; and from H, M let HK, MN be per- 
pendiculars to the planes BAC, EDF: HK is equal to MN. 
Becauſe the ſolid angle at A is contained by the three plane 
angles BAC, BAH, HAC, which are, each to each, equal to 
the three plane angles EDF, EDM, MDF containing the ſolid 
angle at D; the ſolid angles at A and D are equal: And there- 

W fore coincide with one another; to wit, if the plane angle BAG 
be applied to the plane angle EDF, the ſtraight line AH coin- 
cides with DM, as was ſhown in prop. B of this book : And 
becauſe AH is equal to DM, the point H coincides with the 
point M: Wherefore HK which is perpendicular to the plane 


cent 4 . . . . . S 
tler BAC coincides with MN i which is perpendicular to the plane i 14. 11. 
qual LDF, becauſe theſe planes coincide with one another : There- TE 


fore HK is equal to MN. Q. E. D. 


Q ; PROP. 
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— — 


* 


See N. 
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PROP. XXXVI. THEOR. 


IF three ſtraight lines be proportionals, the ſolid pa- 
rallelepiped deſcribed from all three as its ſides, is 


gcmqual to the equilateral parallelepiped deſcribed from 
the mean proportional, one of the ſolid angles of which 


is contained by three plane angles equal, each to each, 


to the three plane angles containing one of the ſolid 
angles of the other figure. £ 


Let A, B, C be three proportionals, viz. A to B, as B tg 


C. The ſolid deſcribed from A, B, C is equal to the equila. 
teral ſolid deſcribed from B, equiangular to the other. 


Take a ſolid angle D contained by three plane angles EDF, 


FDG, GDE; and make each of the ſtraight lines ED, DF, 
DG equal to B, and complete the ſolid parallelepiped DH: 


a 26. 11, 


Make LK equal to A, and at,the point K in the ſtraight line 
LK make a a ſolid angle contained by the three plane angle; 


LKM, MKN, NKL equal to the angles EDF, FDG, GD, 


. 
. 
each to each; and make KN equal to B, and KM, equal t 


T]; and complete the ſolid parallelepiped KO: And becauſe, 
A is to B, ſo is B to C, and that A is equal to LK, and! 


to each of the ſtraight lines DE, DF, and C to KM; there 
fore LK is to ED, as DF to KM; that is, the fides about the 
equal angles are reciprocally proportional; therefore the pz 
rallelogram LM is equalÞto- EHF: And becauſe EDF, LKV 
are two equal plane angles, and the two equal ſtraight lines DG 


* 3 Py 'O 
Kare drawn from their vertices above their planes, and con. 


_ tain <qual angles with their ſides; therefore the perpendict 


lars from the points G, N, to the planes EDF, LKM — 


pa- 
8, 18 
rom 
nich 
ach, 


olid 


B to 


luila- 


DF, 

DF, 
DH: 
t line 
ngles 


0 


ual to 
ule, 3 
and þ 
there- 
ut the 
he pt 
LRM 
s DG, 
1d con- 
endicu- 
are & 


qual 


| ſhall alſo be proportionals. 


the ſolid EM to the ſolid GN : 
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ale to one another: "Therefore the ann ko, DH are of Book xl. 
the ſame altitude; and they are upon equal baſes re. 
and therefore they are equal d to one another: But the foltd 11. 
KO is deſcribed from the three ſtraight lines A, B, C, and the d 31. 2. 
ſolid DH from the ſtraight line B. If therefore __ * 
lines, Kc. GED. 


PROP. XXXVU. 'THEOR. 


F four ſtraight lines be proportionals, the ſimilar See N. 
ſolid parallelepipeds ſimilarly deſcribed from them 

And if the ſimilar pa- 
rallelepipeds ſimilarly deſcribed from four ſtraight 

lines be proportionals, the ſtraight lines ſhall be pro- 
portionals. 

Let the four ſtraight lines AB, CD, EF, GH be propor- 
tionals, viz. as AB to CD, fo EF to GH; and let the ſimilar 
parallelepipeds AK, CL, EM, GN be ſimilarly deſcribed from 
them. AK 1s to CL, as EM to GN. 

Make a AB, CD, O, P continual proportionals, as alſo EF, A 11. 6. 
GH, Q, R: And becauſe as AB is to CD, ſo EF to GH; and 


that CD isb to G. Gl is Q. and O to 8 QtoR; chere- b. 
fore, ex æquali e, AB is to P, as EF to R: But as AB to P, 13 
ſo dis the folid AK to the ſolid CL; and as EF to R, ſo d is * 


Therefore b as the fold AK * 
to the lod CL, ſo is the ſolid EM to the ſolid GN, 


K wu 
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e / 11. 


. 


Gee N. 


tee ſolid GN ; The {traight line AB is to CD, as EF to GH, 
| ſolid parallelepiped 5V fimilar and fimilarly fituated to eitherof 
the ſolids EM, GN : And becauſe AB is to CD, as EF tos 

and that from AB, CD the ſolid parallelepipeds AK, CL xs 


ſimilarly deſcribed ; and in like manner the ſolids EM, gy 
from the ſtraight line EF, ST; therefore AK is to CL, ; 


tides GH, ST equal to one another: And becauſe as AB to CD, 
EF to GH. Therefore if tour ſtraight lines, &c. Q. E. D. 


« ftraight line ſhall fall on the common ſection of the 
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But let the ſolid AK be to the ſolid CL, as the ſolid EMto 
Take AB to CD. as EF to ST, and from ST deſeribe e: 


Wy _ * 
/ 


E | 


EM to SV : But, by the hypotheſis, AK is to CL, as FM to 
GN: Therefore GN is equal f to SV: But it is likewiſe fimilar 
and ſimilarly fituated to SV; therefore the planes which contain 
the ſolids GN, SV ate ſimilar and equal, and their homologons 


ſo EF to ST, and that ST is equal to GH; AB is to CD, 2 


' PROP. XXXVIM. THEOR. 


" F a plane be perpendicular to another plane, 2nd 
a ſtraight line be drawn from a point in one ot 
the planes perpendicular to the other plane, th 


planes.“ 


Let the plane CD be perpendicular to the plane AB, and 
let AD be their common ſection; if any point E be taken in 
* the plane CD, the perpendicular drawn from E to the plane 
E AB halt ll mo AD-7-0H-- , p 

e nt hn FEE, 6 For 
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For, if it does not, let it, if poſſible, fall elſewhere, as EF; Book XI. 
« and let it meet the plane AB in the point F; and from F 

« draw a, in the plane AB a perpendicular FG to DA, which 3 12. f. 
js alſo perpendicular b to the plane CD; and j Join EG : Then b 66 
«& hecauſe FG is perpendicular ,, 1 

« to the plane CD, and the C. | 5 

& ſtraight line EG, which is in 2 

that plane, meets e there. x 
& fore FG E is a right angle e: E's 158 
But EF is alſo at right angles on 
to the plane AB; and there- W 
« fore EFG is a right angle: . . 5 
Wherefore two of the angles LO B 

| * of the triangle EEG are equal together to two right angles ; 
4 which is abſurd : Therefore the perpendicular from the point 
E io the plane AB, does not fall elſewhere than upon the 


| * ſtraight line AD: It therefore falls upon it. = therefore a 
0 plane, &. QE. D. 


PROP. XXXIX. THE OR. 


TN a ſolid parallelepiped, if the ſides of two of the OP- See N. 
polite planes be divided each into two equal parts, 

the common ſection of the planes paſſing through the 

points of diviſion, and the diameter of the ſolid paral- 

wap cut each other into two equal parts. 


Let the Sat yu 0” 
the oppoſite planes D | K F 


CF, AH of the ſo- REIT = " 

lid parallelepiped = 'N = Oo 

AF e e HE Bs 

each into two e- | _ 43 e 
| 


qual parts in the NJ. 


points K, L, M, | 1 — 35 7 | 
JJ » 

and join KL, MN, | 1 2 8 
X0,PR:Andbe. {| 1 11 + 1 4 
cuſeDK; CL are B . _ | P 11 
equal and parallel, 4 AMS N I a 
KL is ge 2 . — ——© | 233.7. 
DC: For the ſame hy WY BE SE. N . 


reaſon, MN is pa- | ——ä—— — - 


rallel to BA: 5 A | G 


1 


x — —-E--- 2 
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Book XI. BA is parallel to DC; therefore, becauſe KL, BA are each of | 


b g. 11, 


629. 1. 


e ee 

„ -. gles, the baer“ © He 5 
4 4. 1. is equal d to the — 5 e 

baſe YE, and the | 5 N [ 88 


233. 1. 


the angle XYD 


is equal to the an- : 0 
DVEisaſtraight 
ſame reaſon BS 


and BS equal to 
| SG: And becauſe CA is equal and parallel to DB, and alle 


them parallel to DC, and not in the ſame plane with it, KL i; 


parallel b to BA: And becauſe KL, MN are each of them pa. 


rallel to BA, and not in the fame plane with it, KL is parallel 
b to MN; wherefore KL, MN are in one plane. In like man. 
ner, it may be proved, that XO, PR are in one plane. Let 
Vs be the common ſeQtion of the planes KN, XR; and DG 


the diameter of the ſolid parallelepiped AF; S and DG do 
meet, and cut one another into two equal parts. 5 


Join D, YE, BS, SG. Becauſe DX is parallel to OF, the 
alternate angles DXY, YOU are equal © to one another: And 


becauſe DX is e- D 55 K F 


qual to OE, and 


8 - 


XY to YO, and 


contain equal an- — 


other angles are 
equal; therefore 


TIN 
; . „ 
1 1 8 
Nl " 1 
= 


R $JRRN 
15 a ſtraight line, 33 G 


A N 


gle OYE, and 


e line: For the 


equal and parallel to EG; therefore DB is equal and parallel! 


to EG: And DE, BG join their extremities; therefore DE 


equal and parallel a to BG: And DG, XS are drawn from 
points in the one, to points in the other ; and are therefore 
one plane: Whence it is manifeſt, that DG, YS muſt meet 
one another; let them meet in T: And becauſe DE is p# 


rallel to BG, the alternate angles EDT, BGT are equal“; 


and the angle DTV is equal f to the angle GIS: Theretore 


in the triangles DTV, GTS there are two angles in the one 


equal to two angles in the other, and one ſide equal to one fide 


oppoſite to two of the equal angles, viz. D to GS; for they 
are the halves of DE, BG: Therefore the remaining ſides a: 


. 1. equal g, each to each. Wherefore DT is equal to TG, and 


YT equal to TS. Wherefore, if in a ſolid, &c. Q. E. D. 


PROP. 
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5 Book XI. | 
—— 


PROP. XL. THE OR. 


F there be two triangular priſms of the ſame alti- 


tude, the baſe of one of which is a parallelogram, 


and the baſe of the other a triangle; if the parallelo- 
gram be double of the triangle, the priſms ſhall be 
equal to one another. Sh 


Let the priſms ABCDEF, GHKLMN be of the flo alti- 
tude, the firſt whereof 1s contained by the two triangles ABE, 


CDF, and the three parallelograms AD, DE, EC; and the 


other by the two triangles GHK, LMN and the three paral- 
lelogtams LH, HN, NG; and let one of them have a paral- 


lelogram AF, and the other a triangle GHK for its baſe; if 


the parallelogram AF be double of the triangle GHK, the 
priſm ABCDEF is equal to the priſm GHKEMN. 
Complete the ſolids AX, G0; and becauſe the parullelo- 


gram AF is double of the triangle SHK; and the parallelo- 


1 


gram HK double a of the ſame ahh; therefore the paral- 
lelogram AF is equal to HK. But ſolid parallelepipeds upon 


equal baſes, and of the ſame altitude, are equal b to one an- 
other. Therefore the ſolid AX is equal to the ſolid GO; and 
the priſm ABC DEF is half c of the ſolid AX; and the priſm 
GHKLMN half e of the ſolid GO. Therefore the priſm 
ABCDEF is equal to the priſm GHKLMN, WEIS, if 
there be two, &c. E. D. 8 


a 34- T, 
b 31. IT; 


C 28. 11. 


THE 


— ””C COR — — . — — 8. — 
—— ͤ —Ʒqöää⁴ä0 — cif oo 
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v 


| : Sec N. . 


Which is the firſt propoſition of the tenth . and is neceſ 


der more than its half; and ſo on: There ſhall a 


propoſed magnitudes. 


the greater. If from AB there be taken more 


than its half, and ſo on; there ſhall at length | 1 0 


become greater than AB. Let it be ſo multi- 


than its half, and from the remainder AH 


in DE : And let the diviſions in AB be AK, | 
| GE. And becauſe DE is greater than AB, and 


"INS 
E 1. E ME NT s 
„ 
E U BE" W 
BOOK XI. 


LEMMA I. 


ſary to ſome of the propoſitions of this book. 


F-from the greater of two unequal ma gnitudes, ther 
be taken more than its half, and from the remain. 


length remain a magnitude leſs than the leaſt of the 


Let AB and C be two unequal . of which ABi 
than its half, and from the remainder more A 1 


remain a magnitude leſs than C. N 
For C may be multiplied ſo as at length to K. 


plied, and let DE its multiple be greater than 5 
AB, and let DE be divided into DF, FG, GE, H 
each equal to C. From AB take BH greater ? 


take HK greater than its half, and ſo on, until 
there be as many diviſions in AB as there are 


KH, HB, and the diviſions in ED be DF, FG B C | 


that 


zer GD is greater than the remainder HA. Again, becauſe 
D is greater than HA, and that GF is not greater than the 
alf of GD, but HK is greater than the half of HA; therefore 


ne remainder FD is greater than the remainder AK. And 


D is equal to C, therefore C is greater than AK; that is, AK 
s leſs than C. Q. E. D. a . 9 85 
And if only the halves be taken away, the ſame thing may 
n the fame way be demonſtrated. at ; 


PROP. I THEOR. 


IuILAR polygons inſcribed in circles, are to one 


D another as the ſquares of their diameters. 


Let ABCDE, FGHEL be two circles; and in then the fi- 


Inilar polygons ABCDE, F GHKL; and let BM, GN be the 


liameters of the circles: As the ſquare of BM is to the ſquare | 


pf GN, fo is the polygon ABCDE to the polygon FGHKL. 


Join BE, AM, GL, FN: And becauſe the polygon ABCDE 
similar to the polygon FGHKL, and ſimilar polygons are di- 
r:ded into ſimilar triangles; the triangles ABE, FG“, are fimilar 


Wd equiangular b; and therefore the angle AEB is equal to the b 6. 6. 1 
e FLG: But AEB is equal © to AM, becauſe they ſtand up- 21. 3. 


n the ſame circumference; and the angle FLG is for the ſame 
reaſon, equal to the angle FNG: Therefore alſo the angle AMB 


equal to FNG : And the right angle BAM is equal to the 
icht dangle GFN; wherefore the remaining angles in the tri- d 3r. 3. 


zugles ABM, FGN are equal, and they are equiangular to one 
| 2 another: 
: FROM 
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at EG taken from DE is not greater than its half, but BH Book XII. 
taken from AB is greater than its half; therefore the remain- OT Or Oe 


p * 
—_—_—. — _— 


— — — — ST PEI 0” DA —— an e 
- 
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Book XII. another: Therefore as BM to GN, ſo e1s BA. to GF; and there. 


fore the duplicate ratio of BM to GN, i is the ſame f with the du. 
plicate ratio of BA to G: But the ratio of the ſquare of BY to 


5. & 22. 5. the ſquare of GN, is the duplicate 8 ratio of that which BM ha; 


* 


See N. 


to GN ; and the ratio of the polygon ABC DE to the polygon 


FGHKL is the duplicate zof that which BA has to GF; 


Therefore as the ſquare of BM to the ſquare of GN. fo is the 
polygon ABCDE to the polygon FGHKL. Wherefore Emile 


he &. Q. E. D. 
PROP. IL. THEOR. 


IRCLES are to one another as the ſquares of 
their diameters. 188 „ 


13 ABCD, FFGH be two circles, and BD, FH their dia- 


meters: As the ſquare of BD to the ſquare of F H, fo is the 


circle ABCD, to the circle EFGH. | 
For, if it be not ſo, the ſquare of BD ſhall be to the ſquare 
of F H, as the circle ABCD is to ſome ſpace either leſs than 


the circle EFGH, or greater than it *. Firſt let it be to a ſpace 


S leſs than the OED EFGH; and in the circle EFGH 


deſcribe the ſquare EFGH : This ſquare is greater than 


half of the circle EFGH ; becauſe if, through the points 
: F, G, , there be e tangents to the circle, the 


ſquare 
| 1 
* For there i iS fr 3 equal tc | proportionals; that i is, to the ſquares 0 of 


the circle ABCD; let P be the ſide of | 3D, FH and the circle ABCD, it is 


it, and to three ſtraight lines BD, FH | poſſible there may be a fourth proyor- 


and P, there can be a fourth propor tional. Let this be S. And in like man- 
tional; let this be 2 Therefore the | ner are to be nnderſtuod ſome things 


U quares of theſe four ſtraight 1ines are | in ſome of the following propoſitions. 
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e. Wy {quare EFGH 1s half of the ſquare deſcribed about the circle; Book XII. 
* and the circle is leſs than the ſquare deſcribed about It there- „ 
to fore the ſquare EFG H is greater than half of the circle. Di- | 

43 vide the circumferences EF, FG, GH, HE, each into two equal 


MN parts in the points K, L, M, N, and join EK, KF, FL, LG, GM, 

MH, HN, NE : Therefore each of the triangles EKF, FLG, 

CMH, HNE is greater than half of the ſegment of the circle 

it ſtands in; becauſe, if ſtraight lines touching the circle be 

drawn through the points K, L, M, N, and parallelograms up- 

on the ſtraight lines EF, FG, GH, HE, be completed; each _ 
ok the triangles EKF, FLG, GMH, HNE {hall be the half 2 4 41. . 
ok the parallelogram in which it is: But every ſegment is leſs 

than the parallelogram in which it is: Wherefore each of the 

tnangles EKF, FLG, GMH, HNE is greater than half the 

ſegment of the circle which contains it: And if theſe cir- 
cumferences before named be divided each into two equal parts, 

and their extremities be joined by ſtraight lines, by continuing 


5 
E | 
Y 
to do this, there will at length remain ſegments of the circle | 
e which, together, ſhall be leſs than the exceſs of the circle EFGH | | 
n above the ſpace 8: Becauſe, by the preceding Lemma, if | 
0 from the greater of two unequal magnitudes there be taken t 
1 more than its half, and from the remainder more than its 'þ 
n half, and ſo on, there ſhall at length remain a magnitude leſs | i 
3 than the leaſt of the propoſed magnitudes. Let then the ſeg- if 
e ments EK, KF, FL, LG. GM, MH, HN, NE be thoſe that | 
e remain and are together leſs than the exceſs of the circle EFGH ( 
above 8: Therefore the reſt of the circle, viz. the polygon l 
7 EKFLGMHN is greater than the ſpace S. Deſcribe likewiſe | 9 
5 in the circle ABC the polygon AX BOC PDRſimilar to the | 
- polygon EKFLGMHN : As therefore, the ſquare of BD is to 


5 the ſquare of FH, ſo b is the polygon AX BOC PDR to the b 1. 12, 
155 Polygon EKFLGMHN ; But the ſquare of BD is alſo to the 


{quare i" | 
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Beok XII. ſquare of FH, as the circle ABC is to the ſpace 8: There. 
NN fore as the circle ABCD is to the ſpace 8, ſo is e the polygon 
AxBOCPDR to the polygon EKFLGMHN : But the circle 
ABO is greater than the polygon contained in it; wherefore 
d 14. 5. the ſpace 8 is greater than the poly gon ERFLGMHN; But 
it is likewiſe lefs, as has been demonſtrated; which is impoſſ. 
ble. Therefore the ſquare of BD is not to the ſquare of FH, 
as the circle AB C is to any ſpace leſs than the circle EFGH, 
In the ſame manner, it may be demonſtrated, that neither isthe 

ſquare of FH to the ſquare of BD, as the circle EFGH is to 
any ſpace leſs than the circle ABCD. Nor is the ſquare of 
BO to the ſquare of FH, as the circle ABC is to any ſpace 

greater than the circle EFGH : For, if poſſible, let it be fo to 

T. a ſpace greater than the circle EFGH: Therefore inverſely 

as the ſquare of FH to the ſquare of BD, ſo is the ſpace T to 


88 n 1 9 ny * 


the circle ABCD. But as the ſpace + T is to the circle ABGD, 

ſo is the circle EFGH to ſome ſpace, which muſt be leſs d than 
the circle ABCD, becauſe the ſpace T is greater, by hypotie 
ſis, than the circle EFGH. Therefore as the ſquare ol FH = 


a ll od > a> 


| | + For as in the foregoing note, at &, manner there can be a fourth propor 
= it was explained how it- was poſſible | tional to this other cs, 851 a 
l | there could be a fourth proportional to | and the circles ABCD. E Ns 

| | | 


the ſquares of BD, FH, and the circle | the like is to be undetſtood in ſme e 
ABCD, which was named S. S0 in like | the following propoſitions. 


| | 


ere. 
gon 


\ BCD, 
s d that 
ypothe- 
FH is to 

the 


th propol. 

named J. 
GH. And 
in ſons 
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the circle ABCD, which has been demonſtrated to be impoſ- 
ible : Therefore the ſquare of BD is not to the ſquare of FH 


the ſquare of BD, ſo is the circle EFGH to a ſpace leſs than Book XII. 


as the circle ABCD is to any ſpace greater than the circle 


FEFGH : And it has been demonſtrated, that neither is the 


ſquare of BD to the ſquare of FH, as the circle ABCD to any 


ſpace leſs than the circle EFGH : Wherefore, as the ſquare of 


RD to the ſquare of FH, fo is the circle ABCD to the circle 

EFGH f. Circles therefore are, &c. Q. E. D. 5 
PRO P. III. THE OR. 

VERY pyramid having a triangular baſe, may be 

divided into two equal and ſimilar pyramids ha- 


See N. 


ving triangular baſes, and which are ſimilar to the 5 


whole pyramid; and into two equal priſms which to- 


gether are greater than half of the whole pyramid. 


Let there be a pyramid of which the baſe is the triangle ABC 


and its vertex the point D : The pyramid ABCD may be di- 
vided into two equal and fimilar pyra- e 
mids having triangular baſes, and ſimi- D 
lar to the whole; and into two equal 
priſms which together are greater than 
half of the whole pyramid. L 
Divide AB, BC, CA, AD, DB, DC, 
each into two equal parts in the points 
E, F, G, H, K, L, and join EH, EG, 
GH, HK, KL, LH, EK, KF, FG. Be- 
cauſe AE is equal to EB, and AH to 
HD, HE is parallel a to DB: For the 
ſame reaſon, HK is parallel to AB: 
Therefore HEBK is a parallelogram, 
and HK equal b to EB: But EB is equal 
to AE; therefore alſo AE is equal to B 955 — 
HK: And AH is equal to HD; where- © F C 
tore EA, AH are equal to KH HD, 3 
each to each; and the angle E AH is equal © to the angle KHD; 


| Becauſe as a fourth proportional to the ſquares of BD, FH and the circle 


A, it muſt be equal to it. 


therefore the baſe EH is equal to the baſe KD, and the triangle 


D is poſſible, and that it can neither be leſs nor greater than the circle 


-.2 24; 6, 


b 34. I. 


C 29. Is 


— — — ] ——— — — 
- r —— nz, one ee — re Ie = 
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Book XII. AEH equal d and ſimilar to the triangle HKD: For the fame | 


d 4. 1, reaſon, the triangle AGH is equal and fimilar to the triangle 


e 10. 11. 


fc. 11, 


g 4. 6. 


h 21. 6. 


41 
& 11 
Def. 2 3 


baſe of which is the triangle KHL, and 


is parallel to AB a fide of the triangle 
ADB, the triangle ADB is equiangu- 


ſides are proportionals 8 : Therefore the 


HDK: And for the ſame reaſon, the 
triangle DBC is ſimilar to the triangle 
DKL; and the triangle ADC to the 
triangle HDL; and alſo the triangle 
_ ABC to the triangle AEG: But the 

triangle AEG 1s ſimilar to the triangle 
HKL, as before was proved; therefore 


of the triangle GF C: But when there are two priſms of the 
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HLD : And becauſe the two ſtraight lines EH, HG which 
meet one another are parallel to KD, DL that meet one and. 
ther, and are not in the ſame plane with them, they contain 
equal e angles; therefore the angle EH is equal to the angle 


KDL. Again, becauſe EH, HG are equal to KD, DL, each 
to each, and the angle EHG equal to the angle KDL; there. 
fore the baſe EG is equal to the baſe KL: And the triangle 
EHG equal d and ſimilar to the triangle KDL: For the ſame 

_ reaſon, the triangle AEG is allo equal and fimilar to the tri. 
angle HKL. Therefore the pyramid of which the baſe is the 


triangle AEG, and of which the vertex is the point H, is e- 
qua f and ſimilar to the pyramid the TE 


vertex the point D: And becauſe HK 


lar to the triangle HDK, and their 


triangle ADB is ſimilar to the triangle 


the triangle ABC is fimilarÞ to the 


triangle HKL. And the pyramid of | 
which the baſe 1s the triangle ABC, and vertex the point D, 


is therefore ſimilar i to the pyramid of which the baſe is the tri- 


angle HKL, and vertex the ſame point D: But the pyramid of 


which the baſe is the triangle HKL, and vertex the point D, I 
ſimilar, as has been proved, to the pyramid the baſe of which l- 


the triangle AEG, and vertex the point H: Wherefore the py- 
ramid the baſe of which is the triangle ABC, and vertex the 


point D, is ſimilar to the pyramid of which the baſe is the tri- 
angle AEG and vertex H: Therefore each of the pyramids 


 AEGH, HKLD is fimilar to the whole pyramid ABCD: And 


becauſe BF is equal to FC, the parallelogram EBFG is double : 


ſame 
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me 


ame altitude, of which one has a parallelogram for ifs baſe, Book XII. 
gle and the other a triangle that is half of the parallelogram, theſe 
ich priſms are equal ® to one another; therefore the priſm having a 49. 11. 
No- the parallelogram EBFG for its baſe, and the ſtraight line K 
ain oppoſite to it, is equal to the priſm having the triangle GFC 
gle for its baſe, and the triangle HKL oppoſite to it ; for they are 
ich of the ſame altitude, becauſe they are between the parallel b b 15. 11. 
re- planes ABC, HKL: And it is manifeſt that each of theſe priſms 
gle js greater than either of the pyramids of which the triangles 
me 


AEG, HKL are the baſes, and the vertices the points H, D ; 
becauſe, if EF be joined, the priſm having the parallelogram 
EBFG for its baſe, and KH the ftraight line oppoſite to it, is 
greater than the pyramid of which the baſe is the triangle EBF, 
and vertex the point K; but this pyramid is equal © to the py- c C. 11. 
ramid the baſe of which 1s the triangle AEG, and vertex the 
point H; becauſe they are contained by equal and fimilar planes: 
Wherefore the priſm having the parallelogram EBFG for its 

baſe, and oppoſite fide KH, is greater than the pramid of 

which the baſe is the triangle AEG, and vertex the point H: 

And the priſm of which the baſe is the parallelogram EBFG;, 

and oppoſite fide KH is equal to the priſm having the triangle 

GFC for its baſe, and HKL the triangle oppoſite to it; and the 
pyramid of which the baſe is the triangle AEG, and vertex H, 

is equal to the pyramid of which the baſe is the triangle HKL, 

and vertex D: Therefore the two priſms before mentioned are 
greater than the two pyramids of which the baſes are the tri- 
angles AEG, HKL, and vertices the points H, D. Therefore 

the whole pyramid of which the baſe is the triangle ABC, and 

vertex the point D, is divided into two equal pyramids fimilar 

to one another, and to the whole pyramid ; and into two equal 
priſms; and the two priſms are together greater than half of 

the whole pyramid. Q. E. D. 


rl. 
the 


E- 
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PT... T PROP. IV. THEOR. 


Sen. IF there be two pyramids of the ſame altitude, upoy 


triangular baſes, and each of them be divided in. 


to two equal pyramids fimilar to the Whole pyramid, 


and alſo into two equal priſms; and if each of theſe 
pyramids be divided in the ſame manner as the fir 
two, and ſo on: As the baſe of one of the firſt two 


| pyramids is to the baſe of the other, ſo ſhall all the 


priſms in one of them be to all the priſms in the other 
that are produced by the ſame number of diviſions, 


Let there be two pyramids of the ſame altitude upon the tri- 
angular baſes ABC, DEF, and having their vertices in the 
points G, H; and let each of them be divided into two equal 
pyramids fimilar to the whole, and into two equal priſms; and 
let each of the pyramids thus made be conceived to be divided 
in the ike manner, and ſo on: As the baſe ABC is to the baſe 
DEF, fo are all the priſms in the pyramid ABCG to all the 
priſms in the pyramid DEFH made by the ſame number of di- 
Vis. err wo 1 8 8 

Make the ſame conſtruction as in the foregoing propoſition: 


And becauſe BX is equal to XC, and AL to LC, therefore XL 


is parallel a to AB, and the triangle ABC fimilar to the tri- ! 
angle LXC : For the ſame reaſon, the triangle DEF is fimilar 
to RVF : And becauſe BC is double of CX, and EF double of 
FV, therefore BC is to CX, as EF to FV: And upon BC, (X 


are deſcribed the fimilar and {ſimilarly ſituated reQilineal fi- 


cures ABC, LXC; and upon EF, FV, in like manner, are 


deſcribed the ſimilar figures DEF, RVF: Therefore, as the tri- 
angle ABC is to the triangle LXC, ſoÞ is the triangle DEF to 


the triangle RVF, and, by permutation, as the triangle ABC 


to the triangle DEF, fo is the triangle IAXC to the triangle 


RVF : And becaule the planes ABC, OMN, as alſo the planes 
DEF, ST are parallel e, the perpendiculars drawn from the 
points G, H to the baſes ABC, DEF, which, by the hypothe- 
fis, are equal to one another, ſhall be cut each into two equal 
d parts by the planes OMN, STV, becauſe the ſtraight lines 
GC, HF are cut into two equal parts in the points N, Y by 
the ſame planes: Therefore the priſms LXCOMN, RVFS IT 
are of the ſame altitude; and therefore, as the baſe LXC ” 

| | | | | the 
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the baſe RVF ; that is, as the triangle ABC to the triangle Book XII, 


DEF, ſo a is the priſm having the triangle LXC for its baſe, à Cor. 32. 


11. 


and OMN the triangle oppotite to it, to the priſm of which the 
baſe is the triangle RVF, and the oppoſite triangle STY : And 
hec:ule the two priims in the pyramid ABC G are equal to 


one another, and alſo the two priſms in the pyramid DEFH 


equal to one another, as the priſm of which the bale is the pa- 
rallelogram KBXL and oppoſite fide MO, to the priſm having 
the triangle LXC for its baſe, and OMN the triangle oppoſite 


to it; ſo is the priſm of which the baſe b is the parallelogram, 
PEVR, and oppoſite fide T'S, to the priſm of which the baſe 


i; the triangle RVF, and oppoſite triangle STV. Therefore, 
componendo, as the priſms KBRXLMO LXCONN together 


H 


F 
are unto the priſm LXCOM N; ſo are the priſms PEVRTS, 


RVFSTY to the priſm R\ FSTY : And permutando, as the 
prims KBXLMO, LX COMN are to the priims PEVRTS, 
RVESTY ; ſo is the priſm LXCOMN to the priſm RVFSTY : 


but as the priſm LXCOMN to the priſm RVFSTY, ſo is, as 
13s been proved, the baſe ABC to the baſe DEF: Therefore, 


az the bale ABC to the baſe DEF, ſo are the two priſms in 


the pyramid ABCG to the two priſms in the pyramid DEFH: 


And likewiſe if the pyramids now made, for example, the two 
OVNG, STYH be divided in the ſame manner; as the baſe 


OMN is to the baſe STV, ſo ſhall the two priſms in the py- 


ramid OMNG be to the two priſms in the pyramid STYH : 


Bit the baſe OMN is to the baſe S TV, as the baſe ABC to the 
baſe DEF; therefore, as the baſe ABU to the baſe DEF, ſo are 


the 


5b 5. 5. 
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Book XII. the two priſms in the pyramid AB CG to the two priſms in the 
" pyramid DEFH; and ſo are the two priſms in the Pyramid 
OMNG to the two priſms in the pyramid STYH ; and ſo are 

all four to all four : And the fame thing may be ſ{hewn of the 

| priſms made by dividing the pyramids AKLO and DPRS, and 

of all made by the ſame number of diviſions. Q. E. DP). 


Re a i t, 
dee N. JIYRAMIDS of the ſame altitude which have tri- 
angular baſes, are to one another as their baſes, 


Let the pyramids of which the triangles ABC, DEF are the 
baſes, and of which the vertices are the points G, H, be of the 
ſame altitude: As the baſe ABC to the baſe DEF, fois the py. 
ramid ABCG to the pyramid DEFH. N 
For, if it be not ſo, the baſe ABC muſt be to the baſe DEF, 
as the pyramid ABCG to a ſolid either leſs than the pyramid 

DEF, or greater than it“. Firſt, let it be to a ſolid leſs than 
it, viz. to the folid Q: And divide the pyramid DEFH into 
two equal pyramids, fimilar to the whole, and into two equal 
a 3. 12. priſms: Therefore theſe two priſms are greater 2 than the half 
of the whole pyramid, And again, let the pyramids made by 
this diviſion be in like manner divided, and ſo on, until the 
_ pyramids which remain undivided in the pyramid DEFH be, 
all of them together, leſs than the exceſs of the pyramid DEFH 
above the ſolid Q; Let theſe, for example, be the pyramid 
DPRS, STYH : Therefore the priſms, which make the reſt ot 
the pyramid DEFH, are greater than the ſolid Q: Divide like. 
wiſe the pyramid ABCG in the ſame manner, and into 8 
many parts, as the pyramid DEFH : Therefore, as the bale | 
b 4. 12. ABC to the baſe DEF, ſob are the priſms in the pyramid 
| ABCG to the priſms in the pyramid DEFH : But as the bale 
ABC tothe baſe DEF, fo, by hypotheſis, is the pyramid ABCG 
to the ſolid Q; and therefore, as the pyramid ABCG to the 
ſolid Q, ſo are the priſms in the pyramid ABCG to the prilms 
in the pyramid DEFH : But the pyramid ABCG is greater 
© 14.5, than the priſms contained in it; wherefore © alſo the ſolid Q 5 
greater than the priſms in the pyramid DEFH. But is it alſo 
lefs, which is impoſſible. Therefore the baſe ABC 15 wy 


* This may be explained the ſame way as at the note f in propoſition 2. 
CCC 
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n the the baſe DEF, as the pyramid ABCG to any ſolid which i 15 Book xII. 
amid leſs than the pyramid DEFH. In the ſame manner it max * 
o are be demonſtrated, that the baſe DEF is not to the baſe ABG, 
f the as the pyramid DEFH to any ſolid which is leſs than the pyra- 
„ and mid ABCG. Nor can the baſe ABC be to the baſe DEF, as 
the pyramid ABCG to any ſolid which is greater than the py- 
ramid DEFH. For if it be poſſible, let it be ſo to a greater, 
viz. the ſolid Z. And becauſe the baſe ABC is to the baſe DEF 

as the pyramid ABCG to the ſolid Z.; by i verſion, as the baſe 
DEF to the baſe ABC, ſo is the fold 2 to the pyramid ABCG. 

But as the ſolid Z is to the pyramid AB CG, fo is the pyramid. 


tri 
ſes, 


e the 
f the 


> Py» 
EF, 


amid 
than 
into 
qual 
half 
e by 
| the 
1 be, 
FH 
mids 
ft of 
like⸗ 
0 25 
baſe 
amid 
bale 
30G 
) the 
iſms 
2ater 
Q is 
allo 


ot to 


DEFH to ſome ſolid *, which muſt be lefs a than the 3 4 14. 2 
AB CG, becauſe the ſolid Z is greater than the pyramid DEFH. 
And therefore, as the baſe DEF to the baſe ABC, ſo is the py- 
ramid DEFH to a ſolid leſs than the pyramid ABCG; the con 
trary to which has been proved. Therefore the baſe ABC is 
not to the baſe DEF, as the pyramid ABCG to any ſolid which 

13 greater than the pyramid DEFH. And it has been proved, 
that neither 1s the baſe ABC to the baſe DEF, as the pyramid *' 
ABCG to any ſolid which 1s leſs than the pyramid DEFH. 
Therefore, as the baſe ABC is to the baſe DEF, fo is the py- 

a ABCG to the pyramid DEFH. W herefore pyramids, 


e 
1 PROP. 


* This may be e the ſame \ way as the like at the Matk ＋ in prop. 2. 
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Pen | 
See N. 


\ baſes. 


| the pyramid ABCDEM to the pyramid FGHKLN. = 
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Ws) tb 2 +4) 
e e of the ſame altitude which have poly- 
gons for their baſes, are to one another as their 


Let the pyramids which have the polygons ABC DE, FGHKL 
for their baſes, and their vertices in the points M. N, be of the 
ſame altitude: As the baſe ABC DE to the baſe FGH KL, ſo is hal 


Divide the baſe ABCDE into the triangles ABC, ACD, 
ADE; and the baſe FGHKL into the triangles FGH, FHR, 
FKL : And upon the baſes ABC, ACD, ADE let there be az re. 


many pyramids of which the common vertex 1s the point M, bal 


a 5. 12. 


triangle ADE to the triangle FGH, as the pyramid ADEM to 


Þ 2. Cor. 
24. 5. 


inverſion, as the baſe FGH to the baſe FGHKL, fo is the py- 


pyramid FGHN ; and the triangle ACD to the triangle FGH, 
as the pyramid ACDM to the pyramid FGHN ; and allo the 


| FGHRKL, ſo is the pyramid FGHN to the pyramid FGHKLN; 


and upon the remaining baſes as many pyramids having their 
common vertex in the point N: Therefore, ſince the triangle 
ABC is to the triangle FGH, as a the pyramid ABCM to the the 


8 8 1 


the pyramid FGHN ; as all the firſt antecedents to their com- 
mon conſequent; ſoÞ are all the other antecedents to their com- 
mon conſequent; that is, as the baſe ABC DE to the baſe 
FGH, fo is the pyramid ABC DEM to the pyramid FGHN: 
And, for the ſame reaſon, as the baſe FGHKL to the baſe FGH, 
ſo is the pyramid FGHKLN to the pyramid FGHN : And, by 


ramid FGHN to the pyramid FGHKLN: Then, becauſe as the 
baſe ABCDE to the baſe FGH, ſo is the pyramid ABCDEM 
to the pyramid FGHN; and as the baſe FGH to the baſe 


therefore, 
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werefore, ex £qualc, as the baſe ABCDE to the baſe FGHKL, Book XII. 

© the pyramid ABC DEM to the pyramid FGHKLN. There- cz 5. 
ly- fore pyramids, So. Q. E. D. OY | | 
eir ee 1 7 2 

FROFP. VI. FHEUR. 

KI VERY priſm having a triangular baſe may be di- 
the vided into three pyramids that have triangular 
015 bales, and are equal to one another. 
D, Let there be a priſm of which the baſe is the triangle ABC, 
IK, andlet DEF be the triangle oppoſite to it: The priſm ABC DEF 
> As may be divided into three equal pyramids having triangular 
M, hales. 1 8 5 | : 8 55 | 
eir ſon BD, EC, CD; and becaufe ABED is a parallelogram | 
gle of which BD is the diameter, the triangle ABD is equal 2 to 2 34.1. 
the the triangle EBD ; therefore the pyramid of which the baſe is 
5 the triangle ABD, and vertex the point C, is equal b to the b S. 12. 
the 


pyramid of which the baſe is the triangle EBD, and vertex the 


angle EBC, and vertex the point D: Again, becauſe FCBE is 
a parallelogram of which the diameter is 2 

CE, the triangle ECF is equal a to the . 

triangle ECB; therefore the pyramid of D — 

which the baſe is the triangle ECB, and © 
rertex the point D, is equal to the py- 
ramid, the baſe of which is the triangle 
ECF, and vertex the point D: But the 


IN 


point C: But this pyramid is the ſame with the pyramid the 
baſe of which is the triangle EBC, and vertex the point D; 
for they are contained by the ſame planes: Therefore the py- 
ramid of which the baſe is the triangle ABD, and vertex the 
point C, is equal to the pyramid, the baſe of which is the tri- 


2 pyramid of which the baſe is the triangle {| _ C . 
N. ECB, and vertex the point D has been A as ARB 

u proved equal to the pyramid of which the © | 

by bale is the triangle ABD, and vertex the point C. Therefore 
4 the priſm ABC DEF is divided into three equal pyramids having 
, "gular bates, viz. into the pyramids BDC, EBDC, ECFD: 

N 5 And becauſe the pyramid of which the baſe is the triangle ABD, 
62 and vertex the point C, is the ſame with the pyramid of which 
N:; lie baſe is the triangle ABC, and vertex the point D, for they 


ire contained by the ſame planes; and that the pyramid of which 
ine baſe is the trian gle ABD, and vertex the point C, has been 
. | : demonſtrated 
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Book XII. demonſtrated to be a third part of the priſm the baſe of whi 


* 6. 12. 


poſite triangle. Q. E. D. 
figure than a triangle, it may be divided into priſms hayin 


ſame altitude, are e to one another as their haſes, 


O one to another in the triplicate ratio of that 


baſes, and the points G, H for their vertices, be ſimilar, an 


DEF, the triplicate ratio of that which the fide BU has to th. 


thoſe oppoſite to them: And, in like manner, complete the 
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is the triangle ABG, and to which DEF is the oppoſite triangle 
therefore the pyramid of which the baſe 1s the triangle Ne 
and vertex the point D, is the third part of the priſm whit 
has the ſame baſe,” viz. the triangle ABC, and DEF is the 9; 


Cor. x. From this it is manifeſt, that every pyramid u the 
third part of a priſm which has the ſame baſe, and is of y 
equal altitude with it; for if the baſe of the priſm be any ole 


triangular baſes. | 
Cor. 2. Priſms of equal altitudes are to one another as thei 
baſes; becauſe the pyramids upon the ſame baſes, and of thy 


PROP. VIII. THEOR. 
IMILAR pyramids having triangular baſes ar 


their homologous ſides. 

Let the pyramids having the triangles ABC, DEF for ti 
ſimilarly ſituated; the pyramid ABCG has to the pyrami 
homologous ſide EF. 


Complete the parallelograms AB CM, GBCN, ABGK,at 
the ſolid parallelepiped BGML contained by theſe planes a 


K * 
Fon 


= 


AD 


F 


lid parallelepiped EH PO contained by the three parallelogrit 
DEFP, HEFR, DEHX, and thoſe oppoſite to them: Andb 
. 25 eee 


F whic 

angebe angle ABC is equal a to the angle DEF, and the angle GBC . 
Ame angle HEF, and ABG to DEH: And AB is b to BC, I. 
wü DE to EF; that is, the ſides about the equal angles are pro- b f. def. 6, 


the y rtionals; wherefore the parallelogram BM is ſimilar to EP: 

or the fame reaſon, the parallelogram BN is ſimilar to ER, 

nd BK to EX : Therefore the three parallelograms BM, BN, 

pK are ſimilar to the three EP, ER, EX: But the three BM, 

IN, BK, are equal and ſimilar e to the three which are oppo- e 24. 11. 
ite to them, and the three EP, ER, EX equal and ſimilar to 
he three oppoſite to them: Wherefore the ſolids BGML, 

FHPO are contained by the ſame number of fimilar planes; 

ind their ſolid angles are equal d; and therefore the ſolid d B. 71. 
BGML, is fimilar a to the ſolid EHPO : But fimilar ſolid pa- 25 
allelepipeds have the triplicate e ratio of that which their ho- e 33. rr. 
mologous fides have: Therefore the ſolid BGML has to the 

lid EHPO the triplicate ratio of that which the fide BC has 

o the homologous fide EHF: But as the ſolid BGM is to the 
ſolid EH PO, ſo is f the pyramid AB CG to the pyramid DEFH; f 1s. 5. 
becauſe the pyramids are the ſixth part of the ſolids, fince the 35 
priſm, which is the half s of the ſolid parallelepiped, is triple h g 25: It. 
of the pyramid. Wherefore likewiſe the pyramid ABCG has k 7: 12. 
to the pyramid DEFH, the triplicate ratio of that which BC 

has to the homologous fide EF. Q. E. DP). | 
Cor, From this it is evident, that ſimilar pyramids which See N. 
have maltangular baſes, are likewiſe to one another in the tri- 

licate ratio of their homologous ſides: For they may be di- 

vided into ſimilar pyramids having triangular baſes, becauſe the 

imilar polygons, which are their baſes, may be divided into 

the fame number of ſimilar triangles homologous to the whole 
polygons; therefore as one of the triangular pyramids in the 

ſirſt multangular pyramid is to one of the triangular pyramids _ 
in. the other, ſo are all the triangular pyramids in the firſt to all 

the triangular pyramids in the other; that is, ſo is the firſt 
multangular pyramid to the other: But one triangular pyramid 

5 to its ſimilar triangular pyramid, in the triplicate ratio of 

their homologous ſides; and therefore the firſt multangular py- 

zamid has to the other, the triplicate ratio of that which one of 

the tides of the firſt has to the homologous ſide of the other. 
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zuſe the pyramid ABCG is fimilar to the pyramid DEFH, Book xir 
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Bock XII. | 
| CR QDE- £2. LEED R Prra 
| PAP | 5 & | [alli 
HE baſes and altitudes of equal pyramids ha. 
ving triangular baſes are reciprocally propor- 
tional: And triangular pyramids of which the baſez 
and altitudes are reciprocally proportional, are equal 
to one another. e ; 
Let the pyramids of which the triangles ABC, DEF are the 
baſes, and which have their vertices in the points G, H, be 
cqual to one another: The baſes and altitudes of the pyramidz 
ABCG, DEFH are reciprocally proportional, viz. the baſe 
ABC is to the baſe DEF, as the altitude of the pyramid DEFE 
to the altitude of the pyramid ABCG.. „ 
Complete the parallelograms AC, AG, GC, DF, DH, HF; 
and the ſolid parallelepipeds BGML, EHPO contained by 


0-2 


D 


theſe planes and thoſe oppoſite to them: And becauſe the py- 
ramid ABCG is equal to the pyramid DEFH, and that the 
| ſolid BGML is ſextuple of the pyramid ABCG, and the ſolid 
EHPO ſextuple of the pyramid DEFH ; therefore the ſolid 
BGML is equal a to the ſolid EHPO : But the baſes and alti- 
tudes of equal ſolid parallelepipeds are reciprocally propol. 
tional b; therefore as the baſe BM to the baſe EP, ſo is the altl- 
tude of the ſolid EHPO to the altitude of the ſolid BGML: 
But as the baſe BM to the baſe EP, fo is © the triangle ABU 
to the triangle DEF ; therefore as the triangle ABC to the tir 
angle DEF, ſo is the altitude of the ſolid EHPO to the alt: 
tude of the ſolid BGML : But the altitude of the ſolid EHPO 
is the ſame with the altitude of the pyramid DEFH ; and the 
altitude of the ſolid BGM, is the fame with the altitude of the 

| | 5 | pyrawid 
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mid ABCG: Therefore, as the baſe ABC to the baſe DEF, Book XII. 
{ the altitude of the pyramid DEFH to the altitude of the | 
brand ABCG : Wherefore the baſes and altitudes of the py- 


U 
* 


nds A BCG, DEF H are reciprocally proportional. 
Again, let the baſes and altitudes of the pyramids ABCG, 
Dek be reciprocally proportional, viz. the baſe ABC to the 
Pore bx, as the altitude of the pyramid DEFH to the alti- | - 
Daſs. of the pyramid \ BCG : The pyramid ABCG is equal to 
qual. pyramid 7 oCEiE oi Wh 
The fame conſtruction being made, becauſe as the baſe ABG 

| to the baſe DEF, to is the altitude of the pyramid DEFH to 
e the ie altitude of the pyramid ABCG: And as the baſe ABC to 
the bale DEF, ſo is the parallelogram BM to the parallelo- 
gam EP; therefore the parallelogram BM is to EP, as the 
tude of the pyramid DEFH to the altitude of the pyramid 
ABUG : But the altitude of the pyramid DEFH is the ſame | 
ith the altitude of the ſolid parallelepiped EHPO ; and the | | 
titzde of the pyramid ABCG is the ſame with the altitude 1 
of the ſolid parallelepiped BGML : As, therefore, the baſe BM | 
o tie baſe EP, ſo is the altitude of the ſolid parallelepiped 
EHPO to the altitude of the ſolid parallelepiped BGML. But 
old parallelepipeds having their baſes and altitudes reciprocally 
proportional, are equal b to one another. Therefore the ſolid b 34. 11. 
parallele piped BGML is equalto the ſolid parallelepiped EHPO. 
Anil the pyramid A BCG is the ſixth part of the ſolid BGML, 
nd the pyramid DEFH is the ſixth part of the ſolid EHPO. 
Thereſore the pyramid ABC is equal to the pyramid DEFH. 
Therefore the baſes, Fc. Q. E. D. - 8 = 


eo an eg _ 3 


Ha- 


PROP. X. THE OR. 


þ VERY cone is the third part of a cylinder which 
* the ſame baſe, and is of an equal altitude 
with it. TY 


Let a cone have the ſame baſe with a cylinder, viz. the cir- 
de ABCD, and the ſame altitude. The cone is the third part 

of the cylinder ; that is, the cylinder is triple of the cone. 
If the cylinder be not triple of the cone, 1t muſt either be 
eater than the triple, or leſs than it. Firſt, Let it be greater 

than the triple; and deſcribe the ſquare ABCD in the circle; 
tus ſquare is greater than the half of the circle ALY *. 
: : N 5 | Upon 


* As was ſhewn in prop. 2. of this book. 
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Book XII. Upon the ſquare ABCD erect a priſm of the ſame altitude wit 


erected upon the ſquare, of the ſame altitude with the Cylinder, 


THE ELEMENTS 


the cylinder; this priſm is greater than half of the cylinder: 
becauſe if a ſquare be deſcribed about the circle, and a pri 


the inſcribed ſquare is half of that circumſcribed ; and upon 
theſe ſquare baſes are erected ſolid parallelepipeds, viz, th 
priſms of the ſame altitude; therefore the priſm upon the 


ſquare ABCD is the half of the priſm upon the ſquare deſct. WM vert 


. 


bed about the circle : Becauſe they are to one another as their i baſe 
baſes a: And the cylinder is leſs than the priſm upon the ſaum iſ cont 
deſcribed about the circle ABCD: Therefore the priſm up Wi 51! 
the ſquare ABCD of the ſame altitude with the cylinder, ; poll 
greater than half of the cylinder. Biſect the circumference; part 
AB, BC, CD, DA in the points E, F, G, H; and join AF, dis 


EZB, BE, FC, CG, GD, DH, HA: Then, each of the triangls dau- 


AEB, BFC, CGD, DHA is greater than the half of the leg. on 


D. Cor. 
J. 1%, 


e Lemma. 


ment of the circle in which it ſtands . 25 \ 


theſe triangles of the ſame altitude 


becauſe if, through the points E, F, 


CD, DA, and parallelograms be 
completed upon the ſame AB, BC, 
_ CD, DA, and ſolid parallelepipeds ED 
be erected upon the parallelograms; the priſms upon the tri. 
angles AEB, BFC, CGD, DHA are the halves of the ſolid 


upon the ſegments of the circle cut off by AB, BC, CD, DA 


altitude with the cylinder, and ſo on, there muſt at length te. 


than the exceſs of the cylinder above the triple of the cone. 
Let them be thoſe upon the ſegments of the circle AE, EB, — 


as was ſhewn in prop. 2. of this 
book. Erect priſms upon each of E - 7 


with the cylinder; each of theſe 
priſms is greater than half of the ſeg- B 
ment of the cylinder in which it 1s; D 


G, H, parallels be drawn to AB,BC, F 5 
— 


parallelepipeds b. And the ſegments of the cylinder which are 


are leſs than the ſolid parallelepipeds which contain them. 
Therefore the priſms upon the triangles AEB, BFC, CGD, 
DHA, are greater than half of the ſegments of the cylinder i 
which they are; therefore, if each of the circumferences be d. 
vided into two equal parts, and ſtraight lines be drawn from 
the points of diviſion to the extremities of the circumference, 
and upon the triangles thus made, priſms be erected of the ſame 


main ſome ſegments of the cylinder which together are kb * 
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xc, CG, GD, DH, HA. Therefore the reſt of the cylin- Book XII. 
der, that is, the priſm of which the baſe is the polygon 
AEBFCGDH, and of which the altitude is the ſame with that 

of the cylinder, is greater than the triple of the cone: But this 

ptilm is triple d of the pyramid upon the ſame baſe, of which d 1. Cor. 7. 
he vertex is the ſame with the vertex of the cone; therefore 


z. 

I the pyramid upon the baſe AEBFCGDH, having the fame 

Jeferr, Vertex with the cone, is greater than the cone, of which the 
then BW baſe is the circle ABCD: But it is alſo leſs, for the pyramid is 


contained within the cone; which is impoſſible. Nor can the 
cylinder be leſs than the triple of the cone. Let it be leſs, if 


u 
Sy poſſible: Therefore, inverſely, the cone 1s rome than the third 
rence; part of tne cylinder. In the circle ABCD deſcribe a ſquare; 
AF, bas ſquare is greater than the half of the circle : And upon the 
ole ſquare ABCD ereQ a pyramid having the ſame vertex with the 
I None; this pyramid is greater than the half of the cone; becauſe 


} 


Eu 


23 was before demonſtrated, if a ſquare be deſcribed about the 
circle, the ſquare ABCD is the H . 
half of it; and if, upon theſe ſquares . 
there be erected ſolid parallelepi- 6 [=D | 

peds of the ſame altitude with the bs \ 

cone, which are alſo priſms, the | 

priſm upon the ſquare ABCD EA AG 
ſhall be the half of that which is | by /, * 
upon the ſquare deſeribed about „ / | 
the circle ; for they are to one an- — 4 ©; 


— 


other as their baſes e; as are alſo 1 a 44. „„ 
the third parts of them: Therefore | 1 | | | | 
the pyramid, the baſe of which 13 | -i 


e tri. 3 

ſolid che ſquare ABCD, is half of the pyramid upon the ſquare de- 
h are ſcribed about the circle : But this laft pyramid is greater than 
Da, de cone which it contains; therefore the pyramid upon the 
hem. WW guare ABCD, having the ſame vertex with the cone, is great- 


er than the half of the cone. Biſect the circumferences AB, 
BC, CD, DA in the points E, F, G, H, and join AE, EB, 


er u 

ed. B, FC, CG, GD, DH, HA: Therefore each of the triangles 
fron WI EB, BFC, CGD, DHA is greater than half of the ſegment. 
aces, o the circle in which it is: Upon each of theſe triangles erect 
ame Pyramids having the ſame vertex with the cone. Therefore each 


of theſe pyramids is greater than the half of the ſegment of | " 


. 
of; 0 the cone in which it is, as before was demonſtrated of the 
one, Wi briſms and ſegments of the cylinder; and thus dividing each 
of the circumferences into two equal parts, and joining the 

| points 
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points of diviſion and their extremities by ſtraight lines, wy 
upon the triangles erecting pyramids having their vertice; x 
{ame with that of the cone, and ſo on, there muſt at len 


main ſome ſegments of the cone, which together ſhall be H le 
than the excels of the cone, above the third part of the cylind, M hi 
Let theſe be the ſegments upon AE, EB, BF, FC, CG, en. 
DH, HA. Therefore the reſt of 25 H 1 


which the baſe is the polygon 
AEBFCGDH, and of which the 
vertex is the ſame with that of the 


the cone, that is, the pyramid, of 22 — 


of the ſame altitude with the cylin- 
der. Therefore this priſm is great- 
er than the cylinder of which the 3 

baſe is the circle ABCD. But it is alſo leſs, for it is containet 


linder is not leſs than the triple of the cone. And it has be 
demonſtrated that neither is it greater than the triple. Thereſa 


See N. | 


diameters df their baſes, be of the fame altitude. As the cr 


greater than it. Firſt. let it be to a folid lefs than EN, vu. A 
the ſolid X; and let Z be the fohd which i, equal to the ® 
cels of the cone EN above the folid X ; therefore the cone &Y 


mid of the fame altitude wird the cone; thu pyrums 1 


cone, is greater than the third part 
of the cylinder, But this pyramid 
is the third part of che priſm upon 
the ſame baſe AEBFCGDH, and 


within the cylinder; which is impoſſible. Therefore the 9. 
the cylinder is triple of the cone, or, the cone is the third n 
of the cylinder. Wherefore every cone, &c. Q. E. D. 
PROP. XI. THEOR. 
FAONES and cylinders of the ſame altitude, are 
one another as their bales. | 


Let the cones and cylinders, of which the baſes are the d. 
cles ABCD, EFCGH, and the axes KL, MN, and AC, ECA 


Lad 
mw 


ABCD to the circle EFGH, fois the cone AL tothe cone EX 
If it be not fo, let the circle ABCD be to the circle EFGE 
as the cene AL to ſome ſolid either lets than the cone EN, . 


is equal to the ſolids X, Z. together. In the circle FEFGH& 
{ſcribe the quare EF CH, therefore this fquare is greater wa 
the half of the circle: Upon the ſquare EFGH crect 2 278 


Sn CS Gan e 


greater than half of the cone. For, it a fquare be deri 


about the circle, and a pyramid be ereched upon , * 


are 8 
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ing th 
. cone is half of the pyramid circumſcribed about it, be- 
eauſe they are to one another as their baſes * : But the cone 


Fic leſs than the circumſcribed pyramid; therefore the pyramid of 
which the baſe is the ſquare EFGH, and its vertex the ſame 


with that of the cone, 1s greater than half of the cone : Divide 
the circumferences EF, FG, GH, HE, each into two equal 
parts in the points O, P, R, S, and join EO, OF, FP, PG, 


GR, RH, HS, SE: Therefore each of the triangles EOF, 
FPG, GREH, HSE is greater than half of the ſegment of the 


L N 


/ 


eircle 1 which it is: Upon each of theſe triangles ereQ a pyta- 
mid having the fame vertex with the cone, each of thele py- 


ramids in greater than the half of the ſegwuent of the cone in 


which it : And thus dividing each of theſes circuatercnces 
mo two equal parts, and from the poiats of Grvinon drowing 
Wught lines to the etre mitten of the crrcumterences. and up- 
on each of the trrangles thus made erecting p yramnts having the 


ne vortex with the cone. and f on, there Mit ac length 
an fome ferments of the cone which are together lots 


than the told ZL. Let theie be the (eginents upon EO, OF, FP, 


» 
- — p " 1 * 1 A 9 . 

Verten gut n place of titus te wil s oa the Greet, he we 19h avre 

. n what s een en en eee eee eit t. e, Wh d t 


* * Sis vet '%% Aat "hs +: binds „„ 1 13 60 „„ "4 I. © +4. 4 6 


a 
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o ſame vertex with the cone *, the pyramid inſcribed Book XII. 


a 6. 12. 


Lem t, 
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Book XII. points of diviſion and their extremities by ſtraight lines, and 


ſame with that of the cone, and ſo on, there muſt at len 


DH, HA. Therefore the reſt of | 
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upon the triangles erecling pyramids having their vertices th 


main ſome ſegments of the cone, which together ſhall he If 
than the exceſs of the cone, above the third part of the Cylinder 
Let theſe be the ſegments upon AE, EB, BF, FC, CG, Cb. 


the cone, that is, the pyramid, of p—— MN - 
ä which the baſe 15 the polygon LG - 3 * 75 
 AEBFCGDH, and of which the | | \ pf 
vertex is the ſame with that of the | N 
cone, is greater than the third part F — —„- 
of the cylinder. But this pyramid \ | 3 
is the third part of the priſm upon 0 5 / 
the ſame baſe AEBFCGDH, and |B . 
of the ſame altitude with the cylin-„—k 1 Sl I 
der. Therefore this priſm is great- F 
er than the cylinder of which the 
baſe is the circle ABCD. But it is alſo leſs, for it is contained 
within the cylinder; which is impoſſible. Therefore the qq. 
linder is not leſs than the triple of the cone. And it has been 
demonſtrated that neither is it greater than the triple. Therefore 
the cylinder is triple of the cone, or, the cone is the third par 
of the cylinder. Wherefore every cone, &c. Q. E. D. 
PRO P. XI. FHEOR. 
\ONES and cylinders of the ſame altitude, are to 
one another as their baſes, 
Let the cones and cylinders, of which the baſes are the ci. 
cles ABCD, EFGH, and the axes KL, MN, and AC, EGthe cl 
diameters df their baſes, be of the ſame altitude. As the circl m 
ABCD to the circle EFGH, ſois the cone AL to the cone EN. BW 7: 
Ik it be not fo, let the circle ABCD be to the circle EFGH, W 
as the cone AL to ſome ſolid either leſs than the cone EN, a I 
greater than it. Firſt, let it be to a ſolid leſs than EN, viz. to {t 
the ſolid X; and let Z be the ſolid which is equal to the ex 0 
cels of the cone EN above the ſolid X; therefore the cone ENV 
is equal to the ſolids X, 7, together. In the circle EF GH de 
ſcribe the ſquare EFG H, therefore this ſquare is greater than t 
the half of the circle : Upon the ſquare EFGH ere& a pyii 
mid of the ſame altitude with the cone; this pyramid s 
greater than half of the cone. For, if a ſquare be deſcribed f 
about the circle, and a pyramid be erected upon it, . . 


Ving 


rc to 


e cit. 
(3 the 
circle 
EN, 
(GH, 
N, of 


12, to 


ge ex- 


e EN 
H de- 
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ving the ſame vertex with the cone “, the pyramid inſeribed Book XII. : 
in the cone is half of the pyramid circumſcribed about it, be- e 
eauſe they are to one another as their baſes ® : But the cone 
«leſs than the circumſcribed pyramid; therefore the pyramid of 
which the baſe is the ſquare EFGH, and its vertex the ſame 
with that of the cone, is greater than half of the cone : Divide 
the circumferences EF, FG, GH, HE, each into two equal 
parts in the points O, P, R, S, and join EO, OF, FP, PG, 


a 6, 12. 


| GR, RH, HS, SE : Therefore each of the triangles EOF, 
| FPG, GRH, HSE 15 greater than half of the ſegment of the 


circle in which it is: Upon each of theſe triangles erect a pyra- 
mid having the ſame vertex with the cone; each of theſe py- 


| 1 than the half of the ſegment of the cone in 
which it is: And thus dividing each of theſe circumferences 


into two equal parts, and from the points of diviſion drawing 


ſtraight lines to the extremities of the circumferences. and up- 


" each of the triangles thus made erecting pyramids having the 

_ vertex with the cone, and fo on, there muſt at length 
_ ſome ſegments of the cone which are together leſs b h Lem. 1 
n the ſolid Z : Let theſe be the ſegments upon EO, OF, FP, UT 
PP 

: 2 | * 

8 32 15 put in place of Atitude which is in the Greek, becauſe the pyra- 
_ 0 of at foil vs, is ſuppoſed to be circumſcrih2d about the cone, and to mitt 
e lame veitex, And the ſame change is mal? iu ſome places following, 


| 
} 
| 
0 
. 
1 
i 
} 
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Book XIT. PG, GR, RH, HS, SE: Therefore the remainder of the cone, 


F vi. the pyramid of which the baie is the polygon EOF PGRES, 


and its vertex the ſame with that of the cone, is greater than 


the ſolid X: In the circle ABCD deſcribe the polygon 


ATBYCVDY ſimilar to the polygon EOFPGRHS, and up 


it erect a pyramid having the ſame vertex with the cone Al.; 


4 1. 12. 


b 2.12; 
EC 11. 5 


And becauſe as the ſquare of AC is to the ſquare of EG, ſoz ig 


the polygon ATBYCVDQ to the polygon EOFPGRHS; and 


as the ſquare of AC to the ſquare of EG, ſo is b the eirce 
ABCD to the circle EFGH ; therefore the circle ABCD cis ty 
the circle EFGH, as the polygon ATBYCVDQto the poly. 


| | : Ds : | 5 | 8 
. een JEN 


: gon EOFPGRHS : But as the circle ABCD to the circle EFGH, 


e 14. 3» 


io is the cone AL to the ſolid X; and as the polygon 
ATBYCVDQ to the polygon EOFPGRHS, fo is © the py 
maid of which the baſe is the firſt of theſe polygons, and ver. 
tex L, to the pyramid of which the baſe is the other poly gon, 
and its vertex N: Therefore, as the cone AL to the ſolid X. f 


is the pyramid of which the baſe is the polygon ATBYCVDY 
and vertex L, to the pyramid the baſe of which is the polygo 


 EOFPGRHYS, and vertex N: But the cone AL is greater than 


the pyramid contained in it; therefore the ſolid X is greater 


than the pyramid in the cape EN. But it is leſs, as was ſhow. 


OF EUCLID. 2735 
which is abſurd : Therefore the circle ABCD is not to the circle Book XII. 
TFGH, as the cone AL to any ſolid which is eſs than the Pn 
cone EN. In the ſame manner it may be demonſtrated that 
the circle EFGH is not to the circle ABCD, as the cone EN 
to any ſolid leſs than the cone AL. Nor can the circle ABCD 
he to the circle EFGH, as the cone AL to any ſolid greater 
than the cone EN: For, if it be poſſible, let it be ſo to the ſolid 
|, which is greater than the cone EN: Therefore, by inverſion, 
| as the circle EFGH to the circle ABCD, fo is the folid I to 
the cone AL: But as the ſolid | ro the cone AL, ſo is the 
cone EN to ſome ſolid, which muſt be Teſs ® than the cone 2 14. 5. 
AL, becauſe the ſolid I is greater than the cone EN: There- 
fore, as the circle EFGH is to the circle ABC, ſo is the cone 
EN to a ſolid leſs than the cone Al, which was ſhewn to be 
impoſſible : Therefore the circle ABCD is not to the circle 
EFGH, as the cone AL 1s to any ſolid greater than the cone 
EN: And it has been demonſtrated that neither is the circle 
ABCD to the circle EFGH, as the cone AL to any ſolid leſs 
than the cone EN: Therefore the circle ABCD is to the circle 

EFGH, as the cone AL to the cone EN: But as the cone is to 
| the cone, ſo b is the cylinder to the cylinder, becauſe the cy- b 15. 5. 
| linders are triple © of the cone each to each. Therefore, as 1. 12. 
the circle ABCD to the circle EFGH, to are the cylinders up- 1 5 
on them of the ſame altitude. Wheretore cones and cylinders 
of the ſame altitude are to one another as their baſes. O. E. D. 


_ 3 3 oo — — — 
i> π e —— 4 — 
— AL Ing oe oo Ws 


DOSS 


— — — — — 


9 
{ 


1 
| 

FR 
= 
1 

1 

| 


PROP. XII. THEOR. 


N IMILAR cones and cylinders have to one an- See N. 
10 other the triplicate ratio of that which the dia- 
meters of their bates have. — OX 


Let the cones and cylinders of which the baſes are the circles 
ABCD, EFGH, and the diameters of the baſes AC, EG, and 
KL, MN, the axis of the cones or cylinders, be fimilar : The 
cone, of which the baſe is the circle ABUD. and vertex the 
point L, has to the cone of which the baſe is the circle EFGH, 
and vertex N, the triplicate ratio of that which AC has to EG. 

For if the cone ABCDL has not to the cone EFGHN the 
F triplicate ratio of that which AC has to EG, the cone ABCDL 
| ſhall have the triplicate of that ratio to ſome ſolid which is leſs 
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Book XII. or greater than the cone EFGHN. Firſt, let it bave it to a leſs, 


viz. to the ſolid X. Make the ſame conſtruction as in the pre. 
ceding propoſition, and it may be demonſtrated the very {ame 


way as in that propoſition, that the pyramid of which the bade 


13 the polygon EOFPGRHS, and vertex N, is greater than 


the ſolid X. Deſcribe alſo in the circle ABCD the Polygon 


A TBY CVDQ fimilar to the polygon EOFPGRHS, upon which 
erect a pyramid having the ſame vertex with the cone ; and let 
LAQ be one of the triangles containing the pyramid upon 
the polygon ATBYCVDQ the vertex of which is L; and le 
NEs be one of the triangles containing the pyramid upon the 


N 


IEK 


— 
——— 


polygon LOFPGRHS of which the vertex is N; and join KQ, 
MS : Becauſe then the cone ABC DL is ſimilar to the cone 


N $6.06 EFGHN, AC is a to EG, as the axis KL to the axis MN; 
. 15.5, and as AC to EG, ſob is AK to EM; therefore as AK 10 


55. 6. 


EM, ſo is KL to MN; and, alternately, AK to KL, as EM 


to MN: And the right angles AKL, EMN are equal; there- 


fore the ſides about theſe equal angles being proportionals 


the triangle AKL is ſimilar © to the triangle EMN. Again, 


becauſe AL is to KQ, as EM to MS, and that theſe wb 
| | poder about 


m=y 7 way — 2 
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About equal angles AK Q, EMS, becavſe theſe angles are, Book XII, 
each of them, the ſame part of four right angles at the centres 
K., M; therefore the triangle AKQ 1s ſimilar à to the triangle a 6.6. 
| IMS; And becauſe it has been ſhown that as AK to KL, ſo 
is EM to MN, and that AK is equal to KQ; and EM to Ms, 
as QK to KL, ſo is SM to MN; and therefore the ſides about 
| the right angles QKL, SMN being proportionals, the triangle 
| LKQ is fimilar to the triangle NMS: And becaute of the li- 
| milarity of the triangles AKL, EMN, as LA is to AK, ſo is 
NE to EM; and by the ſimilarity of the triangles AK , | 
EMS, as KA to AQ, ſo ME to ES; ex æquali b, LA is bz. 5 
to AQ, as NE to ES. Again, becauſe of the ſimilarity of the en 
| triangles LK, NSM, as LQ to QK, fo NS to SM; and 
| from the ſimilarity of the triangles KA, MES, as KQ-to--- 
QA, ſo MS to SE; ex æquali b, LQ is to QA, as NS to SE: 
| And it was proved that QA is to AL, as SE to EN; there- 
| fore, again, ex æquali, as QL to LA, ſo is SN to NE : Where- 
| fore the triangles LA, NSE, having the fides about all their 
angles proportionals, are equiangular © and ſimilar to one an- c x. 6. 
| other: And therefore the pyramid of which the baſe is the tri— 
angle AK Q, and vertex L, is ſimilar to the pyramid the baſe 
of which is the triangle ELöls, and vertex N, becauſe their 
| ſolid angles are equal d to one another, and they are contained d B. 11. 
by the ſame number of ſimilar planes: But ſimilar pyramids 
which have triangular baſes have to one another the triplicate _ 
e ratio of that which their homologous ſides have; therefore e8. 12. 
| thepyramid AKQL has to the pyramid EMSN the triplicate 
ratio of that which AK has to EM. Jn the fame manner, if 
| fraight lines be drawn from the points D, V, C, Y, B, T, 
to R, and from the points H, R, G, P, F. O to M, and py- 
ramids be erected upon the triangles having the ſame vertices 
with the cones, it may be demonſtrated that each pyramid in 
the 1% cone has to each in the other, taking them in the fame 
| order, the triplicate ratio of that which the ſide AK has to the 
| tide EM; that is, which AC has to EG: But as one antece - 
| dent to its conſequent, ſo are all the antecedents to all the 
contequentsf ; therefore as the pyramid AK QL to the pyra- ! 12 8. 
mid LIS N, fo is the whole pyramid the baſe of which is the 
| polygon DOATBYCY, and vertcx L, to the whole pyiamid 
0! which the baſe is the polygon HSEOFH GR, and vertex N. 
| Wherefore alſo the firſt of theſe two laſt named pyramids has 
| fo the other the triplicate ratio of that which AC has to EG. 
But, by the hypotheſis, the cone of which the baſe is the cir- 
| ce ABCD, and vertex L, has to the ſolid X, the triplicate 
ratio of that which AC has to EG; therefore, as the cone of 
8 3 „ which 
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Book XII. which the baſe is the circle ABCD, and vertex L 


— 


a 14. 3. 


cone of which the bale is the circle LF GH and vertex N, the ti 
plicate ratio of that which AC has to EG. In the ſame manne! 


inverſcly the ſolid Z has to the cone ABCDL, the triplicate 
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. * » l l ( 
ſolid X, ſo is the pyramid the baſe of which is the *. 


DQATBYCV, and vertex L, to the pyramid the baſe of Which 
is the polygon HSEOFPGR and vertex N: But the ſaid cone 
is greater than the pyramid contained in it, therefore the (ali 
X 18 greater * than the pyramid, the baſe of which is the poly. 
gon HSEOFPGR, and vertex N; but it is alſo leſs; which® 
impoſſible: Therefore the cone of which the baſe is the cin 


N 


£4 


NT I% 33 


— 


— 1üů— 


ABCD and vertex L, has not to any ſolid which is leſs than the 


it may be demonſtrated that neither has the cone EFGHN v 
any ſolid which is leſs than the cone ABCDL, the triplicate 
ratio of that which EG has to AC. Nor can the cone ABCDL 
have to any ſolid which is greater than the cone EFGHN, the 
triplicate ratio of that which AC has to EG: For, if it be pol 
ſible, let it have it to a greater, Viz. to the ſolid Z: Therefore, 


ratio of that which EG has to AC : But as the ſolid Zu 


— @ a= 


E an. ah oi a _ wot no 9. 
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| ge cone ABCDL, ſo is the cone EFGHN to ſome ſolid, Book XII 

* | 5 muſt be leſs à than the cone ABC DL, becauſe the ſolid Z. | 

f which is greater than the cone EFGHN : Therefore the cone EFGHN 

id cons has to a ſolid which 1s leſs than the cone ABCDL, the tripli- 

e (oli A cate ratio of that which EG has to AC, which was demon- 5 

e poh. ſtrated to be impoſſible: Therefore the cone ABCDL has not 

hich; to any ſolid greater than the cone EFGHN, the triplicate ra- 

> Circh tio of that which AC has to EG; and it was demonſtrated that 

2 it could not have that ratio to any folid leſs than the cone 

| N EFGHN : Therefore the cone ABCDLhastothe cone EFGHN, 

| the triplicate ratio of that which AC has to EG: But as the 

cone is to the cone, ſob the cylinder to the cylinder; for every Þ 15: 5. 
cone 15 the third part of the cylinder upon the ſame bafe, and 


a 14. 5 


of the ſame altitude : Therefore alſo the cylinder has to the 
R eylinder, the triplicate ratio of that which AC has to EG: 
Wherefore fimilar cones, &c. Q. E. D. e 
6 PROP. XIII. THE OR. 


"ND — 


IF a cylinder be cut by a plane parallel to its op- See N. 
[ polite planes, or bales; it divides the cylinder into 

| two cylinders, one of which is to the other as the axis 

ol the firſt to the axis of the other. e 


Let the cylinder AD be cut by the 

plane GH parallel to the oppoſite 
planes AB, CD, meeting the axis 

EF in the point K, and let the line 

GH be the common ſection of the 
plane GH and the ſurface of the cy- 

linder AD: Let AE FC be the paral- 

lelogram in any poſition of it, by the 
| revolution of which about tlie ſtraight 
n the line EFthecylinder AD is deſcribed; 
It Is and let GK be the common ſection 
nher ok che plane GH, and the plane 
NV AEFC: And becauſe the parallel 
nee i planes AB, GH are cut by the plane 
CDL AEKG, AE, KG, their common 
the lections with it are parallel *; where- 

pol fore AK is a parallelogram, and GK 
fore, equal to EA the ſtraight line from 
cate the centre of the circle AB: For the 
ame reaſon, each of the ſtraight lings 
in | ”4... 
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Book XII. 4 from the point K to the line GH may be proved to be 
PO BEI equal to thoſe which are drawn from the centre of the cirgs 
Ag to its circumference, and are therefore all equal to one aq. 
2 15, def. 1. other. Therefore the line GH is the circumference of a cicele 
ok which the centre is the point K: Therefore the plane GH 
. divides the cylinder AD into the cylinders AH, GD; for they 
arc the ſame which would be deſcribed by the revolution of the 
parallelograms AK, G F, about the ſtraight lines EK, KF: Ang 
it is to be ſhown that the cylinder AH is to the * HC, 

as the axis EK to the axis KF. 
Produce the axis EF both ways; and take any number ol 
ſtraight lines EN, NL, each equal to EK; and ny vumke 
FX, XM, each equa] to FK; and let 
planes paralleltoA B. CD paſs through 


the points L, N, X, M: Therefore 1 
the common ſeQions of theſe planes Ia 
with the cylinder produced are cir- F 
cles the centres of which are the points i 
I, N, X, M, as was proved of the. _ |_ 01 
plane GH ; and theſe planes cut off | | | mg 
the:cyhnders, PR, RB, Dr, ICO?! Fa 


And becauſe the axes LN, NE, EK AYRES I} 
are all equal: therefore the cylinders | | 
0 11. 12. PR, RB, BG are b to one another as 
their baſes; but their baſes are equal, C 
nd therefore the cylinders PR, RB, 


(5 1 
| BY are equal: And becauſe the OL Fn 
4 9 axcs 6 —— IM 
＋ 


LN, NE, EK are equal to one an- 


other, as alſo the cylinders PR, RB, 7 eee Y 
BG, and that there are as many axes Hort et] ; 
28 cylinders ; therefore, whatever 7 71 
multiple the axis KL is of the axis * 1 9 
KE, the ſame multiple is the cylinder 
PG of the cylinder GB: For the fame reaſon whatever multiple 
the axis MK 13 of the axis KF, the ſame multiple 1 is the cn. 
linder 2 oi the cylinder GD: And if the axis KL be equ: 10 
the axis KM the ey linder 16 is equal to the cylinder GQ; and 
if the axis KL be greater than the axis KM the cylinder PG 
greater than the cylinder QG; and if leſs, leſs: Since there. 
fore there are four magnitudes, viz. the axes EK, RF, and 
the cylinders BG, GD, and that of the axis EK and cy lindet 
50 there has been taken any cquimultiples whatever, iz. the 

| au 
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ais KL and c linder PG; and of che axis KF and cylinder Book XII. 


eite b, any equimultiples whatever, Viz. the axis KM and cylin- 
e an- ter GQ; and it has been demonſtrated, if the axis KL be 
cle WT -rcater than the axis KM, the cylinder PG is greater than the 


| cylinder GQ; and if equal, equal; and if leſs, leſs : Therefore 
Uthe axis EK is to the axis KF, as the cylinder BG to the cy-4 5. def. 5. 


the inder GD. Wherefore, if a cylinder, &c. Q. E. D. 
HC, PROF; XIV; THEOK 


ONES and cylinders upon equal baſes are to one 
9 another as their altitudes. 


Let the cylinders EB, FD be upon the equal baſes AB, CD: 

As the cylinder EB to the cylinder FD, ſo is the axis GH to 

| the axis KL. | mo 

| Produce the axis KL to the point N, and make LN equal 

to the axis GH, and let CM be a cylinder of which the baſe is 

CD, and axis LN, and becauſe the cylinders EB, CM have 1 
the ſame altitude, they are to one another as their baſes à: But 2 11. 1 
| their baſes are equal, therefore alſo the cylinders EB, CM are 

| equal. And becauſe the cylin- = 

der FM 15 cut by the plane ; 

CD parallel to its oppoſite 
planes, as the cylinder CMto 
| the cylinder FD, ſo isÞthe EK 

| axis LN to the axis KL. But 
the cylinder CM is equal to | 
the cylinder EB, and the axis | e 

| LN to the axis GH: There- 1 
1 mes cylinder EB to the OO”. M 
cylinder FD, ſo is the axis Ca 
| GH to the axis KL: And as © B Su 
the cylinder EB to the cylinder FD, ſo is © the cone ABG to 18. 5. 
| the cone CDK, becauſe the cylinders are tripled of the cones: d 19. 12. 
Therefore alſo the axis GH is to the axis KL, as the cone ABG 

to the cone CDK, and the cylinder EB to the cylinder FD. 
Wherefore cones, &c. AE. D. e 


ple 


and 
ol 
115 
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INOS PROP. XV. THEOR. 
See N. "HE baſes and altitudes of equal cones and cyl 


5 ders, are reciprocally proportional; and if þ 
| baſes and altitudes be reciprocally proportional, th 
cones and cylinders are equal to one another. 


Let the circles ABCD, EFGH, the diameters of which x 
AC, EG be the baſes, and KL, MN the axis, as alſo the a 
tudes, of equal cones and cylinders ; and let ALC, ENG betv Wil be 
cones, and AX, EO the cylinders : The baſes and altitudes i tt 
the cylinders AX, EO are reciprocally proportional; that, th 

as the baſe ABCD to the baſe EFGH, fo is the altitude MY 
to the altitude KL. SS „„ | be 
Either the altitude MN is equal to the altitude KL, or thel 
altitudes are not equal. Firſt, let them be equal; and h e 
___ _-eylinders AX, EO being alſo equal, and cones and cylinder, Wi f. 
ati. 12. of the ſame altitude being to one another as their baſes, there a 
$4.5. fore the baſe ABC is equal b to the baſe EFGH ; and as the ; 
Ds bate ABCD is to the baſe EFG, fo is the altitude MN t 
ng La : 
But let the alti- 0 | 
tudes KL, MN, "þ | 


be anequal, and 
MN the greater 
of the two, and 
from MN take 
MP equal to KL, 
and through the 
point P cut the 
cylinder EO by 
the plane T8 | 
parallel to the 0 | | FEES 
oppoſite planes of the circles EFGH, RO; therefore the con. 
mon ſection of the plane TVS and the cylinder LO 1s ci 
cle, and conſequently ES is a cylinder, the baſe of which is the 
Circle EFG, and altitude MP: And becauſe the cylinder AX 
is equal to the cylinder EO, as A is to the cylinder ES, 6 
e7.5. © 1s the cylinder EO to the fame ES. But as the cylinder Ax 
to the cylinder ES, ſo * is the baſs: ABCD to the baſe EF CH, 
for the cylinders AX, ES are of the ſame altitude; and astie 
d 13.12. cylinder EO to the cylinder ES, ſo d is the altitude MN 
the altitude MP, becauſe the cylinder EO is cut by the 
oy. | 
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TYS parallel to its oppoſite planes. Therefore as the baſe Book X11. 
ABCD to the baſe EFG, ſo is the altitude MN to the altitude 
MP: But MP is equal to the altitude KL; wherefore as the 


| cyl, WW ABCD to the baſe EFGH, ſo is the altitude MN to the 
ik th altitude KL; that is, the baſes and altitudes of the equal cylin- 


ders AX, EO are reciprocally proportional. 758 

But let the baſes and altitudes of the cylinders AX, EO, be 
reciprocally proportional, viz. the baſe ABCD to the baſe 
T EFGH, as the altitude MN to the altitude KL : The cylinder 
ch AX is equal to the cylinder EO. + 5 
the at Firſt, let the baſe ABCD, be equal to the baſe EFGH; then 
> be th ' becauſe as the baſe ABCD is to the baſe EFGH, ſo is the al. 
tudes W titude MN to the altitude KL; MN is equalÞto KL, and b A. 5. 
* WF therefore the cylinder AX is equal a to the cylinder EO. a II, 12. 
de My But let the baſes ABCD, EFGH be unequal, and let ABCD 
be the greater ; and becauſe, as ABC is to the baſe EFGH, fo 


al, the 


- 
. , IEEE * # 


r thek is the altitude MN to the altitude KL; therefore MN is great- 
- erb than KL. Then, the ſame conſtruction being made as be- 

_ fore, becauſe as the baſe ABCD to the baſe EFGH, ſo is the 
| there 


altitude MN to the altitude KL; and becaule the altitude KL 

is equal to the altitude MP; therefore the baſe ABC is a to 

the baſe EFGH, as the cylinder AX to the cylinder ES; and £ 
as the altitude MN to the altitude MP or KL, ſo is the cylin- 5 

der EO to the cylinder ES: Therefore the cylinder AX is to 

the cylinder ES, as the cylinder EO is to the fame ES: 

Whence the cylinder AX is equal to the cylinder EO: and 

the ſame reaſoning holds in cones. Q. E. D. | 


as the 


MN. 


0 | 


PROP. XVI. PROB. 


No deſcribe in the greater of two circles that have 
the ſame centre, a polygon of an even number 
| of equal ſides, that ſhall not meet the leſſer circle. 


Let ABCD, EFGH be two given circles having the ſame 


ci. centre K: It is required to inſcribe in the greater circle ABCD 
5 the a polygon of an even number of equal ſides, that ſhall not meet 
AX the leſſer circle. e | 1 15 
„ 0 Through the centre K draw the ſtraight line BD, and from 
AX the point G, where it meets the circumferences of the leſſer 
rH; | Pr. | N circle, 
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db Lemma, 


it to N; and join LD, DN. 


and that AC touches the circle 


L; and it the fides AB, DC be parallel, as alſo EF, 
_ HG; anll the other four fides AD, BC, EH, FG, be 
all equal to one another; but the ſide AB greatet 


a 28. 3. 


therefore AC touches à the circle EFGH : Then, if the at 


line KA from the centre of the circle in which the 
greater ſides are, is greater than the ſtraight line LE 


to LE Therefore, becauſe in two equal circles AD, BC in ile 


THE ELEMENTS 
circle, draw GA at right an oles to BD, and produce it to C 


ference BAD be biſeQed, and the half of it be again bileed, 
and ſo on, there muſt at length remain a circumference let 
than AD: Let this be LD: and | I. 

from the point L draw LM per- 
pendicular to BD, and produce 


Therefore LD is equal to DN; 
and becauſe LN is parallel to AC 


EFGH ; therefore LN does not 
meet the circle EFGH: And 
much le(s ſhall the ſtraight lines 
LD, DN meet the circle EFGH: 
So that if ſtraight lines equal to LD be applied in the circk 
ABCD from the point L around to N, there ſhall be deſcribed 
in the circle a polygon of an even number of equal fides na 
meeting the leſſer circle. Which was to be done. 


LEMMA II. 
IF two trapeziums ABCD, EFGH be inſcribed in 


the circles, the centres of which are the points K, 


than EF, and DC greater than HG. The itraight 


drawn from the centre to the circumference of the 


other circle. | . 
If it be poſſible, let KA be not greater than LE; then KX 
muſt be either equal to it, or leſs. Firſt, let KA be equal 


one are equal to EH, FG in the other, the circumference 
AD, BC are equal a to the circumſerences EH; FG; but be 
cauſe the ſtraight lines AB, DC are reſpectively greater than 
EF, Gil, the circumferences AB, DC are greater than LI. 


H: Therefore the* whole circumference ABCD is greater 


than the whole EFGH : but it is alſo equal to it, which 15 
| | | . | impoſſible 


err "oe 
;mpoſſible : Therefore the ſtraight line K A. is not equal to Book XII. 


2 ** let KA be leſs than LE, and make LM equal to KA, 

and from the centre L, and diftance LM deſcribe the circle 
MNOP, meeting the ſtraight lines LE, LF, LG, LH, in M, 

IN, O, P; and join MN, NO, OP, PM which are reſpectively 
parallel a to, and leſs than EF, FG, GH, HE: Then be- 42. 6. 
cauſe EH is greater than MP, AD is greater than MP; and 


10 


D 


the circles ABC D, MNOP are equal; therefore the circum- 
ference AD is greater than MP; for the ſame reaſon, the cir- 
cumference BU is greater than NO; and becauſe the ſtraight 
line AB 1s greater than EF which 1s greater than MN, much 
more is AB greater than MN: Therefore the circumference. 
| AB is greater than MN; and, for the ſame reaſon, the circum- 
| ference DC is greater than PO: Therefere the whole circum- 
ference ABCD is greater than the whole MNOP; but it is 
hkewiſe equal to it, which is impoſſible: Therefore KA is not 
leſs than LE ; nor is it equal to it; the ſtraight line KA muſt 

| therefore be greater than LE. Q. E. D. i eo 

| Cor. Ayd if there be an ifoſceles triangle the ſides of which 

| are equal to AD, BC, but its baſe leſs than AB the greater of 
the two fides AB, DC; the ftraight line KA may, in the fame 
manner, be demonſtrated to be greater than the ſtraight line 
drawn from the centre to the circumference of the circle de- 
ſeribed about the triangle. 


PROP. 
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Book XII. N ES 5 
e PROP. XVII. PRO B. 
see N. O deſcribe in the greater of two ſpheres whit 


have the ſame centre, a folid polyhedron, the 
ſuperficies of which ſhall not meet the leſſer ſphere 


| | | | | 7 
Let there be two ſpheres about the ſame centre A; it is u. 25 
quired to deſcribe in the greater a ſolid polyhedron, the ſuper 

ncies of which ſhall not meet the leſſer ſphere.  _ 
Let the ſpheres be cut by a plane paſſing through the centre 
the common ſections of it with the ſpheres ſhall be circle, 
becauſe the ſphere is deſcribed by the revolution of a ſemicir. 
cle about the diameter remaining unmoveable; ſo that in wha, 
ever poſition the ſemicircle be conceived, the common ſeftin 
of the plane in which it is with the ſuperſicies of the ſphere; 
the circumference of a circle : and this is a great circle of the 
| ſphere, becauſe the diameter of the ſphere, which is likewik 
215.3. the diameter of the circle, is greater à than any ſtraight lin 
in the circle or ſphere: Let then the circle made by the ſeftim 
of the plane with the greater ſphere be BODE, and with the 
| leffer ſphere be FGH ; and draw the two diameters BD, CE, 
at right angles to one another; and in BUDE, the greater df 
b 16. 12. the two circles, deſcribe b a polygon of an even number of « 
aual ſides not meeting the leſſer circle FGH ; and let its fide 
in BE the fourth part of the circle, be BK, KL, LM, ME; 
join KA and produce it to N; and from A draw AX at right 
angles to the plane of the circle BC DE meeting the ſuperſcis 
of the iphere in the point X; and let planes paſs through AX 
and each of the ſtraight lines BD, KN, which, from what 
has been ſaid, ſhall produce great circles on the ſuperſicies d 
the ſphere, and let BXD, KXN be the ſemicircles thus mae 
upon the diameters BD, KN: Therefore, becauſe XA is at ritt 
angles to the plane of the circle BCDE, every plane whici Wi 
© 18. 11. paſſes through XA is at right © angles to the plane of the circe 1 
B CDE; wherefore the ſemicircles BX D, KX N are #4 rigit | 
angles to that plane: And becauſe the ſemicircles BED, BXD, 
KXN, upon the equal diameters BD, KN, are equal to ov 
another, their halves BE, BX, KX, are equal to one . 
other: Therefore, as many ſides of the polygon as are in H, 
ſo many there are in BX, KX equal to the fides BY, 
KL, LM, ME: Let theſe polygons be deſcribed, and thet 
ſides be BO, OP, PR, RX; KS, ST, TY, VX, and 85 


" RY ; and from the points O, S draw OV, SQ perpen- Book XII. 
* AB, AK : And becauſe the plane 2 right as 
kngles to the plane BCDE, and in one of them BOXD, OV 

drawn perpendicular to AB the common ſection of the planes, 

therefore OV is perpendicular a to the plane BC DE: For the 2 4. def. 11. 
fame reaſon SQ is perpendicular to the ſame plane, becauſe 
the plane KSXN is at right angles to the plane BC DE. Join 
VQ; and becauſe in the equal ſemicircles BXD, KXN the 
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| circumferences BO, KS are equal, and OV, S are perpen- 
dicular to their diameters, therefore d OV is equal to S, 


and BV equal to KQ. But the whole BA is equal to the whole 
KA, therefore the remainder VA is equal to the remainder 
QA : As therefore BV is to VA, ſo is KQ to QA, wherefore 
VQis parallel* to BK : And becauſe OV, SQ are each of 
them at right angles to the plane of the circle BUDE, OV is 
parallel f to SQ and it has been proved that it is alſo equal 


to it; therefore QV, SO are equal and parallel 8: And becauſe 
QV is parallel to 50, and alſo to KB; Os is parallel h to BK; 
and therefore BO, KS which join them are in the ſame plane 


2 


e 2. 6. 


FS. 165 


„ 
h 9. 11. 
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Book XII. in which theſe parallels are, and the quadrilateral fi 


 SOPT is in one plane: For the ſame reaſon the qu 


ſtraight lines to the point A, there ſhall be formed a ſolid po 
_ SOPT, TPRY, and the triangle YRX, and of which the com. 


upon BK, and the like be done alſo in the other three qua 


med a ſolid polyhedron deſcribed in the ſphere, — 


be drawn from the points P, T to the ſtraight lines AB, Ax 


THE ELEMENTS 


gure KB0! 


15 in one plane: And if PB, TK be joined, and perpendiculy 


it may be demonſtrated that TP is parallel to KB in 
ſame way that SO was ſhown to be parallel to the ſa 
wherefore 2 TP is parallel to SO, and the quadrilate 


the y of t 
me U nd 
ral figur circ 
adrilateri tot 


TPRY is in one plane: And the figure YRX ĩs alſo in one plane), . joir 


Y R 


01 ih 4 SP Wi 


f * 


Therefore, if from the points, O, 8, P, T, R. Y there be draus 


lyhedron between the circumferences BX, KX compoſed a 
pyramids the baſes of which are the quadrilaterals KBO), 


mon vertex is the point A: And if the ſame conſtruction be 
made upon each of the ſides KL, LM, ME, as has been done 


drants, and in the other hemiſphere; there ſhall be tor 
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ed of pyramids, the baſes of which are the aforeſaid quadri- Book XII. 


lateral figures, and the triangle YRX, and thoſe formed in 
the like manner in the reſt of the ſphere, the common vertex 
of them all being the point A: And the ſuperficies of this ſo- 
ld polyhedron does not meet the lefſer ſphere in which 1s the 
circle FGH : For, from the point A draw a AZ perpendicular 
to the plane of the quadrilateral KBOS meeting it in Z, and 
join BZ, ZK: And becauſe AZ is perpendicular to the plane 
KBOS, it makes right angles with every ſtraight line mecting 
| it in that plane; therefore A is perpendicular to BZ and ZK: 
And becauſe AB is equal to AK, and that the ſquares of AZ, 
Zz, are equal to the ſquare of AB; and the ſquares of AZ. 
ZK to the ſquare of AK b: therefore the ſquares of AZ, ZB 


are equal to the ſquares of AZ, ZK: Take from theſe equals 


the ſquare of AZ, the remaining ſquare of BZ is equal to the 
remaining ſquare of ZK ; and therefore the ſtraight line BZ 
is equal to ZK: In the like manner it may be demonſtrated, 


that the ſtraight lines drawn from the point Z to the points O, 


S are equal to BZ or ZK: Therefore the circle deſcribed from 
the centre Z, and diſtance ZB ſhall paſs through the points K. O, 
8, and KBOS ſhall be a quadrilateral figure in the circle : And 


becauſe KB is greater than QV, and QV equal to SO, there- 
| fore KB is greater than SO : But KB is equal to each of the 
ſtraight lines BO, KS; wherefore each of the circumferences 


cut off by KB, BO, KS is greater than that cut off by GS; and 


| theſe three circumferences, together with a fourth equal to one 


| of them, are greater than the {ame three together with that cut 


off by OS; that is, than the whole circumference of the cir- 


| Cle; therefore the circumference ſubtended hy KB 1s greater 


| than the fourth part of the whole circumference of the circle 


| KBOS, and conſequently the angle BZK at the centre is great- 
er than a right angle : And becauſe the angle BZK 1s obtule, 
the ſquare of BK is greater © than the ſquares of BZ, ZK; 
| that is, greater than twice the ſquare of BZ. Join KV, and 


becauſe in the triangles KBV, OBV, KB, BV are equal to OB, 


BV, and that they contain equal angles ; the angle KVB is e- 


= Ws the angle OVB: And OVB is a right angle; there- | 


ore alſo KVB 1s a right angle : And becauſe BD is leſs than 


twice DV, the rectangle contained by DB, BV is leſs than 
| twice the redangle DVB; that is e, the ſquare of KB is leſs 

than twice the ſquare of KV : But the ſquare of KB is greater 
| than twice the iquate of BZ; therefore the ſquare of KV is 


i 
| 
| 


—— — — — — 
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Bork XII greater than the ſquare of BZ: And becanſe BA is equal u 
—— AK. and that the ſquares of BZ. ZA are equal together tothe 
{ſquare of BA, and the ſquares of KV, VA to the ſquare d 

AK; therefore the ſquares of BZ, Z. A are equal to the ſquarg 

of KV, VA; and of theſe the ſquare of K V is greater than the 

| ſquare of BZ; therefore the ſquare of VA 1s leſs than the 

ſquare of ZA, and the ſtraight line AZ greater than VA. 

Much more then is AZ greater than AG; becauſe, in the pre. 

ceding propoſition, it was ſhown that KV falls without the 


circle FGH: And AZ. is perpendicular to the plane KBOs, WW - 
and is therefore the ſhorteſt of all the ſtraight lines that can be | 
drawn from A, the centre of the ſphere to that plane, There. 5 
fore the plane K BOS, does not meet the leſſer ſphere. th 
And that the other planes between the quadrants BX, NX of 


fall without the leſſer ſphere, is thus demonſtrated : From the 

point A draw Al perpendicular to the plane of the quadril- 

teral SOPT, and join IO; and, as was demonſtrated of the 
plane KBOS and the point Z, in the ſame way it may be ſhown 
that the point I is the centre of a circle deſcribed about SOPT: 

and that Os is greater than PT; and PT was ſhown to be pa. 
rallel to OS: Therefore, becauſe the two trapeziums KBO), 
SOP inſcribed in circles have their ſides BK, CS parallel, a 

alſo O8, PT; and their other ſides BO, KS, OP, ST all equal 

to one another, and that BK is greater than OS, and 05 
a 2. Lem greater than PT, therefore the ſtraight line ZB is greater 
Iz. than 10. Join AO which will be equal to AB; and becauſe 
4 AIO, AZB are right angles, the ſquares of Al, IO are equal 
to the ſquare of AO or of AB; that is, to the ſquares of AZ, 

ZB; and the ſquare of ZB is greater than the ſquare of 10, 
therefore the ſquare of AZ is leſs than the ſquare of Al; and 

the ſtraight line AZ leſs than the ſtraight line AI: And it was 
proved that AZ. is greater than AG; much more then is Al 
greater than AG: Therefore the plane SOPT falls wholly 
without the leſſer ſphere: In the ſame manner it may be de- 
monſtrated that the plane TPRY falls without the ſame ſphere, 

as alſo the triangle YRX, viz. by the Cor. of 2d Lemma. And 

after the ſame way it may be demonſtrated that all the planes 
which contain the ſolid polyhedron, fall without the lefer 

| ſphere. Therefore in the greater of two ſpheres which have the 

| ſame entre, a ſolid polyhedron is deſcribed, the ſuperficies of 
which does not meet the leſſer ſphere. Which was to be * 
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But the ſtraight line AZ may be demonſtrated to be greater Book XII. 


than AG otherwiſe, and in a ſhorter manner, without the help 
of Prop. 16. as follows. From the point G draw GU at right 


| angles to AG and join AU. If then the circumference BE be 


| biſeRed, and its half again biſected, and ſo on, there, will at 
length be left a circumference leſs than the circumference 


which is ſubtended by a ſtraight line equal to GU inſcribed in 


the circle BC DE: Let this be the circumference KB: There- 
fore the ſtraight line KB is leſs than GU: And becauſe the an- 
gi BZK is obtuſe, as was proved in the preceding, therefore 


K is greater than BZ: But GU 1s greater than BK; much 


more then is GU greater than BZ, and the ſquare of GU than 
| the ſquare of BZ; and A is equal to AB; therefore the ſquare 
of AU, that is, the ſquares of AG, GU are equal to the ſquare 


of AB, that is, to the ſquares of AZ, ZB; but the ſquare of BZ. 


is leſs than the ſquare of GU; therefore the ſquare of AZ. is 
| greater than the ſquare of AG, and the ſtraight line AZ con- 
ſequently greater than the ſtraight line AG 


Cor. And if in the leſſer ſphere there be deſcribed a ſolid 


| polyhedron by drawing ſtraight lines betwixt the points in 


which the ſtraight lines from the centre of the ſphere drawn 


| to all the angles of the ſolid polyhedron in the greater ſphere 


| meet the ſuperficies of the leſſer; in the ſame order in which 


are joined the points in which the ſame lines from the centre 


meet the ſuperficies of the greater ſphere; the ſolid polyhe- 


dron in the ſphere BCDE has to this other ſolid polyhedron 
the triplicate ratio of that which the diameter of the ſphere 
Be E has to the diameter of the other ſphere: For if theſe 


two ſolids be divided into the ſame number of pyramids, and 


in the ſame order; the pyramids ſhall be ſimilar to one ano- 
ther, each to each: Becauſe they have the ſolid angles at their 


common vertex, the centre of the ſphere, the ſame in each py- 


ramid, and their other ſolid angle at the bafes equal to one 
another, each to each a, becauſe they are contained by three 


plane angles equal each to each; and the pyramids are contained 


by the ſame number of fimilar planes; and are therefore ſimilar b 
to one another, each to each: But fimilar pyramids have to 
one another the triplicate © ratio of their homologous fides. 
Therefore the pyramid of which the baſe is the quadrilateral 
KBOS, and vertex A, has to the pyramid in the other ſphere 
of the ſame order, the triplicate ratio of their homologous 
ſides; that is, of that ratio, which AB from the centre of the 
greater ſphere has to the ſtraight line from the ſame centre to 

1 8 1 2 Pj | the 
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Book XII the ſuperficies of the leſſer ſphere. And in like manner, ec 
TTY pyramid in the greater iphere has to each of the ſame order in 
' the leſſer, the triplicate ratio of that which AB has to the fo. 
midiameter of the leſſer ſphere. And as one antecedent is ü 
its conſequent, ſo are all the antecedents to all the conſequent, 
| Wherefore the whole ſolid polyhedron in the greater ſphere hx 
to the whole ſolid polyhedron in the other, the triplicate ratio 
of that which AB the ſemidiameter of the firſt has to the ſeni. 
diameter of the other; that is, which the diameter BD of the 
greater has to the diameter of the other ſphere. 


PROP. XVII. THEOR. 


PHERES have to one another the triplicate ratis 
of that which their diameters have. 1 
Let ABC, DEF be two ſpheres of which the diameters ar: 
BC, EF. The ſphere ABC has to the ſphere DEF the tri 
plicate ratio of that which BC has to EF. „„ 
For, if it has not, the ſphere ABC ſhall have to a ſphere ti. 
ther leſs or greater than DEF, the triplicate ratio of that 
which BC has to EF. Firſt, let it have that ratio to a leſs, viz, 
to the ſphere GHK ; and let the ſphere DEF have the ſame 
217. 12, Centre with GHK ; and in the greater ſphere DEF deſcribe * 


a ſolid polyhedron, the ſuperficies of which does not meet the 
leſſer ſphere GHK ; and in the ſphere ABC deſcribe another 
ſimilar to that in the ſphere DEF: Therefore the ſolid poly: 

| hedron in the ſphere ABC has to the ſolid polyhedron in the 

b Cor. 17. ſphere DEF, the triplicate ratio b of that which BC has to EF. 

But the ſphere ABC has to the ſphere GHK, the triplicate . 


10 
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zo of that which BC has to EF; therefore, as the ſphere ABC Book XII. 
to the ſphere GHK, ſo is the faid polyhedron 3 in the ſphereABC Ya” 


to the ſolid polyhedron in the ſphere DEF : But the ſphere 
ABC is greater than the ſolid polyhedron in it; therefore © al- c 14. 5. 


ſo the ſphere GHK is greater than the ſolid polyhedron in the 
| ſphere DEF: But it is alſo leſs, becauſe it is contained within 


it, which is impoſſible: Therefore the ſphere ABC has not to 


| apy ſphere leſs than DEF, the triplicate ratio of that which 


BC has to EF. In the ſame manner, it may be demonſtrated, 
that the ſphere DEF has not to any ſphere leſs than ABC, the 
triplicate ratio of that which EF has to BC. Nor can the 


| ſphere ABC have to any ſphere greater than DEF, the tripli- 


cate ratio of that which BC has to EF: For, if it can, let it 
have that ratio to a greater ſphere LMN : Therefore, by inver- 


; | fion, the ſphere LMN has to the ſphere ABC, the triplicate 
ratio of that which the diameter EF has to the diameter BC. 


But as the ſphere LMN to ABC, ſo is the ſphere DEF to ſome 
ſphere, which muſt be leſs © than the ſphere ABC, becaulſc the 
ſphere LMN is greater than the ſphere DEF: Therefore the 
ſphere DEF has to a ſphere leſs than ABC the triplicate ratio 
of that which EF has to BCG; which was ſhewn to be impoſ- 
ible: Therefore the ſphere ABC has not to any ſphere greater 
than DEF the triplicate ratio of that which BC has to EF: 
And it was demonſtrated, that neither has it that ratio to any 
ſphere leſs than DEF. Therefore the ſphere ABC has to the 


ſphere 3 the triphents ratio of that which BC. has to EF. 
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NOTES, Ke. 


DEFINITION I. BOOK I. 


I is neceſſary to conſider a ſolid, that is, a magnitude which 
has length; breadth, and thicknels, in order to underſtand 
aright the definitions of a point, line, and ſuperficies; for theſe 
all ariſe from a ſolid, and exiſt in it: The boundary, or boun- 
daries which contain a ſolid are called ſuperficies, or the boun- 
E ary which is common to two ſolids which are contiguous, or 
which divides one ſolid into two contiguous parts, is called a 
| ſuperficies : Thus, if BC GF be one of the boundaries which 
contain the ſolid ABCDEFGH, or which is the common 
| boundary of this ſolid, and the folid BRLCFNMG, and is there- | 
fore in the one as well as the other ſolid, is called a ſuperficies, 
| and has no ae. oh - have any, this thickneſs muſt 
either be a part of the thickneſs Y | =: 
Jof the Colin AG, or the ſolid | 2 G | M 
BM, or a part of the thicknels  _, CY 
| of each of them. It cannot be a E — A — N — 
part of the thickneſs of the ſolid | : 
BM; becauſe if this ſolid be re- | Ty | 1 
moved from the ſolid AG, the D mg © oy Ta. 
{uperiicies BCGF, the boundary 1 
ol the ſolid AG, remains ſtill the „ | 
ſame as it was. Nor can it be a A. B K 
bart of the thickneſs of the ſolid AG; becauſe, if this be re- 
woved from the ſolid BM, the ſuperficies BC GF, the boundary 
of the ſolid BM does nevertheleſs remain, therefore the ſuper- 
| fictes BUGF has no thickneſs, but only length and breadth. 
= The boundary of a ſuperficies is called a line, or a line is the 
common boundary of two ſuperſicies that are contiguous, or 
| which divides one ſuperficies into two contiguous parts: Thus, 
& if BU be one of the boundaries which contain the ſuperficies 
Ahe, or which is the common boundary of this ſuperficies, 
| and of the ſuperficies KBCL which is contiguous to it, this 


boundary BC is called a line, and has no breadth : For if it 


have any, this muſ} be part cither of the breadth of the ſuper- 
| fcies ABCD, or of the ſuperficies KBCL or part of each of 

them. It is not part of the breadth of the ſuperficies KBC L; 
bor, if this ſuperficies be removed trom the ſuperficies ABC 2 
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and a line has neither breadth nor thickneſs, therefore a point 
has no length, breadth, nor thickneſs. And in this manner the 


ſtraight lines, but likewiſe the angle which ſome conceive to 


for, if AB be removed from the line KB, the point B, whichs 
the extremity of the line KB, does nevertheleſs remain: There. 


diſtin one is given from a property of a plane ſuperficies 
which is manifeſtly ſuppoſed in the elements, viz. that a ftraiyit 


It ſeems that he who made this definition deſigned that i 


N O TE E 8. 


the line BC which is the boundary of the ſuperficies ARC) 
remains the ſame as it was: Nor can the breadth that NA 
ſuppoſed to have, be a part of the breadth of the ſupericis 
ABCD ; becauſe, if this be removed from the ſuperficies, KCl 
the line BC which is the boundary of the ſuperficies K:( 
does nevertherleſs remain: Therefore the line BU has u 
breadth : And becauſe the line BC is in a ſuperficies, and thy MWnitic 


_ a ſuperficies has no thickneſs, as was ſhewn ; therefore a lin Me a 


has neither breadth nor thickneſs, but only length. _ 6. a 
The boundary of a line is called a point, or a point is the s 
common houndary or extremity _ H e | 
of two lines that are contiguous : | 5 V we! 
Thus, if B be the extremity of FEI IN ; 
the line AB, or the common ex- E — 
tremity of the two lines AB, KB, | | | 3 
this extremity is called a point, Fyl | I] | | 
and has no — K For if 10 have D E 12S 9 L 1 


any, this length muſt either be | 


1 


part of the length of the line AB, TY 

© of the line KB. It 1s not part Ac 
of the length of KB; for if the line KB be removed from AJ, 
the point B which 1s the extremity of the line AB remains the 
ſame as it was: Nor is it part of the length of the line AB; 


fore the point B has no length: And becauſe a point is in a line, 


definitions of a point, line, and ſuperficies, are to be underſtocd. 
e 
Inſtead of this definition as it is in the Greek copies, a more 


line drawn from any point in a plane to any other in it, B 
wholly in that plane. | 5 


DEF. VIII. B. I. 


ſhould comprehend not only a plane angle contained by tuo 


be made by a ſtraight line and a curve, or by two curve lines, 
which meet one another in a plane: But, tho' the meaning * 
* | | | 


VT EK 


eftion, be plain, when two ſtraight lines are ſaid to be in a 
üght line, it does not appear what ought to be underſtood 
theſe words, when a ſtraight line and a curve, or two curve 
nes are ſaid to be in the ſame direction; at leaſt it cannot be 
S plained in this place; which makes it probable that this de- 
nition, and that of the angle of a ſegment, and what is ſaid of 


6. and 31. propoſitions of Book 3. are the additions of ſome 
WW: ſkilful editor: On which account, eſpecially fince they are 


werted double commas. 


DEF. XVIL- B. I. 


parts,” are added at the end of this definition in all the copies, 
ut are now left out as not belonging to the definition, being 
nly a corollary from it. Proclus demonſtrates it by conceiving 


de applied to the other; for it is plain they muſt coincide, elſe 
he ſtraight lines from the centre to the circumference would 
Pot be all equal: The ſame thing is eaſily deduced from the 


Which it follows that ſemicircles are ſimilar ſegments of a 


DEF. XXXIIlI. B. I. 


Wand on the contrary. | on is 
Let ABCD be a quadrilateral figure of which the oppoſit 
des AB, CD are equal to one an- A | 5 
ether; as alſo AD and BC: Join 
BD; the two ſides AD, DB are e- 
Nual to the two CB, BD, and the baſe 


— — 


\B is equal to the baſe CD; there- B\(& 7 C 
fore by prop. 8. of Book 1. the angle b3 


ADB is equal to the angle CBD; and by Prop. 4. B. 1. the 

angle BAD is equal to the angle DCB, and ABD to BDC; 

and therefore alſo the angle ADC is equal to the angle „ 
| „3 „ 


\ angle of a ſemicircle, and the angles of ſegments, in the | 


vite uſeleſs, theſe definitions are diſtinguiſhed from the reſt by 


| The words, © which alſo divides the circle into two equal 
ne of the parts into which the diameter divides the circle, to 


.. prop. of Book 3. and the 24. of the ſame ; from the firſt of 


Wircle: And from the other, that they are equal to one another. 


mis definition has one condition more than is neceſſary ; 
Pecauſe every quadrilateral figure which has its oppoſite ſides 
qual to one another, has likewiſe its oppoſite angles equal 5 


D 


299 


words er ev9xiag, that is, in a ſtraight line, or in the fame Bock I. 
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5 | Book I, And if the angle BAD be equal to the oppoſite angle (1 | 


_ 


the two ang es BUD, ABC: Where LL 
fore BAD, ADC are the half of all KF c 
the four angles; that is, BAD and 


are parallels by prop. 28. B. 1. In the ſame manner AD, N 
are parallels: Therefore ABCD is a parallelogram, and ing 


in the Greek text, but is as neceſſary as the other: And that ie 


ſition, on account of which it has been added: Beſides, the tra 
lation from the Arabic has this caſe explicitly demonſtrated, 
And Proclus acknowledges that the ſecond part of prop. ; 


„ againſt the 7.“ as if the caſe of the 3. which is left out, wer 


NOTHI a 


and the angle ABC to ADC; the oppoſite fides are 
Becauſe, by prop. 32. B. 1. all the angles of the quad 


<quy 
figure ABCD are together equal to — 


four right angles, and the two angles 
BAD, ADC are together equal to 
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ADC are equal to two right angles: And therefore AR ( 


police ſides are equal by 34. prop. B. 1. 
PROP. VII. B. I. 
There are two caſes of this propoſition, one of which is u 
caſe left out has been formerly in the text, appears plainly fim 


this, that the ſecond part of prop. 5. which is neceſſary to tl 
demonſtration of this caſe, can be of no uſe at all in the ek. 


ments, or any where elſe, but in this demonſtration ; becu ihe: 
the ſecond part of prop 5. clearly follows from the firit pat, me 


and prop. 13. B. 1. This part muſt therefore have been add 
to prop. 5. upon account of ſome propoſition betwixt the g. ul 
I3. but none of theſe ſtand in need of it except the 7. props 


was added upon account of prop. 7. but gives a ridiculous rt 
ſon for it, © that it might afford an anſwer to objections malt 


as he expreſsly makes it, an objection againſt the propoſtia 
itſelf. Whoever is curious may read what Proclus ſays of tis 
in his commentary on the 5. and y. propoſitions ; for it 151 


worth while to relate his trifles at full length. = Fi 
It was thought proper to change the enunciation of this |. u 
prop. ſo as to preſerve the very ſame meaning; the literal trath n 
lation from the Greek being extremely harſh, and difficult v WF . 
be underſtood by beginners. DE n 
| TX þ 

* 

( 


PROT. 


NOTE 5. 


PROP. XI B. I 


A corollary is added to this propoſition, which is sneceſry to 
rop. 1. B. 11. and otherwiſe. 


PROP. XX, and XI, 5 EN 


N in his commentary delair that the Epicureans de- 
ided this propoſition, as being manifeſt even to aſſes, and need- 


\B ( 2g n0 demonftration ; and his anſwer i 15, that though the truth 
\D 1 f it be manifeſt to our ſenſes, yet it is ſcience which muſt 
1: ive the reaſon why two ſides of a triangle are greater than 


je third: But the right anſwer to this objection againſt this 
und the 21ſt, and ſome other plain propoſitions, is, that the 
number of axioms ought not to be encreaſed without eg, 
Vit muſt be if theſe propoſitions be not demonſtrated. Monſ. 
Clairault, 1 in the preface to his elements of geometry, publiſhed 


b in French at Paris, anno 1741, ſays, That Euclid has been at 
hat the Wh pains to prove, that the two fides of a triangle which is in- 
ly fron cluded within another are together leſs than the two fides of 
to tete triangle which includes it; but he has forgot to add this 


decauſe, unleſs this be added. the ſides of the included triangle 


Wcondition, viz. that the triangles muſt be upon the {ame baſe; 


Book 1. 


t pai may be greater than the ſides of the triangle which includes it, 
added WW in any ratio which is lefs than that of two to one, as Pappus 
ul Alexandrinus has demonſtrated i in ep. 3. B. 3. of his mathe- 
. oY n collections. 


PROP. XXII. B. I. 


OP. 5, „ = 
= Zone authors * Euclid becauſe he does not demonſtrate, 
= that the two circles made uſe of in the conſtruction of this 


problem muſt cut one another: But this is very plain from the 
determination he has given, viz. that wy two of the ſtraight 
Ines DF, FG, GH muſt be great- 
er than the third: For who is ſo 
dull, tho” only beginning to learn 
the elements, as not to perceive / / 
W that the F deſcribed from the 
centre at the diſtance FD, „FF 
mult meet FH betwixt F and N, 2 M F G H 
becauſe FD is leſs than FH; and 

chat for the like reaſon, the circle defecibed from the centre 
G, at the diſtance GH or GM, muſt mect DG betwiat D 


and 


Book I. and G; and that theſe circles muſt meet one another, becaus 
d and GHare together greater 


N r 


than FG? And this determina- 
tion ĩs eaſier tobe underſtood than 
that which Mr Thomas Simpſon 
derives from it, and puts inſtead | 
of Euclid's, in the 49th page of — —— 
his elements of „ M F G H 
he may ſupply the omiſſion he 2D FR 
blames Euclid for, which determination is, that any of the thre 
| ſtraight lines muſt be leſs than the ſum, but greater than the 
difference of the other two: From this he ſhews the cirele 
muſt meet one another, in one caſe : and ſays, that it may he 
proved after the ſame manner in any other caſe : But the 
ſtraight line GM which he bids take from GF may be preater 
than it, as in the figure here annexed; in which caſe his de. 
monſtration muſt be changed into another. 1 


PROP. XXIV. B. I. 


To this is added, * of the two fides DE, DF, let DE be 
„ that which is not greater than the other;“ that is, take that 
fide of the two DE, DF which is not greater than the other, in 
order to make with it the angle EDG 1) 
equal to BAC; becauſe without this 
reſtriction, there might be three differ- 
ent caſes of the propoſition, as Campa- 
nus and others make. 3 


Mr Thomas Simpſon, in p. 262. of | 
the ſecond edition of his elements of | 
in his notes, that it ought to have been I 
ſhown, that the point F falls below the _ 
as it is very eaſy to perceive that DG being equal to DF, the 
point G is in the circumference of a, circle deſcribed from the 


geometry, printed anno 1760, obſerves _.. | N 1 
line EG; this probably Euclid omitted, | F 
centre D at the diſtance DF, and muſt be in that part of | 


which is above the ſtraight line EF, becauſe DG falls above | 


DF, the angle EDG being greater than the angle EDE. 


PROP. XXIX. B. I. 


The propoſition which is uſually called the 5th poſtulate, o 
Lith axiom, by ſome the 12th, on which this 29th aer 


auf 


t the 


r 


i 


ven a great deal to do, both to ancient and modern geome- Book L. 


ters : It ſeems not to be properly placed among the Axioms, 
+; indeed, it is not ſelf-evident ; but it may be demonſtrated 
maus: V | 
þDLEFINTTION*" Tr 
The diſtance of a point from a ſtraight line, is the perpendi- 
cular drawn to it from the point. Le Cane 

: DEF. 2. 


One ſtraight line is ſaid to go nearer to, or further from, an- 
| cther ſtraight line, when the diſtances of the points of the firſt 


from the other ſtraight line become leſs or greater than they 


were; and two ſtraight lines, are ſaid to keep the ſame diſtance 
from one another, when the diſtance of the points of one of 


them from the other 1s always the ſame. 


AXIOM. 
A ſtraight line cannot firſt come nearer to another ſtraight 
line, and then go further from py | C 
it, before it cuts it; and, in like —_— 3 
| manner, a ſtraight line cannot TY _ : E 
go further from another ſtraight” kp —22—24⸗˙ 
line, and then come nearer to "8 H 


it; nor can a ſtraight line keep 


the ſame diſtance from another ſtraight line, and then come = 


nearer to it, or go further from it; for a ſtraight line keeps al 


= the ſame direction. 


or example, the ſtraight line ABC cannot firſt come near 


er to the ſtraight line DE, s 83 
from the point A to the point A 1 

B, and then, from the point B D - 

to the point C, go further from | — — 
the ſame DE: And in like man- L | © ROS. H 
ner, the ſtraight line FGH can- | F 
not go further from DE, as from F to G, and then, from G to 


5 come nearer to the ſame DE : And ſo in the laſt caſe, as in 


PROP. I. 


If two equal ftraight lines AC, BD, be each at right angles 


to the ſame ſtraight line AB: If the points C, D be joined by 
the ſtraight line ) 


* EF be not equal to AC, one of them muſt be greater 
nan the other; let AC be the greater; then, becauſe FE is 


leſs 


CD, the ſtraight line EF drawn from any point 


p 0 AS unto CD, at right angles to AB, ſhall be equal to AC, 


| CC: See the fi- 
e — gure above. 


9% NOTE Ss. 


Book I. Jefs than CA, the ſtraight line CFD i is nearer to the ftraig 


; line AB at the point F than at the 4 
point C, that is, CF comes nearer F Tt 
to AB from the point C to F: But 1 4 a 
becauſe DB is greater than FE Tp 
the ſtraight line CFD is further | FF | 
from AB at the point D than atF, | F } 
that is, FD goes further from AB J h 
from F to D: Therefore the — — 1 
ſtraight line CFD firſt comes A.-: EE: B 5 


| nearer to the ſtraight line AB, and then goes further from i 
before it cuts it; which is impoſſible. if FE be ſaid oy 
greater than CA, or DB, the ſtraight line CFD firſt goes fur 
ther from the ſtraight line AB, and then comes nearer to it; 
Which is alſo impoſſible. Therefore F E. is not unequal to Ac 
that is, it is equal to it. 


PROP. 2. 


If two an ſtraight lines AC, BD be each at 158 anglesh 
the ſame ſtraight line AB; the ftraight line CD which ja 
their extremities makes right angles with AC and BD. 

Join AD, BC; and becauſe, in the triangles CAB, DBA, 
5 CA, AB are equal to DB, BA, and the angle CAB equal t 

2 4. 1. the angle DBA; the baſe BC is equal a to the baſe AD: A 
- in the triangles ACD, BDC, AC, CD are equal to BD, DC, 
and the baſe AD is equal tothe baſe 
BC: Therefore the angle ACD is 
bs. x. equal b to the angle BDC: From 
ho any point E in AB draw EF unto _ 
CD, at right angles to AB; there- 
fore by Prop. 1. EF is equal to AC. 
or BD; wherefore, as has been juſt 
nov ſhown: the angle ACF is equal 
to the angle EFC : In the ſame manner, the angle BDF 6 
qual to the angle EFD; but the angles ACD, BDC are equi 
3 5 therefore the angles EFC and EFD are equal, and rigl 
6 10. def, 1. angles e; wherefoce alſo the angles ACD, BDC are rige 
angles. 
Con. Hence, if two raight lines AB. CD be at right angld 
to the ſaine ſtraight line AC, and if betwixt them a ſtraizt 
line BD be drawn at right angles to either of them, as to A 
then BD is equal to AC, and BDC 1s a right angle. 
If AC be not equal to BD, take BG equal to AG, an 
join CG: Therefore, by this Propoſition, the angle A Gvl 
rignt angle; but AC „ alio a right angle ; wherefore the u 


Oo on ond end c r 


gles ACD, ACG are equal to one another, which is impoſſible. Rook 1. 
Therefore BD is equal to AC; and by this propoſition BDC On 


is a right angle, 5 | 


PROP. z. 


If two ſtraight lines which contain an angle be produced, 
there may be found in either of them a point from which the 

rpendicular drawn to the other ſhall be greater than any gi- 
ven ſtraight line. e ENS „„ 

Let AB, AC be two ſtraight lines which make an angle with 
one another, and let AD be the given ſtraight line; a point 
may be found either in AB or AC, as in AC, from which the 
perpendicular drawn to the other AB ſhall be greater than AD. 

In AC take any point E, and draw EF perpendicular to 
AB; produce AE to G, fo that EG be equal to AE; and 
produce FE to H, and make EH equal to FE, and join HG. 
Recauſe, in the triangles AEF, GEH, AE, EF are equal to . 
GE, EH, each to each, and contain equal à angles, the angle a 15. 1. 
GHE is therefore equal b to the angl AFE which is a right an b 4 1. 
gle: Draw GK perpendicular to AE; and becauſe the ſtraight 
me FR, BG: | 50 1 | | 
are at right an- A 1 „ M 

gles to FH, and A _ F 2 E — B — N 
| KG at right an- N | ed — 9 5 1 | 
les to FK, KG 4 
Nee FH, 2 | | 
by Cor. Pr. 2. = LY — 
that is, to the * 8 7 | LL 
rr CAHEAoA-. 5 
| In the ſame manner, if AG be produced to L, ſo that GL be 
equal to AG, and LM be drawn perpendicular to AB, then 
IM is double of GK, and ſo on. In AD take AN equal to 
FE, and AO equal to KG, that is, to the double of FE, or 
AN; alſo, take AP, equal ro LM, that is, to the double of 
KG,or AO; and let this be done till the ſtraight line taken 
be greater than AD : Let this ſtraight line ſo taken be AP, 
and becauſe AP is equal to LM, therefore LM is greater than 
AD. Which was to be done. Fin oy 


— 


Nor. 4. 


If two ſtraight lines AB, CD make equal angles EAB, 
ECD with another ftraight line EAC towards the ſame parts 
el it; AB and CD are at right angles to ſome ſtraight line. 

. 55 Biſect 
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a 15. 1. 
b 4. 1. 


c 13. 1. 
d 14. 1. 


a 23. 1. 


; v 13, I, 


common angle AFH; therefore the 


the two angles CFH, HFA, which ZZ L_____ 
two laſt are equal together to two C H — BJ 
right angles ©, therefore alſo AFG, 


angles EAB,ACD areto- 
gether leis than two right 


angles; e 0 * Z B H 


FCA 1s greater than 


NOTE S. 


Biſect AC in F, and draw FG perpendicular to AB; take 
CH in the ſtraight line CD equal to AG, and on the contrary 


fide of AC to that on which AG is, and join FH: Therefore, 


in the triangles AFG, CFH, the fides FA, AG are ER 
FC, CH, each to each, and the angle 


FAG, that a is EA is equal to the 

angle FCH; wherefore b the angle a 
AGF is equal to CHF, and AFGto GA 7 
the angle CFH: To theſe laſt add the R 


two angles AFG, AF H are equal to 


AH are equal to two right an gles, and conſequently 4 GF 
and FH are in one ſtraight line. And becauſe AGF is a right 
angle, CHF which is equal to it is alſo a right angle; Therefore 


the ſtraight lines AB, CD are at right angles to GH. 


PROP. 5. 
If two Araight lines AB, CD be cut by a third ACE ſo as 


to make the interior angles BAC, ACD, on the ſame {ide of 
it, together leſs than two right angles; AB and CD being pro- 
duced ſhall meet one another towards the parts on which are 
the two angles which are leſs than two right angles. 


At the point C in the ſtraight line CE make a the angle 


ECF equal to the angle EAB, and draw to AB the ftraight 


line CG at right angles to CF: Then, becauſe the angles ECF, 
EAB are equal to one an- 


other, and that the angles E, 
ECF, FCA are together 
equal b to two right angles, N 9 E 1 


the angles EAB, FCA are 
equal to two right angles. 


Bur by the hypotheſis, the 


— 


L 
WV 


ACD, and CD falls between CF and AB: And bend CF 


and CD make an angle with one another, by Prop. 3. a point 


may be found in either of them CD, from which the perpen- 
dicular drawn to CF ſhall be e than the ſtraight line ro 
ct 


22 2 <9 


2 T er, Ae © — ww « > Fl 


— 


NOTE 8. 


Let this point be H, and draw HK perpendicular to CF meet- 


ing AB in L: And becauſe AB, CF contain equal angles with 
AC on the ſame fide of it, by Prop. 4. AB and CF are at right 
angles to the ſtraight line MNO which biſects AC in N and is 
perpendicular to CF: Therefore by Cor. Prop. 2. CG and KL 


which are at right angles to CF are equal to one another: And 
HK is greater than CG, and therefore is greater than KL, and 

conſequently the point H 1s in KL produced. Wherefore the 
ſtraight line CDH drawn betwixi the points C, H which are on 


contrary fides of AL, muſt neceſſarily cut the ſtraight line AB. 
PROP. XXXV. B. I. 


The demonſtration of this Propoſition is changed, becauſe, if 
the method which is uſed in it was followed, there would be 


three caſes to be ſeparately demonſtrated, as is done in the 


tranſlation from the Arabic; for, in the Elements, no caſe of a 
Propoſition that requires a different demonſtration, ought to 


be omitted. On this account, we have choſen the method 
which Monſ. Clairault has given, the firſt of any, as far as I 


know, in his Elements, page 21, and which afterwards Mr 
Simpſon gives in his page 32. But whereas Mr Simpſon makes 


uſe of prop. 26. B. 1. from which the equality of the two 


triangles does not immediately follow, becauſe, to prove that, 
the 4 of B. 1. muſt likewiſe be made uſe of, as may be ſeen 


in the very ſame caſe in the 34. Prop. B. 1. it was thought bet - 


ter to make uſe only of the 4. of B. 1. 
PROP. XLV. B. I. 


The ſtraight line KM is proved to be parallel to FL from 
the 33. Prop.; whereas KH is parallel to FG by conſtruction, 
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and KHM, FGL have been demonſtrated to be ftraight lines. 


A corollary is added from Commandine, as being often uſed. 


„„ SO Nt iT 5 


I this Propoſition only acute angled triangles are mentioned, 
whereas it holds true of every triangle: And the demon- 
| trations of the caſes omitted are added; Commandine and Cla- 
vius have likewiſe given their demonſtrations of theſe caſes, 


PROP. XIV. B. II. 


In the demonſtration of this, ſome Greek editor has ig- 


norantly inſerted the words, * but if not, one of the two BE, 


Book II. 
— 


2 WR 
r 8 
3 5 — 


U 2 r 
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Book II. ( ED is the greater : let BE be the greater, and produce i it to 
= F,“ as if it was of any conſequence whether the greater or 


Book III. 
eee 


leſſer be produced: Therefore, inſtead of theſe words, there 
es wk to be read only, but if not, produce BE to F.“ 


P RO P. I. B. UI. i 
1 EVERAL authors, eſpecially among the modern mathe. 


maticians and logicians, inveigh too ſeverely againſt indi. 


Boo. Apagogic demonſtrations, and . ſometimes ignorantly 


enough; not being aware that there are ſome things that can- 
not be Jeniontirated any other way : Of this the preſent pro- 


_ poſition is a very clear inſtance, as no direct demonſtration 


can be given of it: Becauſe, beſides the definition of a circle, 
there 1s no principle or property relating to a circle antecedent 
to this problem, from which either a dire& or indire& de. 
monſtration can be deduced : Wherefore it is neceſſary that the 
point found by the conſtruction of the problem be proved to 


be the centre of the circle, by the help of this definition, and 


ſome of the preceding propoſitions : And becauſe, in the de- 


monſtration, this propoſition muſt be brought in, viz. ſtraight 
lines from the centre of a circle to the circumference are equal, 


and that the point found by the conſtruction cannot be affu- 


med as the centre, for this is the thing to be demonſtrated : it 
is manifeſt ſome other point muſt be aſſumed as the centre: 
and if from this aſſumption an abſurdity follows, as Euclid de. 
monſtrates there muſt, then it is not true that the point aſſumed 


is the centre; and as any point whatever was aſſumed, it fol. 


| lows that no point, except that found by the conſtruction, can 


be the centre, from which the neceſſity of an indirect demon- 


tration 1 in this caſe 1 15 evident, 


PROP, XII. B. II. 


Ae it is much eaſier to imagine that two circles may touch 
one another within in more points than one, upon the ſame 
ſide, than upon oppotite ſides; the figure of that caſe ought 
not to have been omitted; but the conſtruction in the Greek 


text would not have ſalted with this figure ſo well, becauſe the 


centres of the circles muſt have been placed near to the cit- 


cumferences: On which account another conſtruction and de- 
monſtration is given, which is the ſame with the ſecond part 


ef that which Campanus has tranſlated from the Arabic, 


* here, 


r zog 


where, without any reaſon, the demonſtration is divided into Book III. 
two parts. 9 5 e 
PROP. W. B. . 


The converſe of the ſecond part of this propoſition is want- 
ing, though in the preceding, the converſe is added, in a like 
caſe, both in the enunciation and demonſtration ; and it is now 
added in this. Beſides, in the demonſtration of the firſt part 
of this 15th, the diameter AD (ſee Commandine's figure, is 
proved to be greater than the ſtraight line BC by means of an- 
other ſtraight line MN; whereas it may be better done with- 
out it: On which accounts we have given a different demon- 
ſtration, IiKe to that which Euclid gives in the preceding 14th, 
and to that which Theodoſius gives in prop. 6. B. 1. of his 
- Spherics, in this very affair, 1 1 . 
PROP. XVI. B. III. 1 
la this we have not followed the Greek nor the Latin tranſ- 
lation literally, but have given what 1s plainly the meaning of 
the propoſition, withour mentioning the angle of the ſemicircle, 
or that which ſome call the cornicular angle which they con- 
ceive to be made by the circumference and the ſtraight line 
which is at right angles to the diameter, at its extremity ; which 
angles have furniſhed matter of great debate between ſome of 
| the modern geometers, and given occaſion of deducing ſtrange 
{ conſequences from them, which are quite avoided by the man- 
ner in which we have expreſſed the propolition. And in like 
manner, we have given the true meaning of prop. 3t. B. 3, 
without mentioning the angles of the greater or leſſer ſegments , 
Theſe paſſages, Vieta, with good reaſon, ſuſpects to be adulte- 
rated in the 386th page of his Oper. Math. 


PROP. XX. B.II. 


The firſt words of the ſecond part of this demonſtration, 
* x:xM\ag% dn ran,” are wrong tranſlated by Mr Briggs and 
Dr Gregory © Rurſus inclinetur ;” for the tranſlation ought to 
be Rurſus infleQatur,” as Commandine has it: A firaight 
line is ſaid to be infleed either to a ſtraight, or curve line, 
when a ſtraight line is drawn to this line from a point, and 
from the point in which it meets it, a ſtraight line making 
an angle with the former is drawn to another point, as is evi- 

| dent from the goth prop. of Euclid's Data : For this the whole 
une betwixt the firſt and laſt points, is infle&ed or broken at 

| | W424: the 
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Book n.. the point of :nfleQion, Fe eg the two ſtraight lines meet. And _ 


in the like ſenſe two ſtraight lines are ſaid to be infected from 


two points to a third point, when they make an angle at this 


point; as may be ſeen in the deſcription given by Pappus A. 


lexandrinus of Apollonius's Books de Locis planis, in the pre. 
face to his 7th book: We have made the en fuller from 


the goth: Prop. of the Data. 
"PRO P. XII. 1 III. 


There are two caſes of this propoſition, the ſecond of which, 
viz. when the angles are in a ſegment not greater than a ſemi. 
circle, is wanting in the Greek: And of this a more ſimple 
demonſtration is given than that which is in Commandine, 2 


being derived only from the firſt caſe, without the help of tri. 
an gles. 


PROP. XXIII. and XXIV. B. III. 


In propoſition 24. it is demonſtrated, that the ſegment AER 
muſt coincide with the ſegmeut CFD, (ſee Commandine's f. 
pure), and that it cannot fall otherwiſe, as CGD, ſo as to cut 
the other circle in a third point G, from this, that, if it did, 


circle could cut another in more points than two: But thi 
ought to have been proved to be impoſſible in the 23d Prop, 


as well as that one of the ſegments cannot fall within the other; 
This part then is left out in the 24th, 1 put in its Proper 


place, the 23d Propoſition. 


PROP. RXV. B. III. 


This propoſition is divided into three caſes, of which two 


have the ſame conſtruction and demonſtration ; therefore 1 it 


now divided only into two caſes, 


PROP. XXXIII. B. III. 
This alſo in the Greek is divided into three caſes, of which 


two, viz, one, in which the given angle is acute, and the other 
in which it is obtuſe, have exactly the ſame conſtruction and de. 


monſtration; on which account, the demonſtration of the laſt 
caſe is lett out as quite ſuperfluous, and the addition of ſome 


unſnkilful editor; beſides the demonſtration of the caſe when the 


angle given is a right angle, is done 4 round about way, and b 
there fore changed to a more imple one, as was done by Clavius. 


PROP, 
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As the 25th and 33d propoſitions are divided into more 
eaſes, ſo this 35th is divided into fewer caſes than are neceſſary. 
Nor can it be ſuppoſed that Euchd omitted them becauſe they 
are eaſy ; as he has given the caſe, which by far 1s the eaſieſt 
of them all, viz. that in which both the ſtraight lines paſs 
through the centre: And in the following propolition he ſepa- 
rately demonſtrates the caſe in which the ſtraight line paſſes 
through the centre, and that in which it does not paſs through 
the centre: So that it ſeems Theon, or ſome other, has thought 
them too long to inſert : But caſes that require different de- 
monſtrations, ſhould not be left out in the Elements, as was 
before taken notice of: Theſe caſes are in the tranſlation from 
the Arabic, and are now put into the text. | 


PROF. XXXVI.' B. I. 


At the end of this, the words, in the ſame manner it may 
« he demonſtrated, if the centre be in AC,“ are left out as the 
addition of ſome ignorant editor. | 


DEFINITIONS of BOOK IV. 


WES a point is in a ſtraight line, or any other line, this Book IV. 
point is by the Greek geometers ſaid au e, to be 
upon, or in that line, and when a ſtraight line or circle meets 5 

a circle any way, the one is ſaid awreoJa to meet the other: But 
when a ſtraight line or circle meets a circle ſo as not to cut it, 
it is ſaid can reo dau, to touch the circle; and theſe two terms 

are never promiſcuouſly uſed by them: Therefore, in the «th 
definition of B. 4. the com pound eparTyrai muſt be read, inſtead 
of the ſimple ac rr: And in the 1ſt, 2d, 3d, and 6th defi- 
nitions in Commandine's tranſlation, - tangit,” muſt be read 
inſtead of “ contingit :” And in the 2d and zd definitions of 
Book z. the ſame change muſt be made: But in the Greek 
text of propoſitions 11th, 12th, 13th, 18th, 19th, Book 3. the 
compound verb is to be put for the ſimple. 


In this, as alſo in the 8th and 13th propoſitions of this book, 
it is demonſtrated indirectly, that the circle touches a ſtraight 
line; whereas in the Ith, 33d, and 37th propoſitions of book 
3. the ſame thing is directly demonſtrated : And this way we 
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Book TV. have choſen to uſe in the propoſitions of this book, as it is « it 
— ſhorter. Fic, 


PROF. V. B. IV. 


The demonſtration of this has been ſpoiled by ſome unſkilful 
hand : For he does not demonſtrate, as is neceſſary, that the 
two ſtraight lines which biſect the ſides of the triangle at right 

angles muſt meet one another ; and, without any reaſon, he di. « I 
vides the propoſition into three caſes; whereas, one and the 


10 V 

ſame conſtryction and demonſtration ſerves for them all, as Cam. 4 4 
* has obſerved ; which uleleſs repetitions are now left out: 1 0 

he Greek text alſo in the corollary is manifeſtly vitiated, Wl « f 
where mention is made of a given angle, though there neither « \ 
is, nor can be any thing in the propoſition relating to a given = 
angle. 0 5 5 6 

ä « 


PROF; XV. md AVI N,, 
In the corollary of the firſt of theſe, the words equilateral Ag 


and equiangular are wanting in the Greek: And in prop. 16. ad 
| inſtead of the circle ABCD, ought to be read the circumference ne 
ABCD: Where mention is made of its containing fifteen 


Equal parts, 


DEF. III. B. V. 


Book MY 3 ob of the modern mathematicians reject this def. 

e nition: The very learned Dr Barrow has explained it 

at large at the end of his third lecture of the year 1666, in 

which alſo he anſwers the objections made againſt it as well as 

the ſubject would allow: And at the end gives his opinion 
upon the whole, as follows: _ | „ 
„ ſhall only add, that the author had, perhaps, no other 
deſign in making this definition, than (that he might more 
fully explain and embelliſh his ſubject) to give a general 
„ and ſummary idea of ratio to beginners, by premiling 
this metaphyſical definition, to the more accurate defini- 
tions of ratios that are the ſame to one another, or one of 
which is greater, or leſs than the other ; I call it a meta. 
phyſical, for it is not properly a mathematical definition, 
fince nothing in mathematics depends on it, or is deduced, 
nor, as I judge, can be deduced from it: And the defi- 
tion of analogy, which follows, viz. Analogy is the Op 
a7 « litud 


Q 


* as „% 1 _— A — $9 
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« Ftude of ratios, is of the ſame kind, and can ſerve for no Book v. 

« purpoſe in. mathematics, but only to give beginners ſome © 

general, tho groſs and confuſed notion of analogy: But the 

| « whole of the doctrine of ratios, and the whole of mathema- 

« tics, depend upon the accurate mathematical definitions which 

« follows this: To theſe we ought principally to attend, as the 

« dofrine of ratios is more perfectly explained by them; this 

 « third, and others like it, may be entirely ſpared without any 

« Joſs to geometry; as we ſee in the th book of the elements, 

« where the proportion of numbers to one another is defined, 

« and treated of, yet without giving any definition of the ratio 

« of numbers; tho' ſuch a definition was as neceſſary and uſe- 

| « ful to be given in that book, as in this: But indeed there is 

« ſcarce any need of it in either of them : Though I think that 

« a thing of ſo general and abſtracted a nature, and thereby 

the more difficult to be conceived and explained, cannot be 

more commodiouſly defined than as the author has done: 

Upon which account I thought fit to explain it at large, and 

| © defend it againſt the captious objections of thoſe who attack 

it.“ To this citation from Dr Barrow I have nothing to 

| add, except that I fully believe the zd and 8th definitions are 
not Euclid's, but added by ſome unſkilful editor. GN ard 


DE F. XI. I V. 


It was neceſſary to add the word * continual” before © pro- 
« portionals” in this definition; and thus it is cited in the 33d 
prop. of Book iI. 30 

After this definition ought to have followed the definition of 
compound ratio, as this was the proper place for it; duplicate 
and triplicate ratio being ſpecies of compound ratio. But Theon 
has made it the 5th def. of B. 6. where he gives an abſurd and 
entirely uſeleſs definition of compound ratio: For this reaſon 
we have placed another definition of it betwixt the 11th and 
12th of this book, which, no doubt, Euclid gave; for he cites 
it expreſsly in prop. 23. B. 6. and which Clavius, Herigon, 
and Barrow, have likewiſe given, but they retain alſo Theon's, 
which they ought to have left out of the elements. 


DEF. Mm . 


| This, and the reſt of the definitions following, contain the ex- 
| plication of ſome terms which are uſed in the 5th and following 
books; which, except a few, are eaſily enough underſtood from 
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Book 4 the propoſitions of this book where they are firſt mentione{- 
Th-.y ſeem to have been added by Theon, or ſome olle 
However it be, they are explained TOY more diſtin 


his be 


gur 01 


zrop0! 

tor the * of learners. AM 

PROP. IV. B. v. de 

gr 

In the conſtruction preceding the demonſiration of thi, Wiſtrat! 

the words & ETUXE, any whatever, are twice wanting in prop 
Greek, as allo in the Latin tranſlations 3 z and are now added 


as being wholly neceſſary. who| 
Ibid. in the demonſtration ; in the gie and in the Lam i 
tranſlation of Commandine, and in that of Mr Henry Brigg, E. ( 
which was publiſhed at London in 1620, together with the boo! 
Greek text of the firſt fix books, which tranſlation in this pa Ne 
is followed by Dr Gregory in his edition of Euclid, there aid ot 
ſentence following, viz. © and of A and C have bezn taken e. ue 
„ quimultiples K, L; and of B and D, any equimultipls boc 
« whatever (a rx. M. N;“ which 1s not true, the word 
any whatever;” ought to be left out: And it is ſtrange that 
neither Mr Briggs, who did right to leave out theſe words in 
one place of prop. 13. of this book, nor Dr Gregory, who chan. 
ged them into the word « ſome” in three places, and left then 
out in a fourth of that ſame prop. 13. did not alſo leave them 
out in this place of prop. 4. and in the ſecond of the two places 
where they occur 1n prop. 17. of this book, in neither of which 
they can ſtand conſiſtent with truth: And in none of all thele 
places, even in thoſe which they corrected in their Latin tran. 
lation have they cancelled the words & FX in the Greek ten, 
as they ought to have done, 
The ſame words & :Tvxe are found in four 5 of prop. 11. 
of this book, in the firſt and laſt of which they are neceſlar, 
but in the ſecond and third, though they are true, they are 
Y quite ſuperfluous; as they Ee with are in the ſecond of the tv! 
1 places in which they are found in the 12th prop. and in tle 
| like places of Prop. 22. 23. of this book; but are wanting il 
the lait place of prop. 38. 5 alſo in prop. 2 . Book 1 11. 


COR. IV. PROP. 1 V. 


This corollary bus been unſkilfully annexed to this propo- 
ſition, and has been made inſtead of the legitimate demon 
ſtration, which, without doubt, Theon, or ſome other edito!, 


has taken away, not from this, but from its proper place - 
L 
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tioned; pk: The author of it deſigned to demonſtrate, that if Book V. 


other our magnitudes E, G, F, H, be proportionals, they are alſo 
roportionals inverſely; that is, G is to E, as H to F; which 
true; but the demonſtration of it does not in the leaſt depend 
boon this 4th prop. or its demonſtration: For, when he ſays, 
becauſe it is demonſtrated that if K be greater than M, L is 
eater than N,“ &c. This indeed is ſhewn in the demon- 
tation of the th p op. but not from this, that E, G, F, H are 
broportionals ; for this laſt is the concluſion of the propoſition. 


add 

J wholly foreign to his deſign : And he ſhould have proved, that 
Latin if K be 1 than M, L is greater than N, from this, that 
ig, E. G, F. H are proportionals, and from the 5th def. of this 
h the book, which he has not; but is done in propoſition B, which 
place Ive have given in its proper place, inſtead of this corollary; and 
is thi; WY 2nother corollary is placed after the 4th: prop. which is often of 
ene. Nuſe; and is neceſſary to the demonſtration of prop. 18. of this 
book 4 . 
words BE” | | 8 
: that PROP. V. B. V. 
ds in „„ 5 | ” 3 
chan In the conſtruction which precedes the demonſtration of 
then Wi this propoſition, it is required that EB may be the ſame mul- 
them WW tiple of CG, that AE is of CF; that is, that EB be divided 
laces WW into as many equal parts, as there are parts in AE equal to 
hich CF: From which it is evident, that this conſtruction is not 
tele Euclid's; for he does not ſhow the way of dividing ſtraight 
ranl lines, and far leſs other magnitudes, into any number of equal 
text, WF parts, until the gth propoſition of B. 6; and he never requires 

any thing to be done in the conſtruction of which he had not 

«Th, before given the method of doing: For this rea- A, 
ary, ſon, we have changed the conſtruction to one, 4a G 
are which, without doubt, is Euclid's, in which no 9 
ve thing is required but to add a magnitude to itſelf E. | 
ie certain number of times; and this is to be found Ce 
uin the tranſlation from the Arabic, though the e- F. 


nunciation of the propoſition and the demonſtra- B 
tion are there very much ſpoiled. Jacobus Peleta- 


rius, who was the firſt, as tar as I know, who took D 

notice of this error, gives alſo the right conſtruc. „ 

p. don in his edition of Euclid, after he had given the other which 

on. he blames: He ſays, he would not leave it out, b uſe it was 

or, ine, and might ſharpen one's genius to invent others like it; 
| | + | ; | whereas 


Wherefore theſe words, © becauſe it is demonſtrated,” &c. are 
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Book V. whereas there is not the leaſt difference between the two demo, 
| ſtrations, except a ſingle word in the conſtruction, which n 
probably has been owing to an unſkilful librarian. Clavius lia 
wile gives both the ways; but neither he nor Peletarius tak 

notice of the reaſon why the one is preferable to the other. 


PROP. VI. B.V. 


There are two caſes of this propofition, of which only the but 
firſt and fimpleſt is demonſtrated in the Greek : And it is pr 
bable Theon thought it was ſufficient to give this one, ſince}, MPI 
was to make uſe of neither of them in his mutilated edition d 
the 5th book; and he might as well have left out the othe 
as alſo the 5th propoſition, ſor the ſame reaſon ; The demos. 
{tration of the other caſe is now added, becauſe both of then, 

as alſo the fifth propoſition, are neceſſary to the demonſtratia 
of the 18th propoſition of this Book. The tranſlation from the 

Arabic gives both caſes briefly. „„ 
PROP. A. B. V. note 

This propoſition is frequently uſed by geometers, and it j 

necettary in the 25th prop. of this book, 31ſt of the 6th, and 
Zath of the 11th, and 15th of the 12th book: It ſeems to han 
been taken out of the elements by Theon, becauſe it appeared . 
evident enough to him, and others, who ſubſtitute the confulel 
and indiſtinct idea the vulgar have of proportionals, in plat nis 
of that accurate idea which is to be got from the 5th def. d 
this book. Nor an there be any doubt that Eudoxus or Eu WW bo 
clid gave it a place in the elements, when we ſee the 7th an Je 
gth of the ſame book demonſtrated, tho” they are quite as ealy WW pr 
and evident as this. Alphonſus Borellus takes occaſion tron WW bo 
this propoſition to cenſure the 5th definition of this book vers WW th 
ſeverely, but moſt unjuſtly : In p. 126. of his Euclid reſtores, 2. 
printed at Piſa in 1658, he ſays, * Nor can even this leaſt d ct 
_ «. pree of knowledge be obtained from the foreſaid property, 
viz. that which is contained in 5th def. 5. «+ That, if tou WF xj 
„ magnitiides be proportionals, the third muſt neceflarily ' Nd 
greater than the fourth, when the firſt is greater than tl! BW 
„ ſecond : as Clavius acknowledges in the 16th prop. of the U 
5th book of the elements.” But though Clavius makes 1 Wl o 
ſuch acknov &:dgment expreſsly, he has given Borellus a hat 
dle to fay this of him; becauſe when Clavius, in the above + Bl » 
ted place, cenſures Commandine, and that very juſtly, for de WA t 
monſtrating this propolition by help of the 16th of the 53: Wi t 
yet he himſelf gives no demonſtration of it, but thinks it py 
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zh and 16th prop. B. 5. of his edition, and is followed by He- 


ch jgon in Schol. 1. prop. I4th B. 5. as if there was any nature of 
ius like, roportionals antecedent to that which is to be derived and un- 
15 tat erttood from the definition of them: And indeed, though it 


very eaſy to give a right demonſtration of it, no body, as far 
« know, has given one, except the learned Dr Barrow, who, 
in anſwer to Borrellus's objection, demonitrates it indirectly, 


nly but very briefly and clearly, from the th definition, in the 
is pr. M322 page of his Lect. Mathem. from which definition it may 
ince alſo be eaſily demonſtrated directly: On which account we 
tion have placed it next to the propoſitions concerning equimultiples. 


* PROF. B. BOOK V. 
* This alſo is eaſily deduced from the 5th def. B. 5. and there- 


fore is placed next to the other; for it was very ignorantly 
[made a corollary from the 4th prop. of this Book. See the 
note on that corollary. me — 0 


lit 55 

„ and P R O P. C. B. V. | 

han e 8 5 

eared This is frequently made uſe of by geometers, and is neceflary | 

" to the 5th and 6th propoſitions of the xoth book. Clavius, in 
ue 


his notes ſubjoined to the 8th def. of book 5. demonſtrates it 
only in numbers, by help of ſome of the propoſitions of the yth 


* book: in order to demonſtrate the property contained in the 5th 
4 definition of the 5th book, when applied to numbers, from the 
eu 


property of proportionals contained in the 2cth def. of the 7th 
| book: And moſt of the commentators judge it difficult to prove 
that four magnitudes which are proportionals according to the 
22th def. of 5th book, are alſo proportionals according to the 
5th def. of 5th book. But this is eaſily made out, as follows: 


7 Firſt, if A, B, C, D be four mag- Fi 
1 nitudes, ſuch that A is the ſame mul- E | * | 
1 tipie, or the ſame part of B, which | 2 | 


Ci of D; A, B, C, D are propor- D 
tionals: This is demonſtrated in pro 


poſitien C. on Are. 15-1 
n Secondly, if AB contain the ſame | N : 1 . 
bers of CD that EF does of GH; in 8 | = 
* yk caſe likewiſe AB is to CD, as EF A CG | E G | 
E . 5 Sin 8 , ws 


rom the nature of proportionals, as he writes in the end of the Book v. 
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Book V. 


— — 


Cx, es EF to GL: And CD, GH D! |* 
| ſecond and fourth; wherefore, by K L 
as EF to GH. | 


portionals according to the 5th def. 


def. of book 7. 


r 
Let CK be a part of CD, and GL the ſame part of Cy; 
and let AB be the ſame multiple of F | 
CK, that EF is of GL: Therefore, B | 
by prop. C. of 5th book, AB is to oe H 


are equimultiples of CK, GL the 


N. 


Cor. prop. 4. book 5. AB is to CD, 
And if four magnitudes be pro- A © E 6 


of book 5. they are alſo proportionals according to the 2:4 


Firſt, if A be to B, as C to D; then if A be any multiple 
or part of 3, C is the ſame multiple or part of D, by prop. D. any 1 
of B 5. V | 

Next, if AB be to CD, as EF to GH; then if AB contin dem 
any parts of CD, EF contains the fame parts of GH: vor la WW th 


(K be a part of CD, and GL the fame part of GH, an! chat 


_ GH are equimultiples of CK, GL; wheretore by Cor. prop, 


GL that AB is of CK. | 


Prop. A. 


15 leſs than EB; and in this, it neceſſarily follows that H9 
the multiple EB is greater than ZH the ſame multiple of AL 
which laſt multiple, by the conſtruction, is greater than d. 


AB be a multiple of CK: EF is the ſame multiple of GL; Noche 
Take M the ſame multiple of GL that AB is of CK; there. Mast 
fore by prop. C. of B. 5. AB is to CK, as M to GL; and C0, 


4. B. 5. AB is to CD, as Mto GH. And, by the hypothely, 
AB is to CD, as EF to GH; therefore M is equal to EF by 
prop. 9. book F. and conſequently EF is the ſame multiple u 


PAOF. DF; 
This is not unfrequently uſed in the demonſtration of othe 
propoſitions, and is neceſſary in that of prop. 9. B. 6. It ſeem 
Theon has left it out for the reaſons mentioned in the notes at 


PROP. VIII... B. v. | 

In the demonſtration of this, as it is now 1n the Greek 
there are two caſes, (ſee the demonſtration in Hergavius, 0 
Dr Gregory's edition }, of which the firſt is that in which AE 


whence alſo HO muſt be greater than A : But in the ſecond 
chſe, viz. that in which EB is leſs than AE, thc? ZH be great! 
tran A, yet HD may be leſs than the ſame A; fo that there 
cannot be taken a multiple of A which is the firſt that 

| h greater 


FCN 


H 


in this K into the demonſtra- | 


demonſtration. There 1s alſo 


| © fore A is not equal to B.“ 


NOTE 8. 


7 this account, the author of this demonſtration found it ne- 
efary to change one part of the conſtruction that was made 
ſe of in the firſt caſe : But he has, without any neceſſity, 
hanged alſo another part of it, viz. when he orders to take 
N that multiple of A which Z 

| that i 5: 
; the firſt that is greater than | 

ZH; forhe might havetaken I | 
that multiple of A which 1s | 
the firſt that is greater than HI A = 
HO, or K, as was done in the TY F 3 
firſt caſe : He likewiſe brings El | 1. 


: 1 EF. + 
RO HE GOT 9 Og ©: 
BAOBA 


tion of both caſes, without 
any reaſon; for it ſerves to no 
purpoſe but to lengthen the 


a third caſe, which is not mentioned in this demonſtration, viz. 
that in which AE in the firſt, or EB in the ſecond of the two 
other caſes, is greater than D; and in this any equimultiples, 
as the doubles, of AE, KB are to be taken, as 1s done in this 


edition, where all the caſes are at once demonſtrated : And from 


this it is plain that Theon, or ſome other unſkilful editor, has 


ritiated this propoſition. De I 


Lor. M. KV... 


Of this there is given a more explicit demonſtration than that 


which is now in the elements. 


Por . av 


lt was neceſſary to give another demonſtration of this pro- 


| poſition, becauſe that which is in the Greek and Latin, or o- 
ther editions, is not legitimate: For the words greater, the ſame 


or equat, leſſer, have a quite different meaning when applied 
to magnitudes and ratios, as is plain from the 5th and 7th de- 


finitions of book 5. By the help of theſe let us examine the 
| demonſtration of the 10th prop. which proceeds thus: Let A 
have to Ca greater ratio, than B to C: I ſay that A is greater 


„than B. For if it is not greater, it is either equal, or lels. 


* But A cannot be equal to B, becauſe then each of them 
| * would have the ſame ratio to C; but they have not. There- 
tore The force of which reaſoning is 
this, if A had to C the ſame ratio that B has to C, then if 
5 e ES a any 


319 


.reater than K or HO, becauſe A itſelf is greater than it: Up- Book V. 
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Book V, 
—ä — 


NOTE 8. 


any equimultiples whatever of A and B be taken, and » 
multiple whatever of C; if the multiple of A be greater u 
the multiple of C, then, by the 5th def. of book 5. the mul 


eat 

of B is alſo greater than that of C; but, from the hypotheg * 
that A has a greater ratio to C, than B has to C, there 
by the 7th def. of book 5. be certain equimultiples of A and} and 
and ſome multiple of C ſuch, that the multiple of A is grevs WY plies 
than the multiple of C, but the multiple of B is not ms yy 
than the ſame multiple of C: And this propoſition direth of C 

_ contradicts the preceding; wherefore A is not equal wi char 
The demonſtration of the 1oth prop. goes on thus: “ Rut [ 
« ther is A leſs than B; becauſe then A would have a lehn F 2 
tio to C, than B has to it: But it has not a leſs ratio, then, Wi tip! 


« fore A is not leſs than B, &c. Here it is ſaid that « 18 tip! 


would have a leſs ratio to C, than B has to C,“ or, which 


greater than the ratio of B to C; that is, it ſhould have ben 
proved, that, in this caſe, the multiple of A is always 


than the multiple of C; for, when this is demonſtrated, it wil 
be evident that B cannot have a greater ratio to C, than A l 
to C, or, which is the ſame thing, that A cannot have a leß n 


propoſition as we now have it, inſtead of that which Eudon 
or Euclid had given, has been deceived in applying whit 
manifeſt, when underſtood of magnitudes, unto ratios, viz. thi 


one another, is a moſt evident axiom when underſtood 6 


is the ſame thing, that B would have a greater ratio to C, uu B t 


A to C; that is by 7th def. book 5. there muſt be ſome equi pre 


multiples of B and A, and ſome multiple of C, ſuch that Rbf 
multiple of B is greater than the multiple of C, but the nu. WF Ar 


tiple of A is not greater than it: And it ought to have ba the 


proved that this can never happen if the ratio of A to Ch 


than the multiple of C, whenever the multiple of B is great 


tio to C, than B has to C: But this is not at all proved u 
the Icth propoſition: but if the 1oth were once demonſinte 
it would immediately follow from it, but cannot without it k 
eaſily demonſtrated, as he that tries to do it will find. Where 
fore the 10th propoſition is not ſufficiently demonſtrated. Ant 
it ſeems that he who has given the demonſtration of the 10 


a magnitude cannot be both greater and leſs than anothe:. 
That thoſe things which are equal to the ſame are equal 


magnitudes ; yet Euclid does not make uſe of it to infer thi 
thoſe ratios which are the ſame to the ſame ratio, are the fm 
to one another; but explicitly demonſtrates this in prop. i. 
of book 5. The demonſtration we have given of the 1cth pit} 


N G 1 6: . 


:: no doubt the ſame with that of Eudoxus or Euclid, as it is Book V. 
immediately and directly derived from the definition of a 


greater ratio, viz. the 7 of the 5. | 
The above mentioned propoſition, viz, If A have to C a 
greater ratio than B to C; and if of A . 
and B there be taken certain equimulti- „ 
plies, and ſome multiple of C; then if the 3 
multiple of B be greater than the multiple | | {| | 
of C, the multiple of A is alſo greater 1 | 
than the ſame, is thus demonſtrated, A:C:B. C 
Let D, E be equimultiples of A, B, and F E F 
F a multiple of C, ſuch, that E the mul- Five 
ple of B is greater than F; D the mul- | | 
tiple of A is alſo greater than F. = 8 
Becauſe A has a greater ratio to C, than | | | | 
B to C, A is greater than B, by the 1cth | rt | 
| prop. B. 5. therefore D the multipleof A {| {| Þ|Þ 
is greater than E the ſame multiple of B: | 3 


And E is greater than F; much more | 
therefore D is greater than F. | 


PROP. XIII. B. v. 


In Commandine's, Briggs's, and Gregory's tranſlations, at the 
beginning of this demonſtration, it is ſaid, And the multi- 
ple of C is greater than the multiple of D; but the multi- 
ple of E is not greater than the multiple of F:“ which 
words are a literal tranſlation from the Greek: But the ſenſe 
evidently requires that it be read, * ſo that the multiple of C 
© be greater than the multiple of D; but the multiple of E be 
not greater than the multiple of F.“ And thus this place 
| was reſtored to the true reading in the firſt editions of Com- 
mandine's Euclid, printed in 8vo at Oxford; but in the latter 
editions, at leaſt in that of 1747, the error of the Greek text 

| was kept in, Ort 35 „ 

{ There is a corollary added to prop. 13. as it is neceſſary to 
the 20th and 21ſt prop. of this book, and is as uſeful as the 
propoſition. | „„ | 5 


4.2 PROP.: JIV. AV. 
The two caſes of this, which are not in the Greek, are add- 


ed; the demonſtration of them not being exactly the ſame with 
chat of the firſt caſe. | DE 
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. PROP. XVII. B. v. 
—— The order of the words in a clauſe of this is changed to de and 
more natural: As was alſo done in prop. . 


PROF. XVII. 8 V. 
The demonſtration of this is none of Euelid's, nor is it leg. f 
timate ; for it depends upon this hypotheſis, that to any three k 
magnitudes, two of which, at leaſt, are of the ſame kind, WM © fe 
there may be a fourth proportional: which, if not proved, the Wl © 0 


demonſtration now in the text is of no force: But this is . 
fumed without any proof; nor can it, as far as I am able u thu 
diſcern, be demonſtrated by the propofitions preceding thiz: 6 
ſo far is it ſrom deſerving to be reckoned an axiom, as Cl « | 


vius, after other commentators, would have it, at the end of 
the definitions of the 5th book. Euchd does not demonſtrate 
it, nor does he ſhew how to find the fourth proportional, he. 
fore the 12th prop. of the 6th book: And he never aſſums 
any thing in the demonſtration of a propoſition, which he had 
not before demonſtrated ; at leaſt, he aſſumes nothing the exif. 

_ ence of which is not evidently poſſible; for a certain concluſion 
can never be deduced by the means of an uncertain propoſition: 
Upon this account, we have given a legitimate demonſtration 
of this propoſition inſtead of that in the Greek and other e. 
ditions, which very probably Theon, at leaſt ſome other, has 
put in the place of Euclid's, becauſe he throught it too prolix: 
And as the 15th prop. of which this 18th is the converſe, is 
demonftrated by help of the 3 and 2d propoſitions of thi 
book; ſo, in the demonſtration now given of the r8th, the 5th 
prop. and both caſes of the 6th are neceſſary, and thefe two 
propoſitions are the converſes of the xt and 2d. Now the th 
and 6th do not enter into the demonſtration of any propoſition 
in this book as we now have it: Nor can they be of uſe in an 
propoſition of the Elements, except in this 18th, and this 51 
manifeſt proof, that Euclid made uſe of them in his demon- 
ſtration of it, and that the demonſtration now given, which i 
exactly the converſe of that of the 15th, as it ought to be, di. 
fers nothing from that of Eudoxus or Euclid : For the 5th and 
6th have undoubtedly been put into the 5th book for the ſake 
of ſome propolitions in it, as all the other propoſitions about 
equimultiples have ben. 0 | 
Hieronymus Saccherius, in his book named“ Euclides ad 
omni nœvo vindicatus,” printed at Milan ann. 1733, in 4to, 
. = | acknowledges 
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cknowledges this blemiſh in the demonſtration of the 18th, Book v. 
and that he may remove it, and render the demonſtration wre 


now have of it legitimate, he endeavours to demonſtrate the 


{allowing propoſition, which is in page 115 of his book, viz. 
« Let A, B, C, D be four magnitudes, of which the two 
« firſt are of the one kind, and alſo the two others either of the 


« fame kind with the two firſt, or of ' ſome other the ſame 


« kind with one another. I ſay the ratio of the third C to the 
« fourth D, is either equal to, or greater, or leſs than the ratio 
u of the firſt A to the ſecond B.“ e e e, 

And after two propoſitions premiſed as Lemmas, he proceeds 
thus: | 85 „ 1 i | VV 
Either among all the poſſible equimultiples of the firſt 
« A, and of the third C, and, at the ſame time, among all 
« the poſſible equi multiples of the ſecond B, and of the 
| 4 fourth D, there can be found ſome one multiple EF of the 
« firſt A, and one IK of the ſecond B, that are equal to one 
« another; and alſo (in the fame caſe) ſome one multiple 


« GH of the third C equal to LM the multiple of the fourth 


P, or ſuch equality is no where to be found. If the firſt 
caſe happen, 2 e = 
li. e. if ſuch A — F 


equality is to 232 8 

| 4 be found] it B RG 3 f =. 

en met - „„ oY 1 
from what C——— G ö H 
is before de. 1 Po e head 
© monſtrat ed D | — L. — 18 - — —M 


« that A is to 


, as C to D; but if ſuch ſimultaneous equality be not to be 


found upon both fides, it will be found either upon one 
fide, as upon the fide of A [and B;] or it will be found 


| © upon neither fide; if the firſt happen; therefore (from 


* Euclid's definition of greater and leſſer ratio foregoing) 
A has to B, a greater or leſs ratio than C to D; accord- 
ing as GH the multiple of the third C is leſs, or greater 


than LM the multiple of the fourth D: But if the ſecond 


| © caſe happen; therefore upon the one fide, as upon the fide 
of A the firſt and B the ſecond, it may happen that the 
© multiple EF, ¶viz. of the firſt] may be leſs than IK the 


multiple of the ſecond, while on the contrary, upon the o- 


* ther fide, [viz. of C and DJ the multiple GH [of the third 
| : CI is greater than the other multiple LM ſof the fourth 
D] And then (from the ſame definition of Euclid) the ra- 
n | « tio 
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Book V. © tio of the firſt A to the ſecond B, is leſs than the ratio of th 
third C to the fourth D; or on the contrary, 
Therefore the axiom ¶ i. e. the propoſition before ſet down! * 
« remains demonſtrated, &eee. ; 
Not in the leaſt ; but it remains ſtill undemonſtrated: By 
what he ſays may happen, may, in innumerable caſes, ney 


happen; and therefore his demonſtration does not hold: Fx 71 
example, if A be the fide, and B the diameter of a gun; . 
and C the fide, and D the diameter of another ſquare; then 5 
can in no caſe be any multiple of A equal to any of B; ng a 
any one of C equal to one of D, as is well known, and je C 
it can never happen that when any multiple of A 1; preate * ; 
than a multiple of B, the multiple of C can be lels than the . 
multiple of D, nor when the multiple of A is leſs than that d 4 
TE B, the multiple of C can be greater than that of D, viz. tang Wi... 
| | equimultiples of A and C, and equi multiples of B and D: Fx WW; 
A. B, C, D are proportionals; and ſo if the multiple of A Ba 
= greater, &c. than that of B, ſo muſt that of C be greater, & * 
than that of D; by 5th Def. b. 5. „ * 
The fame objection holds good againſt the demonſtratin u 
which ſome give of the 1ſt prop. of the 6th book, which une 
have made againſt this of the 18th prop. becauſe it depend 
upon the ſame inſufficient foundation with the other. E 
PROP, XIX--: BY; . 
As corollary is added to this, which is as frequently uſed » WW t!: 
the propoſition itſelf. The corollary which is ſubjoined to ier 
in the Greek, plainly ſhews that the 5th book has been vitiatel WW 
by editors who were not geometers : For the converſion of v 


tios does not depend upon this 19th, and the demonſtration 
which ſeveral of the commentators on Euclid give of conver 
ſion is not legitimate, as Clavius has rightly obſerved, wi Wi 
has given a good demonſtration of it which we have put in pts 
poſition E; but he makes it a corollary from the 19th, and be 
gins it with the words, . Hence it ealily follows,” though | 
does not at all follow from it. | Ps 


"PROP. XK. XXI. XXH. XXIII. XXIV. 
The demonſtrations of the 20th and 21ſt propoſitions, at 
ſhorter than thoſe Euclid gives of eaſier propoſitions, eite 
in the preceding, or following books: Wheretore it was pte 
per to make them more explicit, and the 22d and 2 3d prop. 
ſitions are, as they ought to be, extended to any number d 
FO | Ti magnitude 
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not be well applied. 2 
The demonſtration which 1s given of this 23d, in that paper, 
is quite wrong; becauſe, if the proportional magnitudes be 
plane or ſolid figures, there can no rectangle (Which he impro- 
perly calls a product) be conceived to be made by any two of 
them: And if it ſhould be ſaid, that in this caſe ſtraight lines 


NO T Ex 


ul as the propoſition, and the words, © any whatever” are ſup- 


plied near the end of prop. 23. which are wanting in the Greek 
text, and the tranſlations from it. 8 e 

In a paper writ by Philippus Naudzus, and publiſhed after 
his death, in the hiſtory of the Royal Academy of Stiences of 
Berlin, anno 1745, page 50. the 23d prop. of the 5th book, is 
cenſured as being obſcurely enunciated, and, becauſe of this, 


prolixly demonſtrated : The enunciation there giveg is not Eu- 


clid's but Tacquet's, as he acknowledges, which, though not fo 


well expreſſed, is, upon the matter, the ſame with that which 
i: now in the Elements. Nor is there any thing obſcure in it 
though the author of the paper has ſet down the proportionals 


in a difadvantageous order, by which it appears to be obſcure: 
But no doubt, Euclid enunciated this 23d, as well as the 22d, 


ſo25 to extend it to any number of magnitudes, which, taken 


two and two, are proportionals, and not of tix only; and to 


tiis general caſe, the enunciation which Naudæus gives, can- 


are to be taken which are proportional to the figures, the de- 


monttration would this way become much longer than Euchid's: 
But, even though his demonſtration had been right, who does 
not ſce that it could not be made uſe of in the cth book? 


PROP. F, G, H. K. B. v. 


heſe propoſitions are annexed to the 5th book, becauſe they 
| are frequently made uſe of by both ancient and modern geo- 
meters: And in many cafes, compound ratios cannot be brought 
into demonſtration, without making uſe of them. „ 


Whoever deſires to ſee the doctrine of ratios delivered in this 


ch book ſolidly defended, and the arguments brought et | 
it by And. Tacquet, Alph. Borellus, and others, fully refuted, 
may read Dr Barrow's mathematical lectures, viz. the jth and 


Nth of the year 1666. 1 | 
The 5th book being thus correQed, I moſt readily agree to 


what the learned Dr Barrow ſays *, © That there is nothing 


X 3 « in 
Page 336, 


$95 


menitudes: And, in like manner, may the 24th be, as is taken Book V. 
1 of in a corollary; and another corollary is added, as uſe- ä 
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Book V. 


Book VI. 7 


two others, when one of the firſt is to one of the other magni 


ing definition in place of it, viz. 


kept in the elements, to the great detriment of learners, is now 
juſtly thrown out of them, for the reaſon given in the notes on 


NOTE 5. 


& in the whole body of the elements of a more ſubtile Inven 
tion, nothing more ſolidly eſtabliſhed, and more accurately 
** handled than the doctrine of proportionals.” And there 
ſome ground to hope, that geometers will think that this cou 
not have been ſaid with as good reaſon, ſince Theon's time tl 
the preſent. STR i 
5 D E F. II. and V. of B. VI. 

F*HE 24d definition does not ſeem to be Euclid's, but ſome 

unſkilful editor's : For there is no mention made by Eu. 
clid, nor, as far as I know, by any other geometer, of recipro- 
cal figures: It is obſcurely expreſſed, which made it proper v 
render it more diſtinct: It would be better to put the folloy. 


1 SEEK: 
Two magnitudes are ſaid to be reciprocally proportional v 
tudes, as the remaining one of the laſt two is to the remaining 


one of the firſt. 1 | 
But the 5th definition, which, fince Theon's time, has been 


the 23d prop. of this book. 


+ PROF Fmt Lv. 
To the firſt of theſe a corollary is added, which is often uſed 
And the enunciation of the ſecond is made more general. 
PROP. III. B. VI. 


A ſecond caſe of this, as uſeful as the firſt, is given 1n prop. 


A ; viz. the caſe in which the exterior angle of a triangle is bt 


ſected by a ſtraight line: The demonſtration of it is very like 


to that of the firſt caſe, and upon this account may, probably, 


have been left out, as alſo the enunciation, by ſome unſkilful 
editor. At leaſt, it is certain, that Pappus makes uſe of tus 


caſe, as an elementary propoſition, without a demonſtration df 


it, in prop. 39. of his 3th book of Mathematical Collections. 
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PROP. VII. B. vl. . 
To this a caſe is added which occurs not unfrequently in 
demonſtration. | 


PROP. VIII. B. VI. 
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Bock VI. 


It ſeems plain that ſome editor has changed the demonſtra- ; 


tion that Euclid gave of this propoſition : For, after he has de- 
monſtrated, that the triangles are equiangular to one another, 
he particularly ſhews that their fides about the equal angles 
are proportionals, as if this had not been done in the demon- 


tration of the 4th prop. of this book: this ſuperfluous part is 
| not found in the tranſlation from the Arabic, and is now left 


out. 5 „ 5 
„ 1A NS. 

This is demonſtrated in a particular caſe, viz. that in which 
the third part of a ſtraight line is required to be be cut off; which 
is not at all ike Euclid's manner: Beſides, the author of the 
demonſtration, from four magnitudes being proportionals, con- 


cludes that the third of them is the ſame multiple of the fourth, 


Which the firſt is of the ſecond; now, this is no where demon- 
ſtrated in the 5th book, as we now have it: But the editor aſ-— 


ſumes it from the confuſed notion Which the vulgar have of 
ral and legitimate demonttration of this propoſition. 


PROP. XVIII. B. VI. 


| proportionals : On this account it wes neceſſary to give a gene- 


The demonſtration of this ſeems to be vitiated : For the pro- 


poſition is demonſtrated only in the cafe of quadrilateral fi- 
gures, without mentioning how it may be extended to figures 
of five or more ſides : Beſides, from two triangles being equi - 


angular, it is inferred, that a ſide of the one is to the homolo- 
gous fide of the other, as another fide of the firlt is to the 


ade homologous to it of the other, without permutation of the 
proportionals; which is contrary to Euclid's manner, as is 


clear from the next propoſition : And the ſame fault occurs 
again in the concluſion, where the fides about the equal angles 
are not ſhewn to be proportionals, by reaſon of again neglect- 


ing permutation. On theſe accounts, a demonſtration is given 


in Euclid's manner, like to that he makes uſe of in the 20th 


Book VI. prop. of this book; and it is extended to five- ſided figures, b 
Which it may be ſeen how to extend it to figures of any num. 
ber of ſides. | | Ea 


PROP. HI. B. VI. 
Nothing is uſually reckoned more difficult in the element; 
of geometry by learners, than the doctrine of compound n. 
tio, which Theon has rendered abfurd and ungeometrical, hy 
ſubſtituting the 5th definition of the 6th book in place of the 
right definition, which without doubt Eudoxus or Euclid gave, 
in its proper place, after the definition of triplicate ratio, 
&c. in the 5th book. Theon's definition is this; a ratio i; 
{aid to be compounded of ratios cray *as Twy ονν mwnuorms, i 
_ EQuTRG TMOMAaNNAoINo ITN mow Twa: Which Commandine thus 
tranſlates; © quando rationum quantitates inter ſe multi. 
plicatæ aliquam efficiunt rationem;“ that is, when the 
quantities of the ratios being multiplied by one another make 
à certain ratio. Dr Wallis tranſlates the word Twuroryre; © ra. 
«+ tionem exponentes,”” the exponents of the ratios : And Dr 
Gregory renders the laſt words of the definition by * illius fa. 
6 cit quantitatem, makes the quantity of that ratio: But in 
whatever ſenſe the“ quantities,” or ** exponents of the 1a. 
* tios,” and their © multiplication” be taken, the definition 
will be ungeometrical and uſeleſs : For there can be no multi- 
plication but by a number: Now the quantity or exponent of 
a ratio (according to Eutochius in his comment. on prop. 4. 
book 2. of Arch. de Sph. et Cyl. and the moderns explain that 
term) is the number which multiplied into the conſequent term 
of a ratio produces the antecedent, or, which 1s the ſame thing, 
the number which ariſes by dividing the antecedent by the con- 
ſequent ; but there are many ratios ſuch, that no number can 
ariſe from the diviſion of the antecedent by the conſequent; 
ex. gr. the ratio of which the diameter of a ſquare has to the 
tide of it; and the ratio which the circumference of a circle has 
to its diameter, and ſuch like. Beſides, that there is not the 
leaſt mention made of this definition in the writings of Eu- 
chd, Archimedes, Apollonius, or other ancients, tho' they fre- 
quently make uſe of compound ratio: And in this 23d prop. 
of the 6th book, where compound ratio js firſt mentioned, there 
15 not one word which can relare to this definition, though 
here, if in any place, it was neceſſary to be brought in; but 
the right definition is expreſsly cited in theſe words: © But the 
** ratio of K to M is compounded of the ratio of K wh 
; SR : an 


NOT E B. 


. and of the ratio of. L to M.“ This definition therefore of 
Theon is quite uſeleſs and abſurd : For that Theon brought it 
into the elements can ſcarce be doubted ; as it is to be found 
ja his commentary upon Ptolemy's Meran Turratis, page 62. 
where he alſo gives a childiſh explication of it, as agreeing 
only to ſuch ratios as can be exprefled by numbers; and from 


pears from Hervagius's edition: But Zambertus and Comman- 
dine, in their Latin tranſlations, ſubjoin the ſame to theſe de- 
Janitions. Neither Campanus, nor, as it ſeems, the Arabic 
manuſcripts, from which he made his tranſlation, have this 


that the definition of compound ratio might have been made 
after the ſame manner in which the definitions of duplicate 


4 tudes that are continual proportionals, Euclid named the 
ratio of the firſt to the third, the duplicate ratio of the 
« 5rſt to the ſecond; and the ratio of the firſt to the fourth, 
the triplicate ratio of the firſt to the ſecond, that is, the 


© ſaid to have to the laſt the ratio compounded of all the inter- 
* mediate ratios, —only for this reaſon, that theſe inter- 
$ © mediate ratios are interpoſed betwixt the two extremes, viz. 


of the 5th book, the ratio of the firſt to the third was called 


* are equal to one another; whereas, in the compounding of 
be equal to one another.” Alſo Mr Edmund Scarburgh, 
in his Engliſh tranſlation of the firſt fix books, page 238. 
266. expreſsly affirms, that the 5th definition of the 6th book, 


i contained in the 10th definition of the 5th book, viz. the 


definition. Clavius, in his obſervations upon it, rightly judges. 


and triplicate ratio are given, viz. That as in ſeveral magni- 
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this place the definition and explication have been exactly co- 
pied and prefixed to the definitions of the 6th book, as ap- 


ratio compounded of two or three intermediate ratios that 
are equal to one another, and ſo on; ſo, in like manner, if 
there be ſeveral magnitudes of the ſame kind, following one 
another, which are not continual proportionals, the firſt is 


the firſt and laſt magnitudes ; even as, in the 1oth definition 


the duplicate ratio, merely upon account of two ratios be- 
ing interpoſed hetwixt the extremes, that are equal to one 
another: So that there is no difference betwixt this com- 
pounding of ratios, and the duplication or triplication of 

| © them which are defined in the 5th book, but that in the du- 
| plication, triplication, &c. of ratios, all the interpoſed ratios 


ratios, it is not neceſſary that the intermediate ratios ſhould 


io ſuppoſitious, and that the true definition of compound ratio 


definition 


330 NOTE s. 


Book VI. definition of duplicate ratio, or to be underſtood from it, 
—— wit, in the ſame manner as Clavius has explained it in the x 
ceding citation. Yet theſe, and the reſt of the modern, ftrais 
notwithſtanding retain this 5th def. of the 6th book, and il 
ſtrate and explain it by long commentaries, when they oa cond 
rather to have taken it quite away from the elements. 
For, by comparing def. 5. book 6. with prop. 5. book| 
it will clearly appear that this definition has been put into 
elements in place of the right one which has been taken u 
of them : becauſe, in prop. 5. book 8. it is demonſtrated the 
the plane number of which the fides are C, D has to the pla 
number of which the ſides are E, Z, ſee Hergavius's or Gy 
gory's edition), the ratio which is compounded of the raig 
of their ſides; that is, of the ratios of C to E, and D to! 
and by def. 5. book 6. and the explication given of it by 
the commentators, the ratio which is compounded of the nia 
of CtoE, and D to Z, is the ratio of the product made h 
the multiplication of the antecedents C, D to the product 
the conſequents E, Z, that is, the ratio of the plane number d 
which the ſides are C, D to the plane number of which th 
ſides are E, Z. Wherefore the propoſition which is the 5th 
of book 6. is the very ſame with the 5th prop. of book 8. al 
therefore it ought neceſſarily to be cancelled in one of bet 
places; becauſe it is abſurd that the ſame propoſition ſuaii ot 
tand as a definition in one place of the elements, and be dt. 
monſtrated in another place of them. Now, there is no doch tt 
that prop. 5. book 8. ſhould have a place in the elements, 3 
the ſame thing is demonftrated in it concerning plane number, 
which is demonſtrated in prop. 23. book 6. of equiangux 
parallelograms; wherefore def. 5. book 6. ought not to ben 
the elements. And from this it is evident that this definitin WM 
is not Euclid's, but Theon's, or fome other unſkilful ge 
meter's. _ 5 : = „„ ; 
But nobody, as far as I know, has hitherto ſhown the tne 
uſe of compound ratio, or for what purpoſe it has been i 
_ troduced into geometry: for every propoſition in which con. 
pound ratio is made uſe of, may without it be both enund 
ated and demonſtrated. Now the uſe of compound ts 
conſiſts wholly in this, that by means of it, circumlocutim 
may be avoided, and thereby propoſitions may be more brief 
either enunciated or demonſtrated, or both may be done, ſn 
inſtance, if this 23d propoſition of the ſixth book were to l 
enuaciated, without mentioning compound ratio, it n 
. —P ER | Lo. 
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| it, one as follows. If two parallelograms be equiangular, and Book VI. 
the py, 2 a fide of the firſt to a fide of the ſecond, fo any aſſumd 
traight line be made to a ſecond ſtraight line; and as the o- 
ther fide of the firſt to the other fide of the ſecond, ſo the ſe- 
cond ſtraight line be made a third. The firſt parallelogram 
is tothe ſecond, as the firſt ſtraight line to the third. And the 
demonſtration would be exactly the ſame as we now have it. 
But the ancient geometers, when they obſerved this enuncia- 
tion could be made ſhorter, by giving a name to the ratio 
which the firſt ſtraight line has to the laſt, by which name the 
intermediate ratios might likewiſe be ſignified, of the firſt to 
the ſecond, and of the ſecond to the third, and ſo on, if there 
were more of them, they called this ratio of the firſt to the 
laſt, the ratio compounded of the ratios of the firſt to the ſe- 
| cond, and of the ſecond to the third ſtraight line; that is, in | 
the preſent example, of the ratios which are the ſame with = + # 
the ratios of the ſides, and by this they expreſſed the propoſfi- 
tion more briefly thus : If there be two equiangular paralle- 
lograms, they have to one another the ratio which is the ſame 
| with that which is compounded of ratios that are the ſame 
with the ratios of the fides. Which is ſhorter than the pre- 
ceding enunciation, but has preciſely the ſame meaning. Or 
yet ſhorter thus: Equiangular parallelograms have to one an- 
other the ratio which 1s the ſame with that which 1s compound- 
ed of the ratios of their fades. And theſe two enunciations, 
| the firſt eſpecially, agree to the demonſtration which is now 
WS in the Greek. The propoſition may be more briefly demon- 
ſtrated, as Candalla does, thus: Let ABCD, CEFG be two 
guar WE equiangular parallelograms, and complete the parallelogram 
beuß CDHG ; then, becauſe there are three parallelograms AC, | 
tn i CH, CF. the firſt AC (by the definition of compound ratio) / 
ber N has to the third CF, the ratio which 958 7 Fe = 
ti 
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k 


| 
| 


is compounded of the ratio of the 7 


. fiſt AC to the ſecond CH and of | l 3 
0 *. che ratio of CH to the third CF; ,_ | 3 6 = 
con. but the parallelogram AC is to the B £24 3. os | | 

uud. parallelogram CH, as the ſtraight | . 7 5 

i line BC to CG; and the parallelo- FF : 


10 gram CH is to CF, as the ſirught „ „ 
line CD is to CE; therefore the parallelogram AC has to CF 
| the ratio which is compounded of ratios that are the ſame with 
o be the ratios of the ſides. And to this demonſtration agrees the 
enunclation which is at preſent in the text, viz, Equiangular pa- 

| . rallelograms 


Bock VI. rallelograms have to one another the ratio which is compound. 
ed of the ratios of the ſides: For the vulgar reading, „which 
is compounded of their ſides,” is abſurd. But, in this ed. 


time 

tion, we have kept the demonſtration which is in the Greek 14th 

text, though not ſo ſhort as Candallas; becauſe the way o WW «© i! 

finding the ratio which is compounded of the ratios of the fide, plac 

that is, of finding the ratio of the parallelograms, is ſhewn in « ] 
that, but not in Candalla's demonſtration ; whereby beginner, | 

may learn, in like caſes, how to find the ratio which is com. Wt * 1 


| Pounded of two or more given ratios. 3 
From what has been ſaid, it may be obſerved, that in an 
magnitudes whatever of the fame kind A, B, C, D, &c. the 


col 
ratio compounded of the ratios of the firit to the ſecond, of | 
the ſecond to the third, and ſo on to the laſt, is only a name ot to 
expreſſion by which the ratio which the firſt A has to the lat eit 
D is ſigniſied, and by which at the ſame time the ratios of all an 


the magnitudes A to B, B to C, C to D from the firlt to the 
laſt, ta one another, whether they be the ſame, or be not the 
ſame, Fare indicated; as in magnitudes which are continual 
proportionals A, B, C, D, &c. the duplicate ratio of the ft || 
to the ſecond is only a name, or expreſſion by which the ratio ” 
of the firſt A to the third C is fignified, and by which, at the t 
ſame time, is ſhown that there are two ratios of the magni- 
tudes from the firſt to the laſt, viz. of the firſt A to the ſecond 
B, and of the ſecond B to the third or laſt C, which are the 
fame with one another; and the triplicate ratio of the firſt to 
the ſecond is a name or expreſſion by which the ratio of the 
firſt A to the fourth D is ſignified, and by which, at the ſame 
time, is ſhown that there are three ratios of the magnitudes 
from the firſt to the laſt, viz. of the firſt A to the ſecond B, 
and of B to the third C, and of C to the fourth or laſt D, 
which are all the ſame with one another; and fo in the cale 
of any other multiplicate ratios. And that this 1s the right 
explication of the meaning of theſe ratios is plain from the de- 
finitions of duplicate and triplicate ratio in which Euclid makes 
uſe of the word aeyerai, is faid to be, or is called; which word, 
he, no doubt, made uſe of alſo in the definition of compound 
ratio, which Theon, or ſome other, has expunged from the 
elements; for the very ſame word is ſtill retained in the 
wrong definition of compound ratio, which is now the 5th of 
the 6th book: But in the citation of theſe definitions it 5 
ſometimes retained, as in the demonſtration of prop. 19. book 
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6, © the firſt is ſaid to have, £xew A£yerai, to the third the du. Book VI. 


| « plicate ratio,” &c. which 15 wrong tranſlated by Comman- 
| tine and others,“ has” inſtead of © is ſaid to have :” and ſome- 


times it is left out, as in the demonſtration of prop. 33. of the 
11th book, in which we find © the firſt has, «xe, to the third 


the triplicate ratio; but without doubt æðà, © has,” in this 


place fgnifies the ſame as exew asyerai, is ſaid to have: So 
« likewiſe in prop. 23. B. 6. we find this citation, © but the 


| «4 ratio of K to M is compounded, guyxeiray, of the ratio of K to 
IL, and the ratio of L to M,.“ which is a ſhorter way of ex- 


prefſing the ſame thing, Which, according to the definition, 
ought to have been expreſſed by ou VG drt, is {ard to be 
compounded. : 2 


| From theſe remarks, together with the propoſitions ſubjoined 
to the 5th book, all that 1s found concerning compound ratio, 
either in the ancient or modern geometers, may be underſtood 


and explained. 2 1 
PRO. XIV. I VI. 


It ſeems that ſome unſkilful editor has made up this demon- 


gration as we now have it, out of two others; one of which 
may be made from the 2d prop. and the other from the 4th of 


this book: For after he has, from the 2d of this book, and 
compoſition and permutation, demonſtrated that the ſides about 


the angle common to the two parallelograms are proportionals, 
he might have immediately concluded that the ſides about the 


other equal angles were proportionals, viz. from prop. 34. 
B. 1. and prop. 7. book 5. This he does not, but proceeds to 
ſhow that the triangles and parallelograms are equiangular ; and 


in a tedious way, by help of prop. 4. of this book, and the 22d 


of book 5. deduces the ſame concluſion: From which it is plain 


that this ill compoſed demon tration is not Euclid's : Theſe ſu- 


perfluous things are now left out, and a more ſimple demon- 


& {tration is given from the 4th prop. of this book, the ſame which 
E 151n the tranſlation from the Arabic, by help of the 2d prop. 


and compolition; but in this the author neglects permutation, 


and does not thow the parallelograms to be equiangular, as is 


proper to do for the ſake of beginner s. 
PRO f. XXV. B. VI. 


It is very evident that the demonſtration which Euclid had 


given of this propoſition has been vitiated by ſome unſkilful 


hand For, after this editor had demonſtrated that“ as the 
* reQilineal figure ABC is to the rectilineal K GH, fo is the 


parallelogram 
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Book VI. © parallelogram BE to the parallelogram EF ;” nothing mor, 
— ſhould have been added but this, and the rectilineal figure 
+ ABC is equal to the parallelogram BE; therefore the rec 
lineal KGH is equal to the parallelogram EF,” viz. fron 
Prop. 14. book 5. But betwixt theſe two ſentences he has in. 

ſerted this; “ wherefore, by permutation, as the rectilineal f. 


« gure ABC to the parallelogram BE, ſo is the rectilineal KGR T 
« to the parallelogram EF ;” by which, it is plain, he thought necel 
it was not fo evident to conclude that the ſecond of four and 
portionals is equal to the fourth from the equality of the ft ters 
and third, which is a thing demonſtrated in the 14th prop, of Wi ign* 
B. 5. as to conclude that the third is equal to the fourth, fron et tt 
the equality of the firſt and ſecond, which is no where demon. WF Ihe 
ſtrated in the elements as we now have them : But though this rect; 
propofition, viz. the third of four proportionals is equal to the | fra 
fourth, if the firſt be equal to the ſecond, had been given in Wi '9 © 
the elements by Euclid, as very probably it was, yet he would ag1 
not have made uſe of it in this place; becauſe, as was ſaid, the ver 
_ concluſion could have been immediately deduced without this It 1 
ſuperfluous ſtep by permutation : This we have ſhown at the con 
greater length, both becauſe it affords a certain proof of the | 
vitiation of the text of Euclid; for the very ſame blunder is du 
found twice in the Greek text of prop. 23. book 11. and twice 818 


in prop. 2. B. 12. and in the 5. 11. 12. and 18th of that book; 8 
in which places of book 12. except the laſt of them, it is rightly 
leſt out in the Oxford edition of Commandine's tranſlation; 
And alſo that geometers may beware of making uſe of permu- 

tation in the like caſes: for the moderns not unfrequently com- 
mit this miſtake, and among others Commandine himſelf in his 
commentary on Prop. 5. book 3. p. 6. b. of Pappus Alexandn- 
nus, and in other places : The vulgar notion of proportionals 
has, it ſeems, preoccupied many ſo much, that they do not 
ſufficiently underſtand the true nature of them. | 
Heſides, though the rectilineal figure ABC, to which another 
is to be made ſimilar, may be of any kind whatever; yet inthe 
demonſtration the Greek text has © triangle” inſtead of “ ret. 
„ tilineal figure,” which error is corrected in the above-named 
Oxſord edition. os ng 2 5 


PROP. XXVII. B. VI. 


The ſecond caſe of this has 'z2axw;, otherwiſe, prefixed to 
it, as if it was a different demonſtration, which probably hs 
been done by ſome unſkilful librarian. Dr Gregory has 2 
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i left it out: The ſcheme of this ſecond caſe ought to be Book VI. 
marked with the ſame letters of the alphabet which are in the 


1 
a1 {heme of the firſt, as 15 now done. : | | 


GH Theſe two problems, to the firſt of which the ejth prop. is 
ghe neceſſary, are the moſt general and uſeful of all in the elements, 
and are moſt frequently made uſe of by the ancient geome- 
i ers in the ſolution of other problems; and therefore are very 
. of WM igrorently left out by Tacquet and Dechales in their editions 
om of the elements, who pretend that they are ſcarce of any uſe: 
00. The caſes of theſe problems, wherein it is required to apply a 
this WY rectangle which ſhall be equal to a 85 ven ſquare; to a given 
the ſtraight line, either deficient or exceeding by a ſquare ; as alſo 
\in WE to apply a rectangle which ſhall be equal to another given, to 
uld given ſtraight line, deficient or exceeding by a ſquare; are 
the very often made uſe of by geometers : And, on this account, 
thi it is thought proper, for the ſake of beginners, to give their 
the conſtructions, as follows: „ e 
the 1. To apply a rectangle which ſhall be equal to a given 
- is WT ſquare, to a given ftraight line, deficient by a ſquare : But the 
rice given ſquare muſt not be greater than that upon the half of the 
K; given line. 1 8 e | & 58 . Oy 48 
ty Let AB be the given ſtraight line, and let the ſquare upon 
on; the given ſtraight line C be that to which the rectangle to be 


_y applied muſt be equal, and this ſquare, by the determination, is 
im. not greater than that upon half of the ſtraight line AB, 
his WS Biſet AB in D, and if the ſquare upon AD be equal to 


. the ſquare upon C, the thing required is done: But if it be not 
nl equal to it AD muſt be Tr 5 
** greater than C, according 
to che determination: Draw _ 
ber DE at right angles to AB, 
the and make it equal to ; 
ret. produce ED to F, ſo that 
= EFbe equal to ADor DB, 
| | and from the centre F, at 
the diſtance EF, deſcribe a 
eirele meeting AB in G // 5 / 
and upon GB deſcribe the ſquare GBKH, and complete the 
to rectangle AGHL ; alſo join EKG: And becauſe AB is biſected 
has in D, the rectangle AG, GB together with the ſquare of DG _ 
bt. equal a to (the ſquare of DB, that is, of EF or EG, that * HP 
| | | to) 
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Book VI. to) the ſquares of ED, DG: Take away the ſquare ; 
oba 1 of theſe equals; therefore the ene . 
AG, GB is equal to the ſquare of ED, that is, of G: Bas 
rectangle AG, GB is the rectangle AH, becauſe GH js equa 
to GB: therefore the rectangle AH is equal to the given ſquare 
upon the ſtraight line C. Wherefore the rectangle AH equi 
to the given ſquare upon C, has been applied to the given 
ſtraight line AB, deficient by the ſquare GK. Which was b 
„ ³˙·¹.üm·ĩ ² ˙ than, „ 
2. To apply a rectangle which ſhall be equal to a ging 
ſquare, to a given ſtraight line, exceeding by a ſquare. 
Let AB be the given ſtraight line, and let the ſquare uya 
the given ſtraight line C he that to which the rectangle to be 
applied muſt be equal. i e 
Biſect AB in D, and draw BE at right angles to it, ſo that 
BE be equal to C; and having joined DE, from the centre) 
at the diſtance DE deſcribe a circle meeting AB produced in 
G; upon BG deſcribe the ſquare => — 1 
BGH K, and complete the rect. 
angle AGH L. And becauſe B 
is biſected in D, and produced 
to G, the rectangle AG, GB / | 
together with the ſquare of DB LL LL. 
26.2. is equal a to (the ſquare of DG, F "0: B G 
or DE, that is, to) the ſquares _ 25 N 
of EB, BD. From each of theſe C 
equals take the ſquare of DB; „„ 
, therefore the remaining rectangle AG, GB is equal to the 
| ſquare of BE, that is, to the ſquare upon C. But the rectan. 
gle AG, GB1s the rectangle AH, becauſe GH is equal to GB. 
Therefore the rectangle AH is equal to the ſquare upon C. 
| Wherefore the rectangle AH, equal to the given ſquare upot 
C, has been applied to the given ſtraight line AB, exceeding 
by the ſquare GK. Which was to be done. LEE, 
| 3. To apply a reQangle to a given ftraight line which ſhall 
.. be equal to a given rectangle, and be deficient by a ſquare. 
| But the given rectangle muſt not be greater than the ſquare 
upon the half of the given ſtraight ine. 
Let AB be the given ſtraight line, and let the given rectat- 
gle be that which is contained by the ſtraight lines C, D, 
which is not greater than the ſquare upon the half of AB; i 
is required to apply to AB a rectangle equal to the reftang 
C, D, deficient by a ſquare. xy e > 
350 tan 


| conſequently the ſtraight line 
AK or GL is not greater E : 


equal te GL, the circle EHF | |] G 
touches AB in L. and there= |] | 
| fore the ſquare of ALis © 


vas required is done: But 


if FG, GL be unequal, EG 5 Q ' 


NOTE 8s. 


Draw AE, BF at right angles to AB, upon the ſame fide of Book 
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VI. 


it, and make AE equal to C, and BF to D: Join EF and bi 


ect it in G; and from the centre G, at the diſtance GE, de- 

ribe a circle meeting AE again in H: join HF and draw 

GK parallel to it, and GL parallel to AE meeting AB in L, 
Becauſe the angle EHF in a ſemicircle is equal to the right 


angle EAB, AB and HF are parallels, and AH and BF are 


parallels ; wherefore AH is equal to BF, and the reQtangle 
EA, AH equal to the reQangle EA, BF, that is to the 
rectangle C, D: And becauſe EG, GF are equal to one another, 


and AE, LG, BF parallels : therefore AL and LB are equal ; 


alſo EK is equal to KH =, and the reQangle C, P from the 3 3. 3. 


determination, is not greater than the ſquare of AL the half 


of AB; wherefore the rectangle EA, AH is not greater than 

the ſquare of AL, that is of KG: Add to each the ſquare of 
XE; therefore the ſquareÞof AK is not greater than the b 6. 2. 
ſquares of EK, KG, that is, 5 3 4 
than the ſquare of EG; and 


than GE. Now, if GE be 


equal to the rectangle EA, ons SRD e 
AH, that is to the given rect- r 
angle C, D; and that which A ö Tr”; B 


PO 


mult be the greater : and 


| therefore the circle EHF cuts the ſtraight line AB: let it cut it 


in the points M, N, and upon NB deſcribe the ſquare NBOP, 
and complete the rectangle ANPQ : Becauſe LM is equal to dd 3. ;. 
LN, and it has been proved that AL is equal to LB; there- 
fore AM is equal to NB, and the rectangle AN, NB equal to 


or the rectangle C, D: But the reAangle AN, NB is the 
rectangle AP, becauſe PN is equal to NB: Therefore the 
rectaugle AP is equal to the rectangle C, D; and the rectangle 

AP equal to the given redangle C, D has been applied to the 

given ſtraight line AB, deficient by the ſquare BP, Which 

Was to be done. $27 1 | * 5 


1 . 


* 


the rectangle NA, AM, that is, to the rectangle e EA, AHe Cor. 36. L 
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Book VI. to) the ſquares of ED, DG: Take away the ſquare of hg 
from each of theſe equals; therefore the remaining reftang 
AG, GB is equal to the ſquare of ED, that is, of C: Bak 
rectangle AG, GB is the rectangle AH, becauſe GH iz equi 
to GB: therefore the reQangle AH is equal to the given ſquay 
upon the ſtraight line C. Wherefore the rectangle AH eq 
to the given ſquare upon C, has been applied to the ging 
ſtraight line AB, deficient by the ſquare GK. Which wa, 
be done. WA VVV 
2. To apply a rectangle which ſhall be equal to a ging 
ſquare, to a given ſtraight line, exceeding by a ſquare. 
Let AB be the given ſtraight line, and let the ſquare upa 
the given ſtraight line C he that to which the rectangle to h 
applied muſt be equal. 12177 1 
Biſect AB in D, and draw BE at right angles to it, ſo thy 
BE be equal to C; and having joined DE, from the centre) 
at the diſtance DE deſcribe a circle meeting AB produced i 
G; upon BGdeſcribe the ſquare . 
BGHK, and complete the rect- 
angleAGHL. AndbecauſeAB 
is biſected in D, and produced 
to G, the rectangle AG, GB / fe | 
together with the {quare of DB mee EP * | 
a6.2. js val *-t6 (the ſquare of DG, F A. D © 
- or DE, that is, to) the ſquares S 4 
of EB, BD. From each of theſe 5 3 8 
equals take the ſquare of DBBjʒ : 
therefore the remaining rectangle AG, GB is equal tothe 
ſquare of BE, that is, to the ſquare upon C. But the reQur- 
gle AG, GB is the rectangle AH, becauſe GH is equal to GB. 
Therefore the rectangle AH is equal to the ſquare upon (. 
Wherefore the rectangle AH, equal to the given ſquare upat 
C, has been applied to the given ſtraight line AB, exceeding 
by the ſquare GK. Which was to be done. 
3. To apply a reQangle to a given ſtraight line which ſhall 
—- be equal to a given rectangle, and be deficient by a ſquare 
But the given rectangle muſt not be greater than the ſquar 
upon the half of the given ſtraight line. 5 | 
Let AB be the given ſtraight line, and let the given rectat 
gle be that which is contained by the ſtraight lines C, ), 
which is not greater than the ſquare upon the half of AB; 
is required to apply to AB a reQangle equal to the reftang 
C, D, deficient by a ſquare. wy ME 7 
EY ra 


3 


conſequently the ſtraightline 
than GE. Now, if GE be 


touches AB in L. and there- | 
fore the ſquare of AL is © TE 
equal to the rectangle EA, I — 
All. that is to the given rect- 
angle C, D; and that which A 


NOTE Ss. 
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Draw AE, BF at right angles to AB, upon the ſame fide of Book VI. 


+ and make AE equal to C, and BF to D;: Join EF and bi- 


ect it in G; and from the centre G, at the diſtance GE, de- 
{cribe a circle meeting AE again in H: join HF and draw 
GK parallel to it, and GL parallel to AE meeting AB in L, 

Becauſe the angle EHF in a ſemicircle is equal to the right 
angle EAB, AB and HF are parallels, and AH and BF are 
parallels ; wherefore AH is equal to BF, and the rectangle 


EA, AH equal to the rectangle EA, BF, that is to the 
rectangle C, D: And becauſe EG, GF are equal to one another, 
and AE, LG, BF parallels : therefore AL and LB are equal; .- 
Wo EK is equal to KH a, and the rectangle C, P from the 2 3. 3. 
determination, is not greater than the ſquare of AL the half 5 
of AB; wherefore the rectangle EA, AH is not greater than 
the ſquare of AL, that is of KG: Add to each the ſquare of 
XE; therefore the ſquareÞof AK is not greater than the b 6. 3. 


ſquares of EK, KG, that 1s, 
than the ſquare of EG; and 


AK or GL is not greater 


equal te GL, the circle EHF 


77 CERN 2 2. 
was required is done: But | 8 | 


if EG, GL be unequal, EG 5 „ 
muſt be the greater: and 2 * on 


therefore the circle EHF cuts the ſtraight line AB: let it cut it 


in the points M, N, and upon NB deſcribe the ſquare NBOP, 
Q; Becauſe LM is equal to d d 3. 3. 
IL, and it has been proved that AL is equal to LB; there- 
W fore AM is equal to NB, and the rectangle AN, NB equal to 
the rectangle NA, AM, that is, to the rectangle © EA, AHe Cor. 36.3. 


and complete the rectangle AN 


or the rectangle C, D: But the rectangle AN, NB is the 
rectangle AP, becauſe PN is 
rectaugle AP is equal to the rectangle C, D; and the rectangle 


| AP equal to the given rectangle C, D has been applied to the 
given ſtraight line AB, deficient by the ſquare BP. Which 


was to be done. | 


y | 4. To 


equal to NB: Therefore the 
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Book VI. . To apply a rectangle to a given ſtraight line 
4. To apply gle to a given ſtraight line tha | 
ern" equal to a given rectangle, exceeding by a ſquare. = 


* 33. 3. a to the rectangle EA, AH, or the rectangle C, D: Therefor 


the given rectangle, it is required to apply a rectangle to A} 
equal to C, D, exceeding by a ſquare. | 


E, deſcribe a circle meeting AE again in ; join HF, wt legit 


angle AN, NB equal to a given ſpace : Or, which u ti 


N in the given ſtraight line AB produced, ſo as to make tit 


NOT E S. 


Let AB be the given ſtraight line, and the rectangle C, 1 Wet 


Draw AE, BF at right angles to AB, on the contrary fide 
of it, and make AE equal to C, and BF equal to D: ſin 
EF, and biſect it in G; and from the centre G, at the diam e 


draw GL parallel to AE ; had 
let the circle meet AB pro- E | 

duced in M, N, and upon WM 
BN deſcribe the ſquare I 

NO, and complete the eno 
rectangle ANPQ ; becauſe | an 
the angle EHF in a femi- |\ Q like 
circle is equal to the right .  fite 
angle EAB, AB and HF the! 
are parallels, and therefore ſtra 
AH and BF are equal, and 88 ful 
the rectangle EA, AH equal . bri 


to the rectangle EA, BF, that is, to the rectangle C, D: An 
becauſe ML is equal to LN, and AL to LB, therefore MA! 
equal to BN, and the rectangle AN, NB to MA, AN, thati 


the rectangle AN, NB, that is, AP, is equal to the re&ange 
C, D; and to the given ſtraight line AB the reQangle APha 
been applied equal to the given rectangle C, D, exceeding by 
the ſquare BP. Which was to be done. CO 
Willebrordus Snellius was the firſt, as far as I know, wh 
gave theſe conſtructions of the 34 and 4th problems in his Ap 
pollonius Batavus: And afterwards the learned Dr Halley gn 
them in the Scholium of the 18th prop. of the 8th book« 
Apollonius's conics reſtored by him. 
The zd problem is otherwiſe enunciated thus: To eit. 
given ſtraight line AB in the point N, ſo as to make the tei. 


ſame thing, having given AB the ſum of the ſides of ar 
angle, and the magnitude of it being likewiſe given, to ud 
its ſides. 1 e e 

And the 4th problem is the ſame with this, To find a po 


r 


je AN, NB equal to a given ſpace : Or, which is the Book VI. 
ny. having given AB the difference of the ſides of a e 


CD aangle, and the magnitude of it, to find the fides. 

1 PRO f. XXXI. B. VI. 5 

1 [n the demonſtration of this, the inverſion of proportionals is 

* Jn Wi: vice negle&ed, and is now added, that the concluſion may be 
＋ legitimately made by help of the 24th prop. of B. 5. as Clavius 


had done. | 
PROP. XAXXIL B. VI. 5 

The enunciation of the preceding 26th prop. is not general 
enough : becauſe not only two ſimilar parallelograms that have 
Fan angle common to both, are about the ſame diameter; but 
likewiſe two ſimilar parallelograms that have vertically oppo- 
fite angles, have their diameters in the ſame ſtraight line: But 
there ſeems to have been another, and that a direct demon- 
ſtration of theſe caſes, to which this 3 2d propoſition was need- 
ful: And the 32d may be otherwiſe, and ſomething more 
briefly demonſtrated as follows. : e 


A | | 

[Ai FVV 

_ If two triangles which have two ſides of the one, ce. 

Let GAF, HFC be two triangles which have two ſides AG, 

p 0 Gb, 1 to the two ſides FH, HC, viz. AG to GF, 

gh 33 FH to HC; and let AG be pa. G 5 1 

: rallel to FH, and GF to HC; AF A an D 

mn my wo ws on line. . To OS 

| raw CK parallel a to FH, and 855 1 J 4 | 

4 let it meet GF produced in K: E H EO 

1 8 Þecauſe AG, KC are each of them 8 
parallel to FH, they are parallel b . b 30. 

e one another, and therefore the B 5 7 

b. alternate angles AGF, FK C are K | C . 

* equal: And AG is to GF, as (FH toHC, that is e) CK to c 34. 1. 

* KF; wherefore the triangles AGF, CK F are equiangular d d 6.6. 

fol and the angle AFG equal to the angle CFK: But GFK is a 
Araight line, therefore AF and FC are in a ftraight line e. e 14. 1. 

bur The 26th Prop. is demonſtrated from the 32, as follows. 

* If two ſimilar and ſimilarly placed parallelograms have an 


angle common to both, or vertically oppoſite angles; their 
 Uameters are in the ſame ſtraight line. Vw 
11 Firſt, 
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a Cor. 19. 


d 4% 6. 


| * line. 


D is equal to FH, EB to HC, 
to HC, ſo is AG to GF; and 


milar and fimilarl y placed, have their angles KFH, GFE wn. 


itraight line b, 


as he tells in his commentary on  Prolomy” 8 Meran Lune | 


NOTE 5. 


Firſt, Let t the e parallelograms ABCD, AEFG have the à 
gle BAD common to both, and be fimilar, and fimily 
placed ABCD, AEFG are about the ſame diameter, 

Produce EF, GF, to H, K, and join FA, FC; chen! 
cauſe the parallelograms ABCD, AEFG are ſimilar, I 
is to AB, as GA to AE : where - 
fore the ee Dis a to the A 5 6 D 
remainder EB, as GA to AE: But 6 — 


F. wo 
and AE to GF : Therefore as FH E 8 I Pic 


FH, HC are parallel to AG, GF; | 8 Pie 
and the triangles AGF, FHC are | — 


joined at one angle, in the point 
F; wherefore AF, FC are in the ſame ſtraight line b. 
Next, Let the parallelograms KFHC, GFEA, which ark, 


tically oppoſite ; their diameters AF, FC are in the fa 


Becauſe AG, GF are parallel to FH, HC; and that AG 
is to GF, as FH to HC therefore AF, FC are in the lane AS ge 


P ROP. XXXIII. B. VI. 
The words, © becauſe they are at the centre, are leſto 
as the addition of ſome unſkilful hand. i 
In the Greek, as alſo in the Latin ernie the work 
* Er. any whatever,” are left out in the demonſtrationd 
both parts of the propoſition, and are now added as quite ne-Wf 
ceſſary; and, in the demonſtration of the ſecond part, where Wi 
the triangle BGC is proved to be equal to CGK, the illatie 
particle aa in the Greek text ought to be omitted. 
The ſecond part of the propoſition is an addition of Theo, 


p- 50. . 
PROP, B. c. D. B. vi. 


Theſe three propoſitions are added, bgcauſe they are 6 
queue y made ule of by geometers. 


— 


DEF 
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NK F. IX. ad XI., B. N Bock XI. 
HE fimilitude of plane figures is defined from the equa- 
lity of their angles, and the proportionality of the fides 
Poout the equal angles; for from the proportionality of the 
Wes only, or only from the equality of the angles, the fimili - 
Made of the figures does not follow, except in the caſe when 
Whe figures are triangles : The fimilar poſition of the ſides 
which contain the figures, to one another, depending partly 
W pon each of theſe : And for the ſame reaſon, thoſe are ſi- 
Wnilar ſolid figures which have all their ſolid angles equal, each 
So each, and are contained by the ſame number of fimilar 
plane figures: For there are ſome ſolid figures contained by ſi- 
Wnilar plane figures, of the ſame number, and even of the 
ſame magnitude, that are neither ſimilar nor equal, as ſhall be 
demonſtrated after the notes on the 1oth definition: Upon 
his account it was neceſſary to amend the definition of ſimi- 
lar ſolid figures, and to place the definition of a ſolid angle 
Ppefore it: and from this and the 1oth definition, it is ſuffici- 
ently plain how much the elements have been ſpoiled by un- 
ſkilful editors. | "Ny 33 


it AG 


r EX 
| Since the meaning of the word © equal” is known and 
Weltabliſhed before it comes to be uſed in this definition : 
W therefore the propoſition which is the 1oth definition of this 
book, is a theorem, the truth or falſehood of which ought to 
be demonſtrated, not aſſumed; ſo that Theon, or ſome o- 
„er ther Editor, has ignorantly turned a theorem which ought 
uin 0 be demonſtrated into this 1oth definition : That figures are 
| W 'imilar, onght to be proved from the definition of ſimilar 
W /igures; that they are equal ought to be demonſtrated from 
e axiom, © Magnitudes that wholly coincide, are equal 
o one another ;” or from prop. A. of book 5. or the gth 
prop. or the 14th of the ſame book, from one of which the 
quality of all kind of figures muſt. ultimately be deduced. 
In the preceding books, Euclid has given no definition of e- 
qual figures, and it is certain he did not give this: For what is 
called the firſt def. of the third book, is really a theorem in 
which theſe circles are ſaid to be equal, that have the ſtraight 
nes from their centres to the circumferences equal, which is 
| plain, from the definition of a circle; and therefore has by 


:L-3 r 


work i 


on of 


eon 


1 


8 


3432 N O T E B. 


Book XI. ſome editor been improperly placed among the definitions, The 
——— equality of figures ought not to be defined, but demonſtrates. 
Therefore, though it were true, that ſolid figures contained h. 

the ſame number of fimilar and equal plane figures are equy 

to one another, yet he would juſtly deſerve to be blang 

who would make a definition of this propoſition which 

to be demonſtrated. But if this propoſition be not true, my Bl 


it not be confeſſed, that geometers have, for theſe thirty - 

| hundred years, been miſtaken in this elementary matter? a B 

. this ſhould teach us modeſty, and to acknowledge how litth ba 
= through the weakneſs of our minds, we are able to prevem A 
| miſtakes even in the principles of ſciences which are juli F 

reckoned amongſt the moſt certain; for that the propoſt : 

g is not univerſally true, can be ſhewn by many examples: The | 
1 following 3s ſufficient. e | , 
h Let there be any plane rectilineal figure, as the triangle p 


2 12.11. ABC, and from a point D within it draw * the ſtraight lin : 
\ DE at right angles to the plane ABC; in DE take DE, Df 
= equal to one another, upon the oppoſite fides of the 


1 | and let G be any point in EF; join DA, DB, DC; EA 
ml EB, EC; FA, FB, FC; GA, GB, GC: Becauſe the ftraigh 

j line EDF is at right angles to the plane ABC, it makes right i 
1 angles with DA, DB, DC which it meets in that plane; 0 


= in the triangles EDB, FDB, ED and DB are equal to FD and WW 
= | DB, each to each, and they contain right angles; therefor 
b 4. 1. the baſe EB is equal d e 
to the baſe FB; in the N 
1 ſame manner EA is e- 0 
| | LS . qual to FA, and EC to 
9 FC: And in the triangles 
. EBA, FBA, EB, BA i 
1 are equal to FB, BA, „DN 
BY and the bale EA is e- A 
F | qual to the bale FA; Wy 4 | 
| h Wherefore the angle 15 5 
| 08. 1. EB A is equal © to the , 
angle FBA, and the tri- 
3 angle EBA equal b to 
0 6 | the triangle FBA, and 
the other angles equal to 
the other angles; there- 
| * 6. fore theſe triangles are 


5 
4% ** fimilar d; In the ſame manner the triangle EBC is file 


all equal. 


e ee 


che triangle FBC, and the triangle EAC to FAC ; therefore 
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there are two ſolid figures each of which is contained ty fix Yall 


triangles, one of them by three triangles, the common vertex 
of which is the point G, and their baſes the ſtraight lines AB, 


BC, CA and by three other triangles the common vertex - 


of which is the point E and their baſis the ſame lines AB, 


| BC, CA : The other ſolid is contained by the ſame three tri- 


angles the common vertex of which is G, and their baſes AB, 


| BC, CA; and by three other triangles of which the common 


vertex is the point F, and their baſes the ſame ſtraight lines 
AB, BC, CA : Now the three triangles GAB, GBC, GCA 
are common to both ſolids, and the three others EAB, EBC, 


| ECA of the firſt ſolid have been ſhown equal and fimilar to the 
three others FAB, FBC, FCA of the other ſolid, each to each; 


therefore theſe two ſolids are contained by the ſame number of 
equal and ſimilar planes: But that they are not equal is mani- 
feſt, becauſe the firſt of them is contained in the other: There- 
fore it is not univerſally true that ſolids are equal which are 
contained by the ſame number of equal and ſimilar planes. 

Cor. From this it appears that two unequal ſolid angles may 
be contained by the ſame number of equal plane angles. 


For the ſolid angle at B, which is contained by the four 


plane angles EB A, EBC, GBA, GBC is not equal to the ſo- 


lid angle at the ſame point B which 1s contained by the four 


plane angles FBA, FBC, GBA, GBC; for this laſt contains 
the other: And each of them is contained by four plane angles, 


which are equal to one another, each to each, or are the ſelf _ 


ſame; as has been proved: And indeed there may be innu- 
merable ſolid angles all unequal to one another, which are each 
of them contained by plane angles that are equal to one an- 
other, each to each: It is likewiſe manifeſt that the before- 
mentioned ſolids are not ſimilar, ſince their ſolid angles are not 


And that there may be innumerable ſolid angles all unequal 


| to one another, which are each of them contained by the ſame 
plane angles diſpoſed in the ſame order, will be plain from 


the three following propoſitions. 


"PROP. I. PROBLEM. 
Three magnitudes, A, B, C being given, to find a fourth 


ſuch, that every three ſhall be greater than the remaining one. 
ara * 


Y4 
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is leſs than A, B. C together will anſwer the problem. 


N 0 r K 8. 


Jet D be the fourth: therefore D muſt be leſs than 4 B 
C t8fether : Of the three A, B, C, let A be that which i; 
leſs than either of the two B and C: And firſt, let B and( 
together be not Jeſs than A; therefore B, C, D together wn 
greater than A; and becauſe A is not leſs than B; A, C. 
together are greater than B: In the like manner A, B, Du 
gether are greater than C: Wherefore in the caſe in which} 
and C together are not leſs than A, any magnitude D vd WR tog 


But if B and C together be leſs than A; then, becauſe itz 
required that B, C, D together be greater than A, from eg 


of theſe taking away B, C, the remaining one D muſth Met 


ſtruction, A, B, C are together greater than D. 


three A, B, E ſhall be greater than the third, and alſo that any . 


be greater than that exceſs. — 


B togerher are not leis than C and D together, and ſuch that 


_ ceſs of A above B: It is plain that a magnitude E can be tz 


fore A and E together are greater than B; And, by the hy: 


greater than the exceſs of A above B and C: Take therefgr 
any magnitude D which is leſs than A, B, C together, bu pf C 
greater than the exceſs of A above B and C: Then B, C, ) He 
together are greater than A; and becauſe A is greater tha wit! 
either B or C, much more will A and D, together with either 
of the two B, C be greater than the other: And, by the con. C,! 


Cor. If beſides it be required, that A and B together ſhall 
not be leſs than C and D together; the exceſs of A and Bu. 
gether above C muſt not be leſs than D, that is, D muſt nx 


PROP. II. PROBLEM. 1 
Four magnitudes A, B, C, D being given, of which A ani Ih 


any three of them whatever are greater than the fourth; it s Wl 
required to find a fifth magnitude E ſuch, that any two of the i © 


two of the three C, D, E ſhall be greater than the third, Let 
A be nat leſs than B: And C not leſs than D. 
Firſt, Let the exceſs of C above D be not leſs than the ex 


Ken which is leſs than the ſum of C and D, but greater tha 
the exceſs of C above D; let it be taken; then E 1s greater 
likewiſe than the exceſs of A above B; wherefore I and! 
together are greater than A; and A is not leſs than B; there 


potheſis, A and B together are not leſs than C and D toge 
ther, and C and D together are greater than E; therefore 
likewite A and B are greater than E. : a 

| 5 But 
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But let the exceſs of A above B be greater than the exceſs Bock XI. 
C above D: And becauſe, by the hypotheſis, the three B, 
D are together greater than the fourth A; C and D toge- 


' 


her are greater than the exceſs of A above B: Therefore a 


zonitude may be taken which is leſs than C and D together, 
ut greater than the exceſs of A above B. Let this magnitude 
e E; and becauſe E is greater than the exceſs of A above B, 
g together with E is greater than A: And, as in the preced- 


jag caſe, it may be ſhown that A together with E is greater 


han B, and that A together with B is greater than E: There- 


fore, in each of the caſes, it has been thown that any two of 
Wc three A, B, E are greater than the third. 


And becauſe in each of the caſes E 1s greater than the exceſs 
}f C above D, E together with D is greater than C; and by 


the bypotheſis, C is not leſs than D; therefore E together 
with C is greater than D; and, by tlie conſtruction, C and D 
together are greater than E: Therefore any two of the three, 
C, D, E are greater than the third. 2 5 


PROP. III. THEOREM. 


There may be innumerable ſolid angles all unequal to one 


W another, each of which is contained by the ſame four plane an- 


gles, placed in the fame order. „„ 3 
Take three plane angles. A, B, C, of which A is not leſs 


chan eicher of the other two, and ſuch, that A and B toge- 
W ther are leſs than two right angles: and by problem 1. and 
is corollary, find a fourth angle D ſuch, that any three what- 
erer of the angles A, B, C, D be greater than the remainin 

angle, and ſuch, that A and B together be not leis than & 
ud D together: And by problem 2. find a fifth angle E ſuch 
chat any two of the angles A, B, E be gre ater than the third 


. 


ad alſo that any two of the angles C, D, E be greater than 


the 
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ſame angles A, B, E are greater than the third ; therefore, br 


fore alſo the angles C, D, E are together leſs than four right 


plane angles equal to th! angles A, B, E, each to each, Ig 
_ HFK, GFK which are equal to the angles A, B, E, exhyſ 


each: And becauſe the angles C, D together are not 
than the angles A, B together, therefore the angles C, D. 


. each; And by prop. 26. 11. at the point F in the ftrayi 
' tained by the three plane angles that are equal to the any 


equal to E, be one of the three; and let KFL, GFL be h 


NOTE 8. 


right angles, the double of A and B together is leſs than for 
right angles: But A and B together are greater than the a 

E; wherefore the double of A, B together is greater thy 
the three angles A, B, E together, which three are co 
quently leſs than four right angles; and every two of tþ 


prop. 23. 11. a ſolid angle may be made contained by thy 


this be the angle F contained by the three plane angles Cl 


are not greater than the angles A, B, E: But theſe laſt thy 
are leſs than four right angles, as has been demonſtrated: when, 


angles, and every two of them are greater than the thin, 
therefore a ſolid angle may be made, which ſhall be containe 
by three plane angles equal to the angles C, D, E, ext 


line FG a ſolid angle may be made equal to that which a 
C, D, E.: Let this be made, and let the angle GFK, which 


other two which are equal to the angles, C, D, each to ed 
Thus there is a ſolid angle conſtituted at the point F contand 
by the four plane angles GFH, HFK, KFL, GFL which = 
egual to the angles A, B, C, D, each to each. | 

Again, Find another angle M ſuch, that every two ol ti 
three angles A, B, M be greater than the third, and il 
every twa of the three C, D, M be greater than the * 
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And, as in the preceding part, it ma be demonſtrated that Book XI. 
* three A, B, M are leſs 4 — 
than four right angles, as alſo N 
that the three C, D, M are oy 
leſs than. four right angles. 
Make therefore a a ſolid angle 
at N contained by the three 
plane angles ONP, PN, 
ONQ, which are equal to A, 0 
B, M, each to each: And b 
prop. 26. 11. make at the 
point N in the ſtraight line ON a ſolid angle contained by three | 
plane angles of which one is the angle ONQ equal to M, and 
the other two are the angles QNR, ONR which are equal to 
the angles C, D, each to each. Thus, at the point N, there is 
| ſolid angle ed by the. four plane angles ONP, PNQ, 
NR, ONR which are equal to the angles A, B, C, D each 
to each. And that the two ſolid angles at the points F, N, 
each of which is contained by the above named four plane an- 
| gles, are not equal to one another, or that they cannot coin- 
cide, will be plain by confidering that the angles GFK, ONQ ; 
| that is, the angles E, M, are unequal by the conſtruction; and 
therefore the ſtraight lines GF, FK cannot coincide with ON, 

NQ nor conſequen:ly can the ſolid angles, warn theretore 
| are unequal. _ 

And becauſe from the four plane angles A, B, C, D, there 
| can be found innumerable other angles that will ſerve the ſame 
purpoſe with the angles E and M; it is plain that innumerable 
other ſolid angles may be conſtituted which are each contained 
by the ſame four plane angles, and all of them unequal to one 
another, Q. E. D. 

And from this it appears that Clavius Key other authors are 
miltaken, who aſſert that thoſe ſolid angles are equal which 
are contained by the ſame number of plane angles that are e- 
qual to one another, each to each. Alſo it is plain · that the 
26th prop. of book 11. is by no means ſufficiently demon- 
trated, becauſe the equality of two ſolid angles, whereof each 
= contained by three plane angles which are equal to one an- 

ather, each to each, is s coly aſſumed, and not demonſtrated. 


* = 
| = 
PROP. | 
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Book XI. STR PROP. I. N. AL 
The words at the end of this, © for a ſtraight\ine can 
meet a ſtraight line in more than one point,” are left gut, 
an addition by ſome unſkilful hand; for this is to be demay 
ftrited. not allumed. | . 
Mr Thomas Simpſon, in his notes at the end of the 2d c, 
tion of his elements of geometry, p. 262. after repeating th 
words of this note, adds, Now, can it poſſibly ſhow any wat are | 
of {kill in an editor (he means Euelid or Theon) to refer u 
«© an axiom which Euclid himſelf hath laid down, Bock! 
© No. 14.” he means Barrow's Euclid, for it is the 10th in th 
Greek, and not to have demonſtrated, what no man can dt. 
«© monſtrate?“ But all that in this caſe can follow from thy 
_ axiom is, that, if two ſtraight lines could meet each other i 
two points, the parts of them betwixt theſe points muſt coin 
cide, and ſo they would have a ſegment betwixt theſe point 
common to both. Now, as*t has not been ſhown in Eucli 
that they cannot have a common ſegment, this does not pron 
that they cannot meet in two points from which their 10 
having a common ſegment, is deduced in the Greek edition 
But, on the contrary, becauſe they cannot. have a comma 
ſegment, as is ſhown in Cor. of 11th prop. Book 1. of 40 
dition, it follows plainly that they cannot meet in two points 
which the remarker ſays no man can demonſtrate. , 

Mr Simpſon, in the ſame notes, p. 265. juſtly obſerves, that 
in the corollary of prop. 11. Book 1. 4to edit. the ſtraight line 
AB, BD, BC, are ſuppoſed to be all in the ſame plane, which 
cannot be aſſumed in iſt prop. book 11. This, ſoon aſter the 
to edition was publiſhed, I obſerved and corrected as it i 

now in this edition: He is miſtaken in thinking the 1:th 
axiom he mentions here to be Euclid's; it is none of Euclid, 
but is the 16th in Dr Barrow's edition, who had it from Hen. 
gon's Curſus, vol. 1. and in place of it the corollary of ich 

prop. Book 1. was added. TTL, „ 


PROP. II. B. XI. 


This propoſition ſeems to have been changed and vitiate 
by ſome editor; for all the figures defined in the iſt book d 
the elements, and among them triangles, are by the hypothe- 

ſis, plane figures ; that is, ſuch as are deſcribed in a plane; 
Wherefore the ſecond part of the enunciation needs no demon: 
ſtration. Beſides, a convex ſuperficies may be ane by 
2 2 three 
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Oxford edition of Commandine's tranſlation. 


NOTE S. 


ree ſtraight lines meeting one another: The thing that Book XT. 
| ; . £ 

ould have been demonſtrated is, that two, or three ſtraight N 

lines, that meet one another, are in one plane. And as this 

- not ſufficiently done, the enunciation and demonſtration are 

changed into thoſe now put into the text. h 


PROP. III. B. XI. e 


In this propoſition the following words near to the end of it 
are left out, viz. ©** therefore DEB, DFB are not ſtraight lines; 


jn the like manner it may be demonſtrated that there can be 


« no other ſtraight line between the points D, B:“ Becauſe 


from this, that two lines include a ſpace, it oaly follows that 
one of them is not a ſtraight line: And the force of the argu- 


ment lies in this, viz. if the common ſection of the planes be 


not a ſtraight line, then two ſtraight lines could include a ſpace, 


which is abſurd; therefore the common ſection is a ſtraight line. 
7 ee 
The words “ and the triangle AED to the triangle BEC“ 


are omitted, becauſe the whole concluſion of the 4th prop. 


B. 1. has been ſo often repeated in the preceding books, it was 
needleſs to repeat it here. EE | 


"PROP. V. . 
In this, near to the end, eri, ought to be left out in the 
Greek text: And the word * plane” is rightly left out in the 


eine 
This propoſition has been put into this book by ſome un- 


|  &ilful editor, as is evident from this, that ſtraight lines which 
W are drawn from one point to another in a plane, are, in the 
| preceding books, ſuppoſed to be in that plane: And if they 


were not, ſome demonſtrations in which one ſtraight line is 
tuppoſed to meet another would not be concluſive, becauſe 
theſe lines would not meet one another: For inſtance, in prop. 


W 3%. B. 1. the ſtraight line GK would not meet EF, if GK were 
dot in the plane in which are the parallels AB, CD, and in 
which, by hypotheſis, the ſtraight line EF is: Beſides, this 
| 7th propoſition is demonſtrated by the preceding 3. in which 
| the very thing which is propoſed to be demonſtrated in the 7th, 


is twice aſſumed, viz. that the ſtraight line drawn from one 


W point to another in a plane, isin that plane; and the ſame thing 
s aſſumed in the preceding 6th prop. in which the ſtraight line 


which 


| | 1 
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Book XI. which joins the points B, D that are in the plane to which az 
— — and CD are at right angles, is ſuppoſed to be in that plane; 
And the 57th, of which another demonſtration is given, is key 

in the book merely to preſerve the number of the propoſitions 

for it is evident from the 7th and 35th definitions of the 18 

book, though it had not been in the elements. RY 


P R OP. of VIII. | B. X 1. x ” one 0 


In the Greek, and in Commandine's and Dr Gregory; 
tranſlations, near to the end of this propoſition, are the folloy. 


ing words: But DC is in the plane through BA, AD,” jr. 1 
ſtead of which, in the Oxford edition of Commandine's tram. « ol 
lation is rightly put“ but DC is in the plane through BD, Wi Ea 
« DA:” But all the editions have the following words, vn. % 
« becauſe AB, BD are in the plane thro' BD, DA, and D( * 
“js in the plane in which are AB, BD,” which are manifeflly « } 
corrupted, or have been added to the text; for there was nc: « 0 


the leaſt neceſſity to go ſo far about to ſhow that DC is in the 
| ſame plane in which are BD, DA becauſe it immediately fe]. 
lows from prop. 7. preceding, that BD, DA, are in the plane 
in which are the parallels AB, CD: Therefore, inſtead of thet 
words, there ought only to be “ becauſe all three are in the 
plane in which “ are the parallels AB, CD.” | 
- PROPAXY. LAKE 
After the words, © and becauſe BA is parallel to GH," the 
following are added,“ foreach of them is parallel to DE, and 


« are not both in the fame plane with it,“ as being manifeſtly 

forgotten to be put intg the tek kk. 2 85 
RN 

In this, near to the end, inſtead of the words,“ but ſtraight 

« lines which meet neither way” ought to be read, * but 

4 ſtraight lines in the ſame plane which produced meet neither 

© ay: Becauſe, though in citing this definition in prop. 27. 

book 1. it was not neceſſary to mention the words,“ in the 


« ſame plane,” all the ſtraight lines in the books preceding 
this being in the ſame plane; yet here it was quite neceſſary. 


PROP. XX. B. XL 
In this near the beginning, are the words, 46 But if not, let 
BAC be the greater:“ But the angle BAC may happen de 
be equal to one of the other two: Wherefore this place * 
5 


* 
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be read thus, But if not, let the angle BAC be not leſs than Book XI. 

« either of the other two, but greater than DAB,” ee 
At the end of this propoſition it is ſaid, in the ſame man- 

« ner it may be demonſtrated,” though there is no need of any 

demonſtration; becauſe the angle BAC being not leſs than 

either of the other two, it is evident that BAC together with 

one of them 15 greater than the other. ie 


FR OP, AI B. XI. 

And likewiſe in this, near the beginning, it is ſaid, But 
« if not, let the angles at B, E, H be unequal, and let the an- 
| « ole at B be greater than either of thoſe at E. H:“ Which 
words manifeſtly ſhow this place to be vitiated, becauſe the an- 
gle at B may be equal to one of the other two. They ought 
therefore to be read thus, But if not, let the angles at B, E 
H be unequal, and let the angle at B be not leſs than either 


« of the other two at E, H: Therefore the ſtraight line AG 
« is not leſs than either of the two DF, GK.“ Bd. 


PROP. XXIII. B. XI. 


The demonſtration of this is made ſomething ſhorter, by not 

repeating in the third caſe the things which were demonſtrated 

in the firſt; and by making uſe of the conſtruction which 

Campanus has given; but he does not demonſtrate the ſecond 

and third caſes : The conſtruction and demonſtration of the '| 

\ thirdcaſe are made a little more fimple than in the Greek text. 

PRO P. XXIV; ZB. XI. 

Ihe word “ ſimilar“ is added to the enunciation of this pro- 

| poſition, becauſe the planes containing the ſolids which are to 
be demonſtrated to be equal to one another, in the 25th pro- 
poſition, ought to be ſimilar and equal, that the equality of the 

| folids may be inferred from prop. C. of this book: And, in the 
Oxford edition of Commandine's tranſlation, a corrollary 1s 
added to prop. 24. to ſhow that the parallelograms mentioned 


in this propoſition are ſimilar, that the equality of the ſolids 
in prop. 25. may be deduced from the roth def. of book 11. 


PROP. XXV. and XXVI. B. XI. 


In the 25th prop. ſolid figures which are contained by the 
lame number of ſimilar and equal plane figures, are ſuppoſed 
to be equal to one another. And it ſeems that Theon, or ſome 

| iq | | | other 


* 
* 
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Book XI. other editor, that he might ſave himſelf the trouble of den, 
Su ſtrating the ſolid figures mentioned in this propoſition bo 
equal to one another, has inſerted the 1oth def. of this hui 
to ſerve inſtead of a demonſtration ; which was Very ignory 
ly done. 5 Toon 
Likewiſe in the 26th prop. two ſolid angles are ſuppoſgy 
be equal: If each of them be contained by three plane agh h «| 
which. are equal to one another, each to each. And it is fra : 
enough that none of the commentators on Euclid have, af 
as I know, perceived that ſomething is wanting in the dema 
{trations of theſe two propoſitions. Clavius, indeed, in a ng 
upon the 11th def. of this book, affirms, that it is evident iu 
thoſe ſolid angles are equal which are contained by the fm 
number of plane angles, equal to one another, each to 
| becauſe they will coincide, if they be conceived to be pla 
within one another; but this is ſaid without any proof, nor bt 
always true, except when the ſolid angles are contained by thre 
plane angles only, which are equal to one another, each y 
each: And in this caſe the propoſition is the ſame with thi 
that two ſpherical triangles that are equilateral to one ano part 
are alſo equiangular to one another, and can coincide : v mor 
ought not to be granted without a demonſtration. Euclid dos he 
not aſſume this in the caſe of rectilineal triangles, but dem» ro 
ſtrates in prop. 8. book r. that triangles which are equilitem WW"! 
to one another are alſo equiangular to one another; and fron 
this their total equality appears by prop. 4. book 1. And Me 
nelaus, in the 4th prop. of his firſt book of ſpherics, explicitly WM at 1 
demonſtrates that ſpherical triangles which are mutually eq. fro 
lateral, are alſo equiangular to one another; from which its Hef 
eaſy to-ſhow that they muſt coincide, providing they have ther bo 
ſides diſpoſed in the ſame order and ſituation. | Þ 
Io ſupply theſe defects, it was neceſſary to add the tire 
propoſitions marked A, B, C to this book. For the 26 
| 26th and 28th propoſitions of it, and conſequently eight otbes, Mer 
TRE viz. the 27th, 31ſt. 32d, 23d, 34th, 36th, 37th, and 4 ” 
5 the ſame, which depend upon them, have hitherto ſtood up Wil 
an infirm foundation; as alſo, the 8th, 12th, Cor. of 17th ad 
18th of 12th book, which depend upon the grh definition, Fit 
it has been ſhown in the notes on def. 10. of this book, th 
ſolid figures which are contained by the ſame number of 
milar and equal plane figures, as alſo ſolid angles that are co 
tained hy the ſame number of equal plane angles, are not l. 
ways equal to one another. ET us p 


It is to be obſerved that Tacquet, in his Euclid, defines equal Book XI., 
id angles to be ſuch, ** as being put within one another do : 
coincide :* But this is an axiom, not a definition; for it is 

of al magnitudes whatever. He made this uſeleſs defini- 

on, that by it he might demonſtrate the 36th prop. of this 

wok, without the help of the 35th of the ſame : Concerning 

hich demonſtration, ſee the note upon prop. 36. | 


PROP. XXVIIL B. XI. 


h 

*. In this it ought to have been demonſtrated, not aſſumed, 

* mat the diagonals are in one plane. Clavius has ſupplied this 
V | | Ss FENG 

» faqs ue 


PROP. XXIX. B. XI. 


| There are three caſes of this propoſition; the firſt is, when 
the two parallelograms oppoſite to the baſe AB have a fide 
common to both; the ſecond is, when theſe parallelograms are 
eparated from one another; and the third, when there is a 
Wpart of them common to both; and to this laſt only, the de- 
monſtration that has hitherto been in the elements does agree. 
The firſt caſe is immediately deduced from the preceding 28th 
prop, which ſeems for this purpoſe to have been premiſed to 
Wthis 29th, for it is neceſſary to none but to it, and to the 40th 
of this book, as we now have it, to which laſt, it would, with- 


| Ne out doubt, have been premiſed, if Euclid had not made uſe of 
city it in the 29th; but ſome unſkilful editor has taken it away 
from the elements, and has mutilated Euclid's demonſtration 


ef the other two caies, which is now reſtored, and ſer ves for 
both at once. | rn 


P RO P. XXX. B. XI. | 


kree . | 
5% WW In the demonſtration of this, the oppoſite planes of the ſolid 


W CP, in the figure in this edition, that is, of the folid CO in 
We Commandine's figure, are not proved to be parallel; which it 


proper to do for the ſake of learners. 

ww PROP. XXXI. B. xl. 

fh There are two caſes of this propoſition ; the firſt is, when 
00s tie inſiſting ſtraight lines are at right angles to the baſes; the 
i WT other, when they are not: The firſt caſe is divided again into 


two others, one of which is, when the baſes are equiangular 
8 Parallelograms ; the other, when they are not 8 1 
e | The 


Book XI. The Greek editor makes no mention of the firſt of 
◻ laſt caſes, but has inſerted the demonſtration of it as 


N 


theſe to 


that of the other: And therefore ſhould have taken — 


it in a corollary; but we thought it better to give theſe two | 


caſes ſeparately : The demonſtration alſo is made ſometh; 

ſhorter by following the way Euchd has made uſe of in prop, 
14. book 6. Beſides, in the demonſtration of the caſe in which 
the inſiſting ſtraight lines are not at right angles to the baſes, th 
editor does not prove that the ſolids deſcribed in the conſtruc. 
tion, are parallelepipeds, which it is not to be thought that Eu. 
elid neglected: Alſo the words, © of which the inſiſting Rraight 
lines are not in the ſame ſtraight lines,” have been added þ 


ſome unſkilful hand; for they may be in the ſame ſtraight lines 


PROP. XXXII. B. XI. 


The editor has forgot to order the parallelogram FH to be 
applied in the angle FGH equal to the angle LCG, which i; 
neceſſary. Clavius has ſupplied this. 1 8 
Alſo, in the conſtruction, it is required to complete the 
ſolid of which the baſe is FH, and altitude the ſame with that 
of the ſolid CD: But this does not determine the ſolid to be 
completed, ſince there may be innumerable ſolids upon the 
ſame baſe, and of the ſame altitude: It ought therefore to be 
faid, complete the ſolid of which the baſe is FH, and one of 
its infiſting ſtraight lines is FD :” The ſame correction mull 
be made in the following propoſition 33. _— 


PROP. B. B. NE 


It is very probable that Euelid gave this propoſition a place 
in the elements, ſince he gave the like propoſition concernin 


equiangular parallelograms in the 23d. B. 6. 


' PROP. XXXIV. B. XI. 


In this the words, * au £@£oT@oa &x £1019 foot TH aur whe) 
of which the inſiſting ſtraight lines are not in the ſame 
« ſtraight lines,” are thrice repeated; but theſe words ought 
either to be left out, as they are by Clavius, or, in place of 
them, ought to be put, © whether the inſiſting ſtraight lines be, 
or be nor in the ſame ſtraight lines :” For the other caſe Is 
without any reaſon excluded; alſo the words, © Tau" 


which 


10 
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« which the altitudes,” are twice put for © a h. « of Book XT, 
« which the inſiſting ſtraight lines;“ which is a plain miſtake :; 
For the altitude is always at right angles to the baſe. 


"PROP. XXV. B. XI. 


The angles ABH, DEM are demonſtrated to be right an- 
gles in a ſhorter way than in the Greek; and in the ſame way 
ACH, DFM may be demonitrated to be right angles: Alſo 
the repetition of the ſame demonſtration, which begins with 
in the ſame manner,” is left out, as it was probably added 
to the text by ſome editor: for the words © in like manner 
e may demonſtrate,” are not inſerted except when the de- 
monſtration is not given, or when it is ſomething different 
from the other if it be given, as in prop. 26. of this book. 
Companus has not this repetition. * 

We have given another demonſtration of the corollary, be- 
ſides the one in the original, by help of which the following 
36th prop. may be demonſtrated without the 35th. - i 


- , KXL- 

Tacquet in his Euclid demonſtrates this propoſition without 
the help of the 35th; but it is plain, that the ſolids mentioned 
in the Greek text in the enunciation of the propofition as equi- 
angular, are ſuch that their ſolid angles are contained by three 
plane angles equal to one another, each to each; as is evident 
from the conſtruction. Now Tacquet does not demonſtrate, 
but aſſumes theſe ſolid angles to be equal to one another ; for 
he ſuppoſes the ſolids to be already made, and does not. give 
the conſtruction by which they are made: But, by the ſecond 
demonſtration of the preceding corollary, his demonſtration is 
rendered legitimate likewiſe in the caſe where the ſolids are 
_ conſtrued as in the text. Let 85 

PROF. XXXVI.:-B; XI. 

In this it is aſſumed that the ratios which are triplicate of 

| thoſe ratios which are the ſame with one another, are likewiſe 
the ſame with one another; and that thoſe ratios are the ſame 
wich one another, of which the triplicate ratios are the ſame 
with one another; but this ought not to be granted without a 
demouſtration; nor did Euclid aſſume the firſt and eafieſt of 
theſe two propoſitions, but demonſtrated it in the caſe of du- 
plicate ratios, in the 22d prop. book 6. On this account, an- 
other demonſtration is given of this propoſition ike to that 
which Euclid gives in prop. 22. book 6. as Clavius has done. 


22 PROP. 
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— PROP. XXXVIIL B. XI. 


When it is required to draw a perpendicular from a Point in 
one plane which is at right angles to another plane, unto this 
lail plane, it is done by drawing a perpendicular from the point 

to the common ſechon of the planes; for this perpendicular 

will be perpendicular to the plane, by Def. 4. of this bock: 

And it would be foolilh in this caſe to do it hy the 11th prop. 

a 19. :2.0 of the ſame: Bur Euchid®, Apollonius, and other geometen, 

1 other edi when they, have occaſion for this problem, direct a perpendi. 
Sj cular to be drawn from the point to the plane, and conciud: ti 

| it will fall upon the common ſection of the planes, becauſe this 
| is the very fame thing as if they had made uſe of the conſtruc. 
tion above mentioned, and then concluded that the ſtraight line 
muſt be perpendicular to the plane; but is expreſſed in fewer 


words: Some editor, not perceiving this, thought it was ne. 


ceſſary to add this propoſition, which can never be of any uſe 
to the 11th book, and its being near to the end among propo- 
ſitions with which it has no conneQuion, is a mark of its ha. 
ving been added to the text. N 8 


PROP. XXXIX. B. xl. 
In this it is ſuppoſed, that the ſtraight lines which biſe the 


ſides of the oppolite planes, are in one plane, which ought to 
have been demonſtrated; as is now done. e 


os i > 
Book XII. HE learned Mr Moor, profeſſor of Greek in the Univer. 
—— ſity of Glaſgow, obſerved to me, that it plainly appears 


from Archimedes's epiſtle to Doſitheus, prefixed to his books 
of the Sphere and Cylinder, which epiſtle he has reſtored from 


ancient manuſcripts, that Eudoxns was the author of the chief 
Prapoſitions in this 12th book. N 


H ROF. IH. B. x11. 


of BD ſhall be to the ſquare of FH, as the circle ABC is 


propoſition, as alſo in prop. 5. 11. 12. 18. of this book : Con- 
5 e wy cerning 


At the beginning of this it is ſaid, * if it be not fo, the ſquare 


„to ſome ſpace either leſs than the circle EFGH, or greater 
than it:“ And the like is to be found near to the end of this 


| cerning which, it is to be obſerved, that in the demonſtration Bool XI. 
of theorems, it is ſufficient, in this and the like caſes, that a 

K thing made uſe of in the reaſoning can poſſibly exiſt, provi. 

ding this be evident, though it cannot be exhibited or found 


| 
| 


by A eometrical conſtruction: So, in this place, it is aſſumed, 
\ that there may be a fourth proportional to theſe three magnt- 
4 tudes, viz. the ſquares of BD, FH, and the circle ABCD; be- 
it cauſe it is evident that there is ſome ſquare equal to the circle 
is ABCD though it cannot be found geometrically ; and io the 
5 three rectilineal figures, viz. the ſquares of BD, FH, and the 
e ſquare which is equal to the circle ABCD, there is a fourth 
r fquare proportional; becauſe to the three ſtraight lines which are 


their ſides, there 1s a fourth ſtraight line proportional a, and « r2. 6. 


l this fourth ſquare, or a ſpace equal to it, is the ſpace which in 
0 this propoſition is denoted by the letter S: And the like is to 


be underſtood in the other places above cited : And it is pro- 
| bable that this has been ſhewn by Euelid, but lift out by ſome 
editor; for the lemma which ſome unſſ ilful hand has added to 
this propoſition explains nothing of it. fa: | 


PROP. III. B. XII. 


In the Greek text and the tranflations, it is ſaid, © and 
becauſe the two ſtraight lines BA, AC which meet one an- 
« other,” &c. here the angles BAC, KHL are demonſtrated to 
be equal to one another by 1oth prop. B. 11. which had been 
dene before: Becauſe the triangle EAG was proved to be 


ie 
to 


ef ſimilar to the triangle KHL: This repetition is left out, nd 
ks the triangles BAC, KHL are proved to be ſimilar in a ſhorter 
547 by prop. ax. s -- a 

ef ans 


PROP. IV. B. XII. 


A few things in this are more fully explained than in the 
| Greck text. . b | 


ah or. v. . Xu. 

ter In this, near to the end, are the words, ò: Tunrgocd-y tëνen, 
his © 4 was before ſhown,” and the ſame are found again in the 
on- end of prop. 18. of this book ; but the demonſtration referred 


og io except it be the uſeleſs lemma annexed to the 2d prop. is 
15 where in theſe elements, and has been perhaps left out by 
laue editor who has forgot to cancel thoſe words allo. 
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Book XII. | PROP. VI. B. XII. 
— 


A ſhorter demonſtration is given of this; and that which 


is in the Greek text may be made ſhorter by a ſtep than it Is: 


For the author of it makes uſe of the 22d prop. of B. 5. twice: 


Whereas once would have ſerved his purpoſe ; becauſe thy 


propoſition extends to any number of magnitudes which ae 
proportionals taken two and two, as well as to tree which 
are proportional to other three, e 


OR. PRO P. VIII. B. XII. 

The demonſtration of this is imperfe&, becauſe it is not 
ſhown, that the triangular pyramids into which thoſe upon 
multangular baſes are divided, are ſimilar to one another, as 
ought neceſſarily to have been done, and is done in the like 
caſe in prop. 12. of this book: The full demonſtration of the 


corollary 1s as follows : 


Upon the polygonal baſes ABCDE, FGHKL, let there be 


fimilar and ſimilarly fituated pyramids which have the points 
M, N for their vertices: The pyramid ABCDEM has tothe 


pyramid FGHELN the triplicate ratio of that which the fide 
AB has to the homologous fide FW. 
Let the polygons be divided into the triangles ABE, EBC, 
ECD; FGL, LGH, LHK, which are ſimilar à each to each; 
And becauſe the pyramids are ſimilar, therefore b the triangle 
EAM is fimilar to the triangle LFN, and the triangle ABM 
to FGN : Wherefore e ME is to EA, as NL to LF; and 2 


„CCC 
AE to EB, ſo is FL to LG, becauſe the triangles EA;, LFG 
are ſimilar; therefore, ex æquali, as ME to EB, ſo is 1 


”) 


S 
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| IG; In like manner it may be ſhewn that EB is to BM, as Book XII. 


LG to GN; therefore, again, ex æquali, as EM to MB, ſo is 
IN to NG: Wherefore the triangles EMB, LNG. having 
their fides proportionals are d equiangular, and fimilar to one 
another : Therefore the pyramids which have the triangles 

EAB, LFG for their baſes, and the points M, N for their ver- 
| tices, are ſimilar b to one another, for their ſolid angles are © e- 
| qual, and the ſolids themſelves are contained by the ſame num- 
ber of ſimilar planes: In the ſame manner the pyramid EBCM 


may be ſhewn to be ſimilar to the pyramid LGHN, and the 
pyramid ECDM to LHKN : And becauſe the pyramids 


EABM, LFGN are ſimilar, and have triangular baſes, the py- 
ramid EABM has f to LFGN the triplicate ratio of that which 
EB has to the homolegous fide LG. And, in the ſame man- 
ner, the pyramid EBC M has to the pyramid LGHN the tri- 
plicate ratio of that which EB has to LG : Therefore as the 


pyramid EABM is to the pyramid LFGN, fo is the pyramid 
EBCM to the pyramid LGHN : In like manner, as the pyra- 


mid EBCM is to LGHN, fo is the pyramid ECDM to the 
| pyramid LHKN : And as one of the antecedents is to one of 


the conſequents, ſo are all the antecedents to all the conſe- 


quents : Therefore as the pyramid EABM to the pyramid 
LFGN, fo is the whole pyramid ABCDEM to the whole py- 
ramid FGHKLN : And the pyramid EABM has to the py- 


ramid LFGN the triplicate ratio of that which AB has to FG; 


| therefore the whole pyramid has to the whole pyramid the 


| triplicate ratio of that which AB has to the homologous fide 


r 
PROP. XI, and XII. B. XII. 


The order of the letters of the alphabet is not obſerved in 


| theſe two propoſitions, according to Euclid's manner, and is 
now reſtored; By which means, the firſt part of prop. 12. may 
| be demonſtrated in the ſame words with the firſt part of prop. 


11.; on this account the demonſtration of that firſt part 1s left 


out, and aſſumed from prop. 11. 


PRO P. XII. B. XII. 


ln this propoſition the common ſection of a plane parallel to 
the baſes of a cylinder, with the cylinder itſelf, is ſuppoſed to 


be a circle, and it was thought proper briefly to demonſtrate 
it; from wheace it is ſufficiently manifeſt, that this plane di- 


rides the cylinder into two others: And the ſame thing is un- 


ſtood to be ſupplied in prop. 14. 


24 PROP. 
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b 11. def. 
. 
e B. 11. 


8. 12. 


360 


f oOk XIX. 


= * — 3 
. * * 


wanting; and ſomething alſo in the ſecond caſe of that part, 
before the repetition of the conſtruction is mentioned; which 


rm tic o oPÞHuUay TTEprov ro eyſpatiai wn aur Thg Aron 


* minoris ſphæræ ſuperficiem non tangat;“ that is, “ to de. 
not meet the ſuperficies of the leſſer ſphere :” Whereby 
tranſlated, for the ſolid polyhedron doth not only meet the ſu- 


perfſicies of the leſſer ſphere, but pervades the whole of that 
| ſpuere: Therefore the foreſaid words are to be referred to 


propoſition neceſſarily requires. 


NOTE Ss. 


PROP. XV. B. XII. 


* And complete the cylinders AX, EO,” both the enun. 
ciation and expoſition of the propoſition repreſent the cylin. 
dars as well as the cones, as already deſcribed ; Wherefore the 
reading ought rather to be, © and let the cones be ALC, ENG. 
* and the cylinders AX, EO.” 5 N 
he firſt caſc in the ſecond part of the demonſtration ; 


are now added, | 


PROP. XVII. B. XII. 


In the enunciation of this propoſition, the Greek words «, 


g ve T enifaviay, are thus tranſlated by Commandine 
and others, in majori folidum polyhedrum defcribere quod 


* ſcribe in the greater ſphere a ſolid polyhedron which ſhall 


they refer the words zara yy £n9aviay to theſe next to them 
rng £aa9Tov0; oPaigas : But they ought by no means to be thus 


TO JTEPECY 7>vs9;ov, and ought thus to be tranſlated, viz. to de- 
ſcribe in the greater ſphere a ſohd polyhedron whoſe ſuperf- 
cies ſhall not meet the leſſer ſphere ; as the meaning of the 


The demonſtration of the propoſition is ſpoiled and mutila. 
ted: For ſome eaſy things are very explicitly demonltrated, 
wh! others not ſo obvious are not ſufficiently explained; for 
example, when it is aftirmed, that the ſquare of KB is greater 
than the double of the ſquare of BZ, in the firſt demonltra- 


tion; and that the angle BZK is obtuſe, in the ſecond : Both 


which ought to have been demonſtrated : Beſides, in the firlt 


demonſtration, it is ſaid, draw KM from the point K perpen- 


« dicular to BD; whereas it ought to have been ſaid, “ join 


„KV,“ and it ſhould have been demonſtrated that KV is 


perpendicular to BD : For it is evident from the figure in Her- 
vagius's and Gregory's editions, and from the yl the 
9 wo 5 1 N | emon- 


. 


gemonſtration, that the Greek Editor did not perceive that zog xII. | 
| the perpendicular drawn from the point K to the ſtraight line 


zb muſt neceſſarily fall upon the point V, for in the figure it 
is made to fall upon the point Q a different point from V, 
| «hich is likewiſe ſuppoſed in the demonſtration. Comman- 
dine ſee ms to have been aware of this; for in this figure he 
marks one and the ſame point with the two letters V, Q; and 
before Commandine, the learned John Dee, in the commen- 
tary he annexes to this propoſition in Henry Billinſley's tranſ- 
lation of the Elements printed at London, ann. 1570, expreſisly 
takes notice of this error, and gives a demonſtration ſuited to 
| the conſtruQtion in the Greek text, by which he ſhews that the 
perpendicular drawn from the point K to BD, muſt neceſſarily 
fall upon the point V. 1 . 
Likewiſe it is not demonſtrated that the quadrilateral figures 
| SOPT, TPRY, and the triangle YRX do not meet the lefler 
ſphere. as was neceſſary to have been done: Only Clavius, as 
far as J know, has obſerved this, and demonſtrated it by a lem- 
ma, which is now premiſed to this propoſition, ſomething 
altered and more briefly demonſtrated. „„ neil be 

In the corollary of this propoſition, it is ſuppoſed that a 
| ſolid polyhedron is deſcribed in the other ſphere ſimilar to that 
E which is deſcribed in the ſphere BC DE; but, as the conſtruc- 
tion by which this may be done is not given, it was thought 
proper to give it, and to demonſtrate, that the pyramids in it 
xe ſimilar to thoſe of the ſame order in the ſolid polyhedron 
| deſcribed in the ſphere BC DE. Es 


From the preceding notes, it is ſufficiently evident how | 
much the elements of Euclid, who was a molt accurate geo- 
| meter, have been vitiated and mutilated by ignorant editors. 
| Lhe opinion which the greateſt part of learned men have en- 
tertained concerning the preſent Greek edition, viz. that it is 
g very little or nothing different from the genuine work of Eu— 
clid, has without doubt deceived them, and mad. them leſs 
| attentive and accurate in examining that edition; whereby ſe- 
| veral errors, ſome of them groſs enough, have eſcaped their 
notice from the age in which Theon lived to this time. Upon 
which account there is ſome ground to hope that the pains we 
1 have taken in correcting thoſe errors, and freeing the Ele- 
ments as far as we could from blemiſhes, will not be unac- 

| | ON ceptable 
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Book XII. geptable to good judges who can diſcern when demonſtrati 

e = 3 and when they are not. 1 9 

Tue objections which, ſince the firſt edition, have been 

made againſt ſome things in the notes, eſpecially againſt the 

doctrine of proportionals, have either been fully anſwered in 

Dr Batrow's Lect. Mathemat. and in theſe notes; or are ſuch 

except one which has been taken notice of in the note d 

prop. 1. book 11. as ſhew that the perſon who made then 

| has not ſufficiently confidered the things againſt which the 

are brought; ſo that it is not neceſſary to make any further 

anſwer to theſe objections and others like them againſt Euclid; 

definition of proportionals ; of which definition Dr Barroꝶ 

juſtly ſays in page 297. of the above named book, that “ Ni. 

« $6 machinis impulſa validioribus æternum perſiſtet incon. 
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PREFACE. 


| books written by the ancient geometers to 
acilitate and promote the method of reſolution 


viren which is either actually exhibited, or can 
DE found out, that is, which 18 either known by 


arelaid down to be known or given, by the help 


ed to be given, and from theſe, other things are 
again ſhewn to be given, and ſo on, until that 


problem is demonſt rated to be given, and when 
this is done, the problem is folved, and its com- 
polition is made and derived from the compo- 
che analyſis. And thus the Data of Euclid are 
Polution of problems of every kind. = 

| Euclid is reckoned to be the author of the 
(Book of the Data, both by the ancient and mo- 
of his having written a book on this ſubject, but 


much vitiated by unſkilful editors in ſeveral 
Places, both in the order of the propoſitions, 


UCLID's DATA is the firſt in order of the 


— — — 
— . ˙¹- 
= — —— ̃ 


pr analyſis. In the general, a thing is ſaid to be 


hypotheſis, or that can be demonſtrated to be 
known ; and the propoſitions in the book of 
Euclid's Data ſhew what things can be found 
but or known from thoſe that by hypotheſis are 
already known; ſo that in the analyſis or in- 
veſtigation of a problem, from the things that 


ff theſe propoſitions other things are demonſtra- 


which was propoſed to be found out in the 


ſitions of the Data which were made uſe of in 


of the moſt general and neceſſary uſe in the 
derngeometers; and there ſeems to be no doubt 
which, in the courſe of ſo many ages, has been 


ad in the definitions and demonſtrations them- 
ns ſelves. 


ſelves. To correct the errors which are 50 


here left out, as being of no uſe to underſtand 
them. At the end of it, he ſays, that Euclil 
has not uſed the ſynthetical, but the analytical 


quite miſtaken ; for, in the analyſis of a the- 


is, that ſomething or other is given, is nevet 


comes the analyſis of og ROD, 


be ſhewn in the notes at the end of the Data. 


PREF ACE. 


found in it, and bring it nearer to the Accurae 
with which 1t was, no doubt, at firſt written by 
Euclid, is the deſign of this edition, that {; i 


may be rendered more uſeful to geometen 
neten, 


at leaſt to beginners who deſire to learn the jy d 
veſtigatory method of the ancients. And fu 


their ſakes, the compoſitions of moſt of th 
Data are ſubjoined to their demonſtration; 


that the compoſitions of problems ſolved by hel 

of the Data may be the more caſily made. 
Marinus the philoſopher's preface, which, i, 

the Greek edition, is prefixed to the Data, j 


method in delivering them; in which he i 


rem, the thing to be demonſtrated is aſſume 
in the analyſis ; but in the demonſtrations df 
the Data, the thing to be demonſtrated, which 


once aſſumed in the demonſtration, from which 
it is manifeſt, that every one of them is de. 
monſtrated ſynthetically; though indeed, it 
propoſition of the Data be turned into a pto- 
blem, for example the 84th or 85th in the for 
mer editions, which here are the 85th and 
86th, the demonſtration of the propoſition be. 


Wherein this edition differs from the Greek, 
and the reaſons of the alterations from it, vill 


EUCLID) 
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EU EUI Di DATA... 
DEFINITIONS. 


1. 


PACES, lines, and angles, are ſaid to be given in magni- 
tude, when equals to them can be found. | 


ES 
kt ratio is ſaid to be given, when a ratio of a given magnitude 5 
to a given e which i 15 the ſame ratio with it can be Se ble 
found. p | 


| III. 
| ReAtilineal figures are ſaid to be given in ſpecies, which have 
each of their angles given, and the ratios of their ſides given. 


IV. 
Points, "WY and ſpaces are ſaid to be given in oak ition, which -- 
have always the ſame ſituation, ; and which are either actually * 
exhibited, or can be found. | 


> tho 

An pk | is ſaid to be given in poſition, which 15 contained by 
hots lines given in poſition. 

A drele is laid to be given in magnitude, when a ſtraight line 
from its centre to the circumference is given in magnitude. 

. 8 

A decks i is ſaid to be given in poſition and e the 
centre of which is given in poſition, and a ſtraight line from 
it to the circumterence 1s given in magnitude. 7 


„ 
Segments of circles are ſaid to be given in magnitude, when 
the angles in them, and their baſes, are given in magnitude. 


| VIII. - 9 

Segments of circles are ſaid to be given in poſition and magni- 
tude, when the angles in them are given in magnitude, and 

their baſes are Bye: both in poſition and Oe | | 


. 
A magnitude is ſaid to be greater than another by a given | 
magnitude, when this given magnitude being taken from it, 
the remainder i is equal to the other magnitude. 5 1 
52 
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Be XII. X. 
— muenitnde\ 15 ſaid t to be leſs than another by a given magni, 


_ tude, when this given magnitude being n to it, the whole 
is equal to the otner magnitude. 


RA 10.1% Sa tes we ek. : dt4 1-15 * 
"TR "PROPOSITION I. 


Yee N. HE ratios of given magnitudes to one another 
given. | 


th A,B be two given magnitudes, the ratio of A toBi 


ven. II 
. Becauſe A is a given magnitude, there may I | | 
a2. def. à be found one equal to it; let this be C: 4 1 

dat. And becauſe B is given, one equal toitma | | 

be found; let it be D; and fince A is equal | 
5-5. to CG, and B to D; therefore A is to B as 
C to D; and conſequently the ratio of A to 
B. is given, becauſe the ratio of the given 


magnitudes C, D which is the ſame with it, R B C D 


has been found. 


_ PROP: II. 
see N. FF a given magnitude has a given ratio to another 
magnitude, and if unto the two magnitudes by 
« which the given ratio is exhibited, and the given 


„ magnitude, a fourth proportional can be found; 7 
the other magnitude 1 is given. 


—— 


Let the given magnitude A have a given ratio to the mag- 
nitude B; if a fourth proportional can be found to the three 
' magnitudes above named, B is given in magnitude, 
Becauſe A. is given, a magnitude may be 9 
21. def. found equal to it ®; let this be C: And be-. be: 
ga cauſe the ratio of A to B is given, a ratio | | | | 
which is the ſame with it may pe found, let \ . 
this be the ratio of the e eee E AB CD 
to the given magnitude F: Unto the magni- F 
tudes E, F. C find a fourth proportional 
D, which, by the hypotheſis, can be done. | ; 
M bere fore, becaufe A is to B, as E to F; and 
bat. 5. as E to F, ſo is C to D; A is b to B, as Cto 


** The Sgures i in the margin ſhow the number of the — in de 
| other ene | 


D 1 1 A.” i 
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D. But A is equal to C; therefore e B is equal to D. The 14. 8. 


whole . to it has been found. 2 
The limitation within the inverted commas is not in the 
Creek text, but is now neceſſarily added; and the ſame muſt 
be underſtood in all the propoſitions of the book which depend 
upon this ſecond propoſition, where it is not expreſsly men- 


tioned. See the note upon it. 


PROP. III. 


Nagny, magnitude B is therefore given a, becauſe a magnitude D equal 2 r def. 


3· 


a 1 def, 
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a 1 def, 


88 F any given magnitudes be added together, their 
ſum ſhall be given. EP. ” 
Let any given magnitudes AB, BC be added together, their 
ſum AC is given. e 1 
Becauſe AB is given, a magnitude equal to it may a be found; 
| let this be DE : And becauſe BC is 3 | 
D given, one equal to it may be found; A hy B _C 
| Jet this be EF: Wherefore, becauſe gw _ 
AB is equal to DE, and BC equal D 3 E F ; 
to EF; the whole AC is equal to GRE 
| the whole DF: AC is therefore given, becauſe DF has been 
g . , oO 8 
ther VVV 
vl PROP. Iv 
ven WW 4 ld ger ap PR mo Re . 
F Fa given magnitude be taken from a given magni- 
tude; the remaining magnitude ſhall be given. 
"3 From the given magnitude AB, let the given magnitude 
he AC be taken ; the remaining magnitude CB is given. 
| Becauſe AB is given, a magnitude equal to it may a be 
found; let this be DE: And becauſe A C B 
AC is given, one equal to it may be 
| found; let this be DF: Wherefore D N F 1 


becauſe AB is equal to DE, and AC 


* : ! 


to DF; the remainder CB is equal T! — 
to the remainder FE. CB is therefore given e, becauſe FE 
| Which is equal to it has been found. RS 


©... 
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. . | ; 
See N. T* of three magnitudes, the firſt together with fl 6 
I ſecond be given, and alſo the ſecond together yin | 


the third; either the firſt is equal to the third, or H 
ol them is greater thau the other by a given magnitude 


* 
— — ng — 


Let AB, BC, CD be three magnitudes, of which A; u. 
gether with BC, that is AC, is given; and alſo BC together | 
wich CD, that > BD, is given. Either AB is equal to (b 
or one of them is greater than the other by a given magnitad tl 
Becaule AC, BD are each of them given, they are either 
equal to one another, or not equal. B | C 
Firſt, let them be equal, and becauſe“ EE <A... 
AC 1s equal to BD, take away the common part BC; ther, 
fore the remainder AB 1s equal to the remainder CD, 
| But if they be unequal, let AC be greater than BD, an 
make CE equal to BD, Therefore CE is given, becauſe II 
is given. And the whole AC is 
234 dat. given; therefore a AE the remain A of 
f | 5 is given. And becauſe EC A. E B 8 I 
equal to BD, by taking BC from 
both, the reminder EB is equal to the remainder CD, Ani 
A is given; wherefore AB exceeds EB, that is CD by tte 
given magnitude AE. | 5 f | 


, 


LE On REF FLY a — ·— 


3 PROP. VI. 
 SeeN. FF a magnitude has a given ratio to apart of it, it ſhal 
| allo have a given ratio to the remaining pait ot It, 


Let the magnitude AB have a given ratio to AC a part d 
it; it has alſo a given ratio to the remainder BC. 
hHecauſe the ratio of AB to AC is given, a ratio may i 

a 2. def. found a which is the ſame to it: Let this be the ratio of DE 
a given magnitude to the given mag- , * C B 

| nitude DF. And becauſe DE, DF are FN. . 

b 4. dat. given, the remainder FE is b given „ 7 
And becauſe Ah is to AC, s DE told) __K 1 
eE.s. DF, by converſion e AB is to BC, aas 

DE to EF. Therefore the ratio of AB to BC is given, be. 
cauſe the ratio of the piven magnitudes DE, Ek, wich is tt 

fame with it, has been found, 0 

5 (0% 


* Con. From his it follows, that the parts AC, CB have a 


ven ratio to one another: Becauſe as AB to BC, ſo is DE to 
Ee; by diviſion d, AC is to CB, as DF to FE; and DF, 411.5. 
FE are given; therefore a the ratio of AC to CB 13 "ren: a 2. def. 


RO P. vn. eee Þ 


F two magnitudes which have a given ratio to one See N. 
another, be added together; the whole magni- 
tude ſhall have to each of them a given ratio. 


Let the magnitudes AB, BC which have a given ratio to 
one another, be added together; the whole AC has to each 
of the magnitudes AB, BC a given ratio. | 

Becauſe the ratio of AB to BC is given, a ratio may be | 
found a which is the ſame with it; 7 fs this be the ratio of the a 2. def 
given magnitudes DE, EF: as, 
becauſe DE, EF are given, the 
whole DF is given b: And becauſe 
as AB to BC, ſo is DE to EF; „n 
compoſition e AC is to CB as DF to 
FE; and by converſion d, AC is to AB, as DF to DE: 
Wherefore becauſe AC is toeach of the magnitudes AB, BC, 
| as DF to each of the others DE, EF; the ratio of AC to | 
| each of the e AS, BC is given . 


PROP. vin. 7. 


Ir a given magnitude be divided into two parts See N. 

which have a given ratio to one another, and it a 
fourth proportional can be found to the ſum of the 

two magnitudes by which the given ratio is exhibited, 

one of them, and the given magnitude; each of the 

parts is given. 


Let the given magnitude AB be divided into the parts AC, 
CB which have a given ratio to one another; 3 if a fourth - 


portional can be found to the above A Cc . 


named magnitudes; AC and CB are — — - 
each of them given, | 


\ Becauſe the ratio of AC to CB „D BER F E. 


given, the ratio of AB to BC is given a; therefore a ratio a 5. dat. 
AA2 which 


* . 
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b 2. def. which | is the ſame with it can be found b, let this be the ratio 
of the given magnitudes DE, EF : A C 
And becauſe the given magnitude AB _B 
has to BC the given ratio of DE to | | 
EF, if unto DE, EF, AB a OD. * E 
proportional can be found, this which es 
e. dat. is BU is 8 c; and becauſe AB is given, the other part AC 
d 4. dat. is given 
; In the ſame manner, and with the like limitation, if the 
difference AC of two magnitudes AB, BC which have a gi. 
ven ratio be given ; each of the magaituges AB, BCis given, 


© PROP. IX. 


Mm which have given ratios to the 


ſame magnitude, have alſo a given ratio to 
one another. 


Let A, C have each of them a given 1 ratio to B; A has 
given ratio to C. 
Becauſe the ratio of A to B is given, a ratio which is the 
ſame to it may be found a; let this be the ratio of the given 
f magnitudes D, E: And 0 the ratio of B to C is given, 
ga4vd ratio which is the ſame with it _ be found a; + bet this be 
the ratio of the given magnitudes - SS 
F, G: To F, G, E find a fourth | | , |} 
proportional H, if it can be done; 45-2 
and becauſe as A is to B, fo is D) 
to E; and as B to C, ſo is (F to G, Mn LY 
and ſo is) E to H; ex axquali, as 4 
A to C, 5 9 5 f Therefore A B C D E 
the ratio of A to C is given a, a, be- F 


a 2 def, 


cauſe the ratio of the given magni- 
tudes D and H, which is the ſame 
with it has been found: But if a 
fourth proportional to F, G, E 
cannot be found, then it can only be ſaid that the ratio of A 
to C is compounded of the ratios of A to B, and B to C, that 
is, of the FRIES | ratios of D to E, and F to G. 


bl 
N 
G 
i 


PROP 


ratio 


en, 


oer 1 
F two or more magnitudes have given ratios to one 
another, and if they have given ratios, though 
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* 
s > I'S 


fl 


| they be not the ſame, t ſome other magnitudes ; 


theſe other magnitudes ſhal. alſo have g. ven ratios to 


one another. 


Let two or more magnitudes A, B, C have given ratios to 


one another; and let them have given ra os, though taev be 


not the ſame, to ſome other magnitudes D, E. F: The mag- 


nitudes D, E, F have given ratios to one another. 
Becauſe the ratio of A to B is given, and likewiſe the ratio 


of A to D; therefore the ra- — 5 


tio of D to B is given a; but 


. * 


the ratio of B to E is given B 1 E. 
therefore à the ratio of D to 8 


Eis given: And becauſe the C 5 F- 


ratio of B to C is given, and 


alſo the ratio of B to E; the ratio of E to C is given a: And 


the ratio of C to F is given; wherefore the ratio of E to F is 


| given: D, E, F have therefore given ratios to one another. 


PROF. XI. 


JF two magnitudes have each of them a given ratio 
1 to another magnitude, both of them together ſhall 


have a given ratio to that other, 


Let the magnitudes AB, BC have a given ratio to the mag- 

nitude D; AC has a given ratio to the ſame D. EY ET 
Becauſe AB, BC have each of OY nN 

them a given ratio to D, the ratio Ay. — B 1 C 

of AB to BC is given a: And by 1 

compolition, the ratio of AC toCB D 

5 given”; But the ratio of BC to | =y 


Dis given; therefore a the ratio of AC to D is given. 


Aaz PROP. 


a 9. dat. 


[| 
[ 
M 
I! 
1 
1 
| 
i 
| 
| 
} 
| 
q 
ki 
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See N. 


— every one à given ratio, A 


the parts CF, FD : Every one ſhall have to every one, whol 


A 19. 5. 


b 9. dat. 


c 6, dat. 


d cor 6. 
=. oat; 


e Io dat, 
1 5. dat. 


24. 
See N. 


2 2 def. 
b 13. 6. 


wherefore the ratio of the remainder EB to the remainder 


18 given: But the ratio of GD to DF is given, Wherefore the 


| have to B a given ratio. 


E UCL D's. 


PROP. XI. 


F the whole have to the whole a given ratio, and 
the parts have to the parts given, but not the ſane | are 
ratios: Every one of them, whole or part, ſhall hay ide 


Let the whole AB have a given ratio to the whole CD, 
and the parts AE, EB have given, but not the ſame, ratios ty 


or part, a given ratio. 
Becauſe the ratio of AE to CF is given, as AE to CF, f 
make AB to CG; the rati therefore of AB to CG is given, 


FG 15 given, becauſe it is the fame à with the ratio of AB 
CG: And the ratio of EB to FDis A E 8 3 
given, wherefore the ratio of FD 
to FG is given b; and by conver- ,. 
ſion, the tom of FD 4 DG 3s C . 8 D 
given e: And becauſe AB has to 

each of: tie magnitudes CD, CG a given ratio, the ratio of 
CD to CG is given Þ; and therefore e the ratio of CD to DG 


ratio of CD to DF is given, and conſequently d ihe ratio of 
CF to FD is given; but the ratio of CF to AE is given, s 
alſo the ratio of FD to EB; wherefore e the ratio of AE to 
EB is given; as alſo the ratio of AB to each of them f: The 
ratio therefore of every one to every one is given. 


= M5 — .. 


PROP. XIII. 


b the firſt of three proportional ſtraight lines hass 
given ratio to the third, the firſt ſhall alſo have 
glven ratio to the ſecond. . 


| Let A, B. C be three tio) ſtraight lines, that 1s, A 
A to B, lo is B to C; if A has to 0 a 1 ratio, A {hall allo 


Becaute the ratio of A to Gi is given, a ratio which 1s the 
ſame with it may be found a; let this be the ratio of the gl 
ven ſtraight lines D, E; and between D and E find ab mein 

| proportiori 


proportional F; therefore the rectangle contained by D and 

| 5 5 equal to the ſquare of F, and the rect 
angle D. E is given, becauſe its ſides D,. E. 
are given; where fore the ſquare of F, and | | 


| the ſtraight line F is given: And becauſe as 
AiztoC, fois D to E; but as A to C, ſo 3 
is e the * A 5 my —_ 3 B; _ C34 4" 36.6 
to E, ſo is e the ſquare of D to the ; R 
* of F: Therefore the ſquare d of A is to A B 5 141.5 
| the ſquare of B. as the ſquare of D to the D ? F E. | 
ſquare of F: As therefore © the ſtraight line / ens 
A to the ſtraight line B, ſo is the ſtraight line BY: | | 
D to the ſtraight line F : Therefore the ratio = On. 
| of A to B is given®, becauſe the ratio of the | 2 def. 
given ſtraight lines D, F which is the ſame . . 
with it has been found. 
ROF. V. . 


F a magnitude together with a given magnitude dee N. 
has a given ratio to another magnitude; the ex- 
ceſs of this other magnitude above a given magnitude 
has a given ratio to the firſt magnitude: And if the 
excels of a magnitude above a given magnitude has a 
given ratio to another magnitude; this other magni— 
tude together with a given magnitude has a given 
ratio to the firſt magnitude. 5 


& Let the magnitude AB together with the given magnitude 
BE, that is AE, have a given ratio to the magnitude CD; the 
exceſ of CD above a given magnitude his a given ratio to AB, 
Becauſe the ratio ot AE to CD is given, as AE to CD, ſo 

. _ BE to FD; therefore the ratio of BE tv FD is given, 
= and BE is given; wherefore FD | | | 
is 885 a Rey becauſe as AE A. — 3B E 2 . dat. 
to CD, ſo is BE to FD, the re- 1 
mainder AB is b to the rematades C | F D 5 19. 5. 
CF, as Ak to CD: But the ratio Ty 3 
of AE to CD is given, therefore the ratio of AB to CF is 
given; that is, CF the exceſs of CD above the given magni- 
tude FD has a given ratio to AB. 

Next, let the exceſs of the magnitude AB above the given 
magnitue BE, that is, let AE have a given ratio to the mag- 

| | AJ: 1 nitude 


1 
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nitude CD: CD together ww a given magnitude has are 


-ratio.to KAB. 
Becauſe the ratio of AE to CD is given, as AE to CD, f 
make BE to FD; therefore the ratio of 4 E wen 
BE to FD is given and BE is given, — _} 5 


a 2. dat. wherefore FD is given * : And becauſe 
N as AE to CD, ſo is BE to FD, AB iC D F 10 Bl 
c 12. 35. to CF, as e AE to CD: But the ratio 
of AE to CD is given, therefore the ratio of AB to CF; : 0 C 
given: that is, CF which is equal to CD together with the 5A 


W — DF has a given ratio to AB. BC. 

; N 

see N. FF a magnitude together with hat to which ano. * 
| ther magnitude has a given ratio, be given; the AB 
ſum of this other, and that to which the firſt magni. WF ve 

tude has a given ratio is given. 5 

| AF 


Let AB, co be two magnitudes of which AB cogthe 
with BE to which CD has a given ratio, is given; CD is given 
together with that magnitude to which AB has a given ratio, 
| Becauſe the ratio of CD to BE is given, as BE to CD, 6 
make AE to FD; therefore the ratio of AE to FD is given, 

36 25 dat. and AE is given, wherefore ® FD A B FE 
is given: And becauſe as BE to — — 
vcor 20.5 Ch, fois AE to FD: AB is b to . 
Fee BE to'CD:; 3 1 _C D 
of BE to CD is given, wherefore 
the ratio of AB to FC is given: And FD is given, that is CD 
together with F. 0 to > which AB has a given ratio is given, | 


. PROP: XVI. 
dee N. FF the exceſs of a magnitude above a given magni- 

: 1 -tude, has a given ratio to another magnitude; the 
excels of both together above a given magnitude ſhall 
have to that other a given ratio: And if the excels of 
two magnitudes together above a given magnitude, 
has to one of them a given ratio; either the excels 
of the other above a given magnitude has to that one 
a given ratio; or the other is given together with the 


magnitude to which that one has a given ratio. . 


done of them BC a given ratio; ei- 
ther the exceſs of the other of them 


DID n. 


Let the exceſs of the magnitude AB eve a given magni- 
:ade, have 2 given ratio to the magnitude BC; the exceſs of 


AC, both of them together, above the given magnitude, has a 


given ratio to 


Let AD be the given magnitude, the exceſs of AB 670 


Khich, viz. DB has a given ratio K D 1 
to BC: And becauſe DB has a gi- i 


ren ratio to BC, the ratio of VW S rel 


to CBis given a, and AD is given; therefore DC, the ns a J. dat. 


AC above me siven magnitude AD, has a given ratio to 


BC. 
Next, let the exceſs of two magnitudes AB, BC together, 


above a given magnitude, have to A — B _E 9 


AB above the given magnitude ſhall hve to BC a given ra- 


tio; or AB 1s given, together with the Ts OE to which 


BC has a given ratio. 


| Let AD be the given magnitude, and firſt let it be leſs than 

| AB; and becauſe DC the exceſs of AC above AD has a gi- 

ven ratio to BC, DB has b a given ratio to BC; that is, BB b _ 6. 
| the exceſs of AB above the given magnitude AD, has a given bs 
| ratio to BC. 


But let the given 3 be greater than AB, and make 
AE equal to it; and becauſe EC, the excels of AC above AE 


becauſe AE 1s given, AB together with BE to which BC has 


a pen ratio is given. 


PRO P. XVII 


tude has a given ratio to another magnitude; the 


excels of the ſame firſt magnitude above a given 
| magnitude, ſhall have a given ratio to both the mag- 
| nitudes together. And if the excels of either of two 


magnitudes above a given magnitude has a given ra- 


tio to both magnitudes together; the exceſs of the 
ſame above a given magnitude ſhall have a | given Tf 


tio to the other. 


Let the exceſs of the magnitude AB above a given magni- 
tude have a given ratio to the magnitude BC; the exceſs of 


AB above a given magnitude has a given ratio to AC, 


Let 


has to BC a given ratio, BC 5 ca given ratio to BE; and c 6. dat, 


BO 


Je the exceſs af a magnitude above a given magni- See. 
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a 7. dat. 


with this ratio; therefore the ratio 


b 2. dat. 
© 12. 5. 


Net tet the exceſs of AB above a given magnitude have: 


e of AB-gbowe AE d AC 6 given ratio, as AC to E! 


4 6. dat. 
5 i 19. 5. 


f Cor. 6. 
dat. 


3 


3 4.563 
14. 


a J. dat. | 


And becauſe as DC to DB, ſo is AD to DE, AC is e to Ed, 
as DC to DB; and the ratio of DC to DB is given; when. 
fore the ratio of AC to EB is given: And becauſe the ray 


IF to each of two magnitudes, which have a given 


magnitude ſhall have a given ratio to the other. 


E Ueli. 


Let AD be the given magnitude; and becauſe DR, the ,, 
ceſs of AB above AD, has a given ratio to BC; the ratio g 
DC to DB is given 2: Make the ratio of AD to DE the ſam 


of AD to DE is given; and AD . E D 1 


is given, where fore b DE and the remainder AE are 


given ; 


of EB to AC 1s given, and that AE is given, therefore Iz 
the exceſs of AB above the given magnitude AE, has a gira 
ratio to AC. 3 . We 


given ratio to AB and BC together, that is to AC; the endet 
of AB above a given magnitude has a given ratio to BC. 
Let AE be the given magnitude; and becauſe EB the ex, 


| can 
ſo make AD to DE; therefore the ratio of AD to DE is g. TY 
ven, as alſo d the ratio of AD to AE: And AE is given, bor 


wherefore b AD is given: And becauſe, as the whole AC, U 
the whole EB, fois AD to DE, the remainder DC is e to the 
remainder DB, as AC to EB; and the ratio of AC to EBU 
given; where fore the ratio of DC to DB is given, as allofthe 
ratio of DB to BU: And AD is given; therefore DB, the 
excels of AB above a given magnitude AD, has a given rat 


PROP. XVIII. 


ratio to one another, a given magnitude be added; 
the whole thall either have a given ratio to one an- 
other, or the excels of one of them above a given 


Let the two magnitudes AP, CD have a given ratio to one 
another, and to AB let the given magnitude BE be added, 
and the given wagnitude DF to CD: The wholes AE, Ut 
either have.a given ratio to one another, or the exceſs of one d 
tien ahov- a given magnitude has a given ratio to the other“ 

Becaule BE, DF are each of them given, their ratio 1s en 
5 5 
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Lend if this ratio be the ſame with A BB 
E ral of AB to CD, * ratio A B PE 
e AE to CF, which is the ſame b gy AAS 
with the given ratio of AB to CD, C D F * | 
W ſhall be given. . 5 
But if the ratio of BE to DF be not the ſame with the ra- 
tio of AB to CD, either it is greater than the ratio of AB to 
CD, or, by inverſion, the ratio of DF to BE is greater than 
the ratio of CD to AB: Firſt, let. A B N | 
the ratio of BE to DF be greater — 


** 


* 
1 1 


and as AB to CD, ſo make BG 
to DF; therefore the ratio of BG + bo. 
to DF is given; and DF is given, therefore c BG is given: © 2 dat. 
And becauſe BE has a greater ratio to DF than (AB to CD, 
that is, than) BG to DF, BE is greater 4 than BG: And be. d 10. 8. 
cauſe as AB to CD, ſo is BG to DF; therefore AG is b to CF, 

| AB to CD: But the ratio of AB to CD is given, where- 

| fore the ratio of AG to CF 1s given ; and becauſe BE, BG 

| are each of them given, GE is given: Therefore AG, the 
exceſs of AE above a given magnitude GE, has a given ratio 

to CF. The other caſe is demonſtrated in the ſame manner. 


thin the ratio of AB to CD; c D = | TP 


PROF X08. 15 


F from each of two magnitudes, which have a given 
ratio to one another, a given magnitude be taken, 

the remainders ſhall either have a given ratio to one 
another, or the exceſs of one of them above a given 
magnitude, ſhall have a given ratio to the other. 


Let the magnitudes AB, CD have a given ratio to one ano- 
ther, and from AB let the given magnitude AE be taken, 
and from CD, the given magnitudes CF: The remainder EB, 


one WE ED hall either have a given ratio to one another, or the ex- 
ces of one of them above a gi A FE 
Iven magnitude ſhall have a gi- . E B 
of | : ED, 


ven ratio to the o tber. : 3 
= Becauſe AE, CF are each of . E hn D 
them given, their ratio is gi- 


ven e; and if this ratio be the ſame with the ratio of AB to a 1 dat. 
| ; | 44 ö CD, : 


And EG is given, therefore GB, the exceſs of the ſum EB a 
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CD, the ratio of the remainder EB to the remainder F 5 
19. 5. which is the ſame » with the given ratio of AB to CD, tj der 
"£5. "BY. WIVERs _ 
Bir if the ratio of AB to CD be not the fans With the 
ratio of AE to CF, either it 1s greater than the ratio of Ag 
to CF, or, by inverſion, the ratio CD to AB is greater th F 
the ratio of CF to AE: Firſt, let the ratio of AB te CD K | | 
greater than the ratio of AE to CF, and as AB to CD, g | 
make AG to CF ; therefore the A 6A tue 
ratio of AG to CF is given, and — 3 tog 
c 2 dat. CF is given, wherefore c AG is ob | bas 
| given: And becauſe the ratio of G | 1 1 D | ver 
AB to CD, that is, the ratio ot pas 
AG to CF, is greater than the ratio of AE to CF; AG i 
d 10. 5. greater d than AE: And AG, AE are given, therein the 1 
remainder EG is given; and as AB to CD, fo is AG to Cc, 
and ſo is > the remainder GB to the remamnder FD; and tix 7 
ratio of AB to CD is given: Wherefore the ratio of (3B & ſet 
FD is given; therefore GB, the exceſs of EB above a given 7 
magnitude EG, has a given ratio to FD. In the ſame max Wi 
ner the other caſe 1s — rm 
anc 
17 136. PROP. XX. 51 
F to « one of two magnitudes which have a given % 
ratio to one another, a given magnitude be added, ® 
wot from the other a given magnitude be taken; the MIt 
excels of the ſum above a given magnitude ſhall W ci 
have a given ratio, to the remainder. wo wi 
ve 
"Los the two — AB, CD have a given ratio to on: i 
another, and to AB let the given magnitude EA be added, i 
and from. CD let the given magnitude CF be taken; the e. 
ceſs of the ſum EB above a given magnitode has a pun ratio 
to the remainder FD. 0 | 
Becauſe the ratio of AB to CD 1s given, make as AB to CD, | is 
ſo AG to CF: Therefore the ratio of AG to CF is given, ant Bi C 
2 2 dat, CF is given, wherefore a AG is 
een: Nod! EA 1s given, there- E A G _Þ fi 
fore the whole EG is given: And F_ — 
becauſe as A; to CD, ſo is AG 3 — 
d 19. 5. to CF, and ſo is b the remainder 


ar 


GB to the remainder FD; ; the ratio of GB to FD 1s given 


bort 


D 1 1 A; 


pore the given magnitude EG, has a given ratio to the remain- |! 
der F D. | | | | | 


# 
—— — —fꝶ-àqàͤ— — AAA — 


PR G FP. II. 5 
two magnitudes have a given ratio to one another, See N. 
| it a given magnitude be added to one of them, and 
toe other be taken from a given magnitude; the ſum, 
together with the magnitude to which the remainder 
bas a given ratio, is given: And the remainder is gi- 

ven together with the magnitude to which the ſum 

has a given ratio. 88 — 


Let the two magnitudes AB, CD have a given ratio to one 
another; and to AB let the given magnitude BE be added. and 
jet CD be taken from the given magnitude FD: The ſum AE 
3 given together with the magnitude to which the remainder 
FC has a given ratio. Gs 

Becauſe the ratio of AB to CD is given, make as AB to 
CD ſo GB to FD: Therefore the ratio of GB to FD is given, 


and FD is given, wherefore GB (3 A OY B "2 


5 given*; and BE is given, the 22 dat. 
'... WE whole GE is therefore given: and fa EY „„ 
Pr W becauſe as AB to CD, ſo is GB F ES, C 3 D bs 
mA „„ nn ESD has 
* ratio of GA to FC is given: And AE together with GA is 


given, becauſe GE is given; therefore the ſum AE, together 
Vith GA, to which the remainder FC has a given ratio, is gi- 
ven. The ſecond part is manifeſt from prop. 157. 


FOLIC: 


7 5 two magnitudes have a given ratio to one another, see N. 


c it from one of them a given magnitude be taken, 
n, and aud the other be taken from a given magnitude; each 
39 of the remainders is given together with the magni- 


tude to which the other remainder has a given ratio. 


. 0 the two magnitudes, AB, CD have 8 given ratio to ane 
otner, and from AB let the given magnitude AE be taken, 
1 5 e 
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and let CD be taken from the given magnitude CF: Then 
other remainder DF has a given ratio. 


Cb, fo AG to CF: The ratio of AG to CF is therefore 


a 2. dat. 


: b. 19. 5. 


CD, ſo is AG to CF: And ſo is b 


EK U U 1 1 D. 


mainder EB is given together with the magnitude to Which the 
Becauſe the ratio of AB to CD is given, make as AB 
give 

is given; and AE is given, and x-: 


0 
therefore the remainder EG is > | and 
given: And becauſe as AB to © TIE ) F | GE 


and CFis given, whereforea AG E B 


the remainder BG to the remainder DF; the ratio of BG, WW tho 


12 390 


20. 
21 


2* 
See N. 


be the ſame with the ratio of AE 


a 19. 5. 


DF is given: And EB together with BG is given, becadk 


EG 1s given: Therefore the remainder EB together with BG, 
to which DF the other remainder has a given ratio, is give 
The ſecond part is plain from this and prop. 1 


5 P R O P. XXIII. 
Sea. 5 AG = 14þ 27% | | SHEN, 

J F, from two given magnitudes there be taken magri. 
1 tudes which have a given ratio to one another, th 
remainders thall either have a given ratio to one u. 
other, or the excels of one of them above a give 


magnitude ſhall have a given ratio to the other. 


Let AB, CD be two given magnitudes, and from them le 
the magnitudes AE, CF, which have a given ratio to oneat 
other, be taken; the remainders EB, FD either have a give 
ratio to one another, or the exceſs of one of them above a g. 
ven magnitude has a given ratio to the other. 
Becauſe AB, CD re each of A F. 5 
them given, the ratio of AB to — — 
CD is given: And if chis ratio . 

. 


— 


to CF, then the remainder EB | 
has a the ſame given ratio to the remainder FD. | 
But if the ratio of AB to C be not the ſame with the n. 


tio of AE to CF, it is either greater than it, or, by invers 


bd. 2: dat. 


the ratio of CD to AB is greater than the ratio of CF to AL: 
Firit, let the ratio of A to CD be greater than the ratio 0 
AE to CF; and as AE to CF, fo make AG to CD; ther. 


fore the ratio of AG to CD is given, becuaſe the ratio © 


AE to CF is given; and CD is given, wherefore“ Aol 
| | | give 5 


given 3 and becauſe the ratio of AB to CD is greater than 
the ratio of (AE to CF, that „ 
: than the ratio of) AY to A Go | E 2 G B 
CD; AB is greater © than | 
AG: And AB, AG are gi- C E : D BED 
ven; therefore the remainder „„ 
BG is given: And becauſe as AE to CF, ſo is AG to CD, 
and ſo 1s 2 EG to FD; the ratio of EG to FD is given: And 
GB is given; therefore EG. the excels of EB above a given 
| magnitude GB, has a given ratio to FD. The other caſe is 
| ſhown in the ſame way, . 


PROP. XXIV. | 
F there be three magnitudes, the firſt of which has 
a given ratio to the lecond, and the excels of the 
| ſecond above a given magnitude has a given ratio to 
the third; the exceſs of the firſt above a given mag- 
| nitude ſhall alſo have a given ratio to the third. 


Let AB, CD, E, be the three magnitudes of which AB 
has a given ratio to CD; and the exceſs of CD above a given 
| magnitude has a given ratio to E : The exceſs of AB above 
a given magnitude has a given ratio to Kg 
Let CF be the given magnitude, the exceſs of CD above 
which, v:z. FD has a given ratio to E: And becauſe the ratio 
of AB to CD is given, as AB to CD, ſo make A : 
AG to CF ; therefore the ratio of AG to CF | 
is given; and CF is given, wherefore a AG is ,, 
given: And becauſe as AB to CD, ſo is AG C 
to CF, and ſo is > GB to FD; the ratio of GB M | 
to FD is given. And the ratio of FD to E is [F | 
given, wherefore © the ratio of GB to E is 
given, and AG is given; therefore GB the | | 
excels of AB above a given magnitude AG AY | 
has a given ratio to E. DE 
Cok. 1. And if the firſt has a given- ratio to the ſe- 
cond, and the exceſs of the firſt above a given magnitude 
5 has a given ratio to the third; the exceſs of the ſecond above 
a given magnitude ſhall have a given ratio to the third. For, 
if the ſecond be called the firſt, and the firſt the ſecond, this 
corollary will be the ſame with the propoſition. 


| Con. 
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17. 


ceſs of DE above the given magnitude DG 1 D 
have a given ratio to C; and becauſe FB, GEF 4H. 
have each of them a given ratio to C, they | | 


a 9. dat. 


d. dat. 


 tios to the other two magnitudes ; theſe two ſhall ti. 
ther have a given ratio to one another, or the excel 
of one of them above a given magnitude ſhall have 
a given ratio to the other. | : 


* Xe 


b A 


third, or the exceſs of one of them above a given 
magnitude ſhall have a given ratio to the other. 


| f Let AB, C, DE be three magnitudes, and let the exceſſe 
of each of the two AB, DE above given magnitudes hay 


IF there be three magnitudes, the exceſſes of one 


EUCLID's 
Cox. 2. Alfo, if the firſt has a given ratio to the ſeeoy 
and the exceſs of the third above a given magnitude has a 
a given ratio to the ſecond, the ſame exceſs ſhall have 2 
ven ratio to the firſt ; as is evident from the gth dat. . 


wa PROP. XXV. 

IF there be three magnitudes, the exceſs of the fi 
| whereof above a given magnitude has a given n. 

tio to the ſecond ; and the exceſs of the third abor: 

a given magnitude has a given ratio to the ſame ft. 

cond : The firſt ſhall either have a given ratio to the 


given ratios to C; AB, DE either have a given ratio to one 
another, or the exceſs of one of them above a given magni. 
tude has a given ratio to the other. 3 


Let FB the exceſs of AB above the given magnitude AF 


have a given ratio to C; and let GE the ex- Al 


have a given ratio a to one another. But to FB, | Gf 
GE the given magnitudes AF, DG are add- 
ed; therefore Þ the whole magnitudes AB, $ 
DE have either a given ratio to one another, B E 
or the exceſs of one of them above a given | 
magnitude has a given ratio to the other. 


PROP. XXVI. 


of which above given magnitudes have given r- 


b 35 12 


— 8. 
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Let AB, CD, EF be three magnitudes, and let GD the ex- 
ceſs of one of them CD above the given magnitude CG have 
2 given ratio to AB; and alſo let KD the excels of the ſame 
CD above the given magnitude CK have a givenratioto EF, 
either AB has a given ratio to EF, or the exceſs of one of them 
above a given magnitude has a given ratio to the other. 

Becauſe GD has a given ratio to AB, as GD to AB, fo 
| make CG to HA; therefore the ratio of CG to HA is given; 
| and CG is given, wherefore ® HA is given: And becauſe as a 2. dat. 
b to AB, ſo is CG to HA, and fo is b CD to HB; the ra. b 32. 8. 
tio of CD to HB is given: Alſo becauſe KD has a given ratio 
to EF, as KD to EF, ſo make CK to LE; HI“ 
| therefore the ratio of CK to LE is given; and | 
E CK is given, wherefore LE a is given: And | 5 
| becauſe as KD to EF, ſo is CK to LE, and & L 
| bis CD to LF; the ratio of CD to LF is 3 
| given : But the ratio of CD to HB is given, | & E. 
wherefore e the ratio of HB to LF is given: | ITY 
and from HB, LF the given magnitudes HA, | Y 
LE being taken, the remainders AB, EF ſhall B DF 35 
either have a given ratio to one another or the exceſs of one 
ol them above a given magnitude has a given ratio to the other d. d 19. dat. 


N © 


1 9. dat. 


Another Demonſtration. 


Let AB, C, DE be three magnitudes, and let the exceſſes 
of one of them C above given magnitudes have given ratios 

to AB and DE; either AB, DE have a given ratio to one 
another, or the exceſs of one of them above a given magni- 
tude has a given ratio to the other. „„ 

Becauſe the exceſs of C above a given magnitude has a gi- 
ven ratio to AB; therefore a AB together with a given mag- 3 74: dat. 
nuude has a given ratio to C: Let this given 1 | 
magnitude be AF, wherefore FB has a given 
ratio to C: Alſo becauſe the exceſs of C above AT 
2 given magnitude has a given ratio to DE; | 
therefore a DE together with a given magni- | 
tude has a given ratio to C: Let this given big : 
magnitude be DS, wherefore GE has a given B CE 
ratio to C: And FB has a given ratio to C, therefore b the ratio 
of FB to GE is given: And from FB, GE the given magni- 
tudes AF, DG being taken, the remainders AB, DE either 
have a given ratio to one another, or the exceſs of one of them 
pbove a given magnitude has a given ratio to the other c.” 19. dat 


Bb + "PROP. 


b 9. dat, 
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19. 


TU CLI D®s 


PRO P. XXVII. 


1 *. 882. 


2. da t. 


b 19. 5. 


of HB to FD is given: And the ratio of FD 


| c 9. dat. 


have a given ratio to the third. 


Tf there be three magnitudes: The exceſs of the firſ 
of which above a given magnitude has a given rg, 
tio to the ſecond ; and the excels of the ſecond abo 
a given magnitude has alſo a given ratio to the third 
The exceſs of the firſt above a given magnitude = 


Let AB, CD, E be three magnitudes, the exceſs of the fi 1 
of which AB above the given magnitude AG, viz. GB, haz the 


given ratio to CD; and FD the exceſs of CD above 


AB above a given magnitude has a given ratio to E. 


| Becauſe the ratio of GB to CD is given, as GB to CD, 10 


make GH to CF; therefore the ratio of GH A 
to CF is given; and CF is given, wherefore a 


H is given; and AG is given, wherefore Gf 
the whole AH 1s given : And becauſe as GB C 


H Fr 
* 
| 


to CD, ſo is GH to CF, and ſo is b the re- 
mainder HB to the remainder FD; the ratio 


| | 


the gi 
ven magnitude CF, has a given ratio to E: The cy 1 


to E is given, wherefore © the ratio of HB to 
E is given: And AH is given; therefore HB 


B'D 


the exceſs of AB above a a given e AH has a * 


ratio to E. 


d 24. dat. 


D: Let this given magnitude be EF; therefore | | _ 
Fg the exceſs of EB above EF has a given ra B C D 


1 


ratio to D. Et 


Otberuiſe, 


Let AB, C, D be FOI magnitudes, the exceſs EB of the 
firſt of which AB above the given magnitude AE has a 1 


ratio to C, and the exceſs of C above a given 
magnitude has a given ratio to D: The exceſs A 
of AB above a given magnitude has a given 


Becauſe EB has a given ratio to C, and the 
exceſs of C above a given magnitude has a g1- F. 
ven ratio to D; therefore d the exceſs of F. 
above a given magnitude has a given ratio to 


io to D: And AF is given, Becauſe AE, EF 


N 


5 


D A T A. 


en: Therefore FB the exceſs of AB above a given mag- 


are giv 5 . 202 
fro nitude AF has a given ratio to \ © a | Ys 5 1 
1 Tas PROUP.-AAV Hs. 25, 34 37 
boye „„ . 5 
rd; F two lines given in poſition cut one another, the See N. 
ſhal point or points in which they cut one another are 
given. . 
irt Let two lines AB, CD given in poſition cut one another in 
bas: i the point E; the point E is gi-„ e 
eg. ven. 3 | C 5 
6 of WF Becaaſe the lines AB, CD 
re given in poſition, they have a 4 def. 
„ We always the ſame ſituation a, | 
| and therefore the point, or 
points in which they cut one 
another have always the ſame 
ſituation; And becauſe the 
| MW lines AB, CD can be found à, | 3 
2] | the point, or points, in which C D 
ey cut one another, are like- e 8 
0! WF wile found; and therefore are given in poſition 2. 
ven 5 non a hs i ** ; - 
| TR O 1, AXE . 


1 [* the extremities of a ſtraight line be given in po- 
JW 1 Gtion; the ſtraight line is given in poſition and 

de magnitude. JJVß/ 
Becauſe the extremities of the ſtraight line are given, they 


= this has an invariable poſition, be- 
cauſe between two given points there TOR 
can be drawn but one ſtraight line: And when the ſtraight line 
| AB is drawn, its magnitude is at the ſame time exhibited, or 
Siren: Therefore the ſtraight line AB is given in poſition and 
magnitude, A RD at: pe e 1 


0 


B b 2 1 PROP 


; enn be found à: Let theſe be the points A, B, between which 2 4 def. 


a ſtraight line AB can be drawn b; 5 B d 2 Poſtu- 
e ee | ate. 
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0%; 


| a 1. def. | 


greater ſtraight line AC cut of AB | 7 1 
equal to the leſſer D: Therefore the 4. B CC ven 
_ other extremity B of the ſtraight line, FFT 


ways the ſame ſituation; becauſe any e 


b 4. def. 


26. 


ſtraight line is given in poſitipn. 


a 31. 3 


* a ſtraight line be drawn through a given point 


EUCLID: 


PROP. XXX. 


F one of the extremities of a ſtraight line given in 
poſition and magnitude be given; the other er. 
tremity ſhall alſo be given. 


Let the point A be given, to wit, one of the extremities g poir 
a ſtraight line given 1n magnitude, and which lies in the ſtraigh, 10 
line AC given in poſition ; the other extremity is alſo ba I 
Becauſe the ſtraight line 1s given in magnitude, one eq! A, 
to it can be found 2; let this be the ſtraight line D: From te equ 


AB is found: And the point B. has al- D 


other point in AC, upon the ſame fide of A, cuts off between i 1 
it and the point A. a greater or leſs ſtraight line than AB, thy 


is, than D; Therefore the point B is given b: And it is plii | to 
another ſuch point can be found in AC produced upon t thi 
other fide of the point A. E. 

PROP. XXXI. 0 


parallel to a ſtraight line given in poſition; thi 


Let A be a given point, and BC a ſtraight line given 1 
poſition , the ſtraight line drawn through A parallel to BC 


given in poſition. 


Through A draw a the ſtraight line yy 3 1 
DAE arallel to BC; the ſtraight 2 1 A. : EF ; 
line DAE has always the ſame poſi- , 1 
tion, becauſe no other ſtraight line B 5 1 FF: 
can be drawn through A parallel to s | 


b 4. def. 


BC : Therefore the ſtraight line DAE which has been found 
is given b in poſition, Ny od ag 


PROP 


1 _— wn a — 


DAT: 4 


PROP. XXXII 


Fa ſtraight line be drawn to a given point in a 
| | fraight line given in poſition, and makes a given 
angle with it; that ſtraight line is given in poſition, 


| Let AB be a ftraight line given in poſition, and C a given 

| point in it, the ſtraight line drann 1 
to C, which makes a given angle G. | \ " 
with CB, is given in poſition. 7 = 
S Becauſe the angle is given, one . 

equal to it can be found a; let 

this be the angle at D, at the gi-kk; . IP 

ven point C, in the given ſtraight =: C 

E line AB, make b the angle ECB 

equal to the angle at D: There- 

fore the ſtraight line EC has al- 

ways the ſame ſituation, becauſe 


4 any other ſtraight line FC, drawn 


to the point C, makes with CB a greater or leſs angle than 
the angle ECB, or the angle at D: Therefore the ſtraight line 
EC, which has been found, is given in poſition 
It is to be obſerved, that there are two ſtraight lines EC, 
& GC upon one fide of AB that make equal angles with it, and 

0 ra make equal angles with it when produced to the other 


PROB. XXXIIL 


+ J a ſtraight line be drawn from a given point to a 
I ttreight line given in poſition, and makes a given 
angle with it, that ſtraight line is given in poſition. 


5 From che given point A, let the ſtraight line AD be drawn 
& 59 the ſtraight line BC given in poſition, and make with it a 
& 8ven angle ADC: AD is given in po. E. A . F 


Thro' the point A, draw a the ſtraight oe” * = 


1 105 god parallel to BC; and becauſe pony 
chro' the given point A, the ſtraight — — 
line EAF is drawn parallel to Bc, B ne * 
$ Yhich is given in poſition, EAF is therefore given in poſisionb: 
And becauſe the ſtraight line AD meets the parallels BC, 

; e EF, 


a 1. def. 


b 33. dat. 


© 6, def. 
d 28. dat. 


e 29. dat. 


is given, wherefore alſo the angle EAD 1s given : Therefore, 


in magnitude; the ſame is alſo given in poſition, 


point A to BC is given in poſition. 


point A draw AE perpendicular to BC: A 
and becauſe AE is the ſhorteſt of all the | 


which one equal 1s to be drawn from the B 1 E * 
point A to BC, cannot be leſs than AE. D— 


from the given point A to BC, which is given in poſition, 
hut if the ſtraight line D be not equal to AE, it muſt be 
from the centre A, at the diſtance AF, deſcribe the circle 


ven in poſition e, and the ſtraight line BC is alſo given in po. 
ſition; therefore their interſection 4 1 


from the given point A to the ſtraight line BC given in pol 


ven in poſition : Therefore in this caſe there are two ftraigit 


E UCLID's 


EF, the angle EAD is equal c to the angle ADC; and ADC 


becauſe the ſtraight line DA is drawn to the given point 4 
in the ſtraight line EF given in poſition, and makes with it: 
given angle EAD, AD is given d in poſition. 


PROP. XXXIV. 


F from a given point to a ſtraight line given in py. 
| ſition ; a ſtraight line be drawn which is given 


Let A be a given point, and BC a ſtraight line given in pu. 
fition, a ſtraight line given in magnitude drawn from the 


_ Becauſe the ſtraight line is given in magnitude, one equal to 
it can be found a; let this be the ſtraight line D: From the 


ſtraight lines which can be drawn from the 
point A to BC, the ſtraight line D, to 


If therefore D be equal to AE, AE is the ſtraight line given 
in magnitude drawn from the given point A to BC: And it 
is evident that AE is given in poſition b, becauſe it is drann 
and makes with BC the given angle AEC. 

greater than it: Produce AE, and make AF equal to D; and 


GFH, and join AG, AH : Becauſe the circle GFH is gi. 


G 15 given d; and the point A is 
given; wherefore AG is given in 
poſition e, that is, the fright? B & | E 
line AG given in magnitude, N 
(for it is equal to D) and drawn 9 


— 


1. 0 


tion, is alſo given in poſition : And in like manner AH is g. 


Ines 


D AT A. 


| tines AG, AH of the ſame given magnitude which can be drawn 
from a given point A to a ſtraight line BC given in poſition, 


PROP. XXXV. . 32 


Ir a ſtraight line be drawn between two parallel 

|. ſtraight lines given in poſition, and makes given 
| angles with them, the ſtraight line 1s given in mag- 
nitude. 


Let the Qraight line EF bo drawn between the n AB, 
Cb, which are given in poſition, and make the given angles | 
| BEF, EFD: EF is given in magnitude. 
In CD take the given point G, and through G draw a GH a 31. 1. 
parallel to EF: And becauſe CD meets the parallels GH, EF, 


| the angle EFD is equal to the angle b 29. 4 
HGD: And EFD is a given angle; — EH — 


| wherefore the angle HG is given; * + 


| and becauſe HG 1s drawn to the given 
| point G, in the ſtraight line CD, given 
in poſition, and makes a given angle 7 F cc "D 
| HGD: the ſtraight line HG is given 
in poſition e: And AB is given in poſition : Pe a the c 32. dat. 
point His given d; ; and the paint G 1s alſo given, wherefore d 28. dat. 
# GHis given in magnitude e: And EF is — to it, there e 29. dat. 
& fore EF is siven in magnitude; 


PROP. XXXVI. = 


TF a ſtraight line given in magnitude be drawn be- Ses N. 
tween two parallel ſtraight lines given in poſition, 
it ſhall make given angles with the parallels. 


Let the ſtraight line EF given in magnitude be drawn be- 
tween the parallel ſtraight lines AK. 
CD, which are given in poſition ; the — E H B 


* AEF, EF C fnall be given. | = E 


ecauſe EF i is given in magnitude, a 
_ E equal to it can be found a: 
et this be G: In AB take a given point 
H, and from it draw b HK perpendicu- 1 bd D, b. 12.1. 
lar to CD: Therefore the ſtraight line G, 

— —— - 4 5 that 
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6. def. 


d 28. dat. 


e 29. dat. 


f A. def. 


HK, EF alſo is equal to it; wherefore EF is at right anglez 


quently a given angle. 


polition, in the given angle ADC: 


* U n 1 
that is, EF cannot be leſs than HK: And if G be equal to 


to CD, for if it be not, EF would be greater than HK, which * 
15 abſurd. Therefore the angle EFD is a a right, and conſe. 


But if the ſtraight line G be not equal to HK, it mt be 


2 than it: Produce HK, and take HL, equal to G and FA 


rom the centre H, at the diſtance HL, deſcribe the cir. BC 
MLN, and join HM, HN: And beeuula the circle © MLY, 
and the ſtraight line CD, are” given in —_ the Points N. 
N are d given: And 4 1 1 


point H is given, wherefore A 


5 ie 
the ſtraight lines HM, HN, | [ 
are given 1n poſition © : And \ = 
CD is given in poſition ; * nat 


therefore the angles H MN, C * 55 L. N D | th 


HNM, are given in poſi- 

tion f: Of the ſtraight lines ' TIE 

HM, HN, let HN be that which is not parallel to EF, fo 
EF cannot be parallel to both of them; and draw EO ps. 
rallel to HN: EO therefore is equals to HN, that is. to a 
and EF is equal to G; wherefore EO is equal to EF, and 
the angle EFO to the angle ECF, that is h, to the given an. 
gle HNM, and becauſe the angle HNM, which is equal to 
the angle EFO, or EFD, has been found ; ; therefore the an. 
gle EFD, that is the angle AEF, is given in magnitude! 
and e the angle EF C. 


PROP. XXXVIIL 


Fa ſtraight line given in magnitude be draws 
from a point to a ſtraight line given in poſition, 

in a given angle; the ſtraight line drawn through 
that point parallel to the ſtraight line given in a 
tion, is given in poſition. | 


Let the ſtraight line AD given in magnitude be drawn fron 
the point A to the ſtraight line BC pens in E X 7 


itraight line EAF drawn through A 3 p 1 1 


to BU is given in poſition, 
In BC take a given point G, and draw GH G c 
parallel to AD: And becauſe HG is drawn B D 


to a Sir en point G1 in the ſtraight line BC gl- 
3 


ven 


| 


D A r As 


in poſition, in a given angle HGC, for it is equal a to the 
ban angle ADC; H 


G is given in poſition b: but it is given 
allo in magnitude, becauſe it is equal to © AD which is given 


| in magnitude; therefore becauſe G one of the extremities of 


the ſtraignt line GH given in poſition and magnitude is gi- 
ven, the other extremity H is given d; and the ſtraight line 


| FAF, which is drawn through the given point H parallel to 


| BC given in poſition, is therefore given e in poſition. 


PROP. XXXVII. 


F a ſtraight line be drawn from a given point to 
two parallel ſtraight lines given in poſition, the 


E ratio of the ſegments between the Siren paint and 
the parallels ſhall be given. e 
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a 29. 1 
b 32. dat. 
e 34. I. 


e 31. dat. 


34. 


Let the ſtraight line EFG be drawn from the given point : 


| E to the parallels AB, CD, the ratio of EF to EG is given, 


From the point E draw EHK perpendicular to CD; and 


| becauſe from a given point E the ſtraight line EK is drawn to 
| CD which is given in poſition, in a given angle EKC; EK is 


Ne | A FH KN 


/ . 


1 KG D 
h 1 5 


E given in poſition a; and AB, CD are given in poſition; there- 


lore the points H, K are given: And the point E is given; 
wherefore e EH, EK are given in magnitude, and the ratio d of 


them is therefore given. But as EH to EK, ſo is EF to EG, 
$ becauſe AB, CD are parallels; therefore the ratio of EF to 


EG is given. 


85 PROP. XXXIX. EY 
[* the ratio of the ſegments of a ſtraight line be- 
I tweena given point in it and two parallel ſtraight 


unnes, be given, if one of the parallels be given in 


polition, the other is alſo given in poſition. 
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From the given point A, let the ſtraight line AED her; 
to the two parallel ſtraight lines FG, BC, and let the ni 
the ſegments AE, AD be given; if one of the parallels N 
be given in poſition, the other FG is alſo given in poſition 

From the point A, draw AH perpendicular to BC, and k 
it meet FG in K; and becauſe AH is drawn from the Piven 


a 33. dat. given angle AHD; AH is given ain - 
poſition; and BC is likewiſe given in 1 
poſition, therefore the point H is gi- B D 


d 22. dat. ven b: The point A is alſo given; . 
vwherefore AH is given in magni- . 1 
_ 29. dat. tude ©, and, becauſe FG, BC are pa- FS 
allels, as AE to AD, ſo is AK to mln mn bon 
AH; and the ratio of AE to Ab F E K 0 
,t given, wherefore the ratio of AK to AH is given; but AH 
d 2. dat. is given in magnitude, therefore d AK is given in magnitude; 
„ and it is alſo given in poſition, and the point A is given; 
e 30. dat. wherefore © the point K is given. And becauſe the my 
line FG is drawn through the given point K parallel to BC 
f 3r. dat. which is given in poſition, therefore f FG is given in poſition, 


— 
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3. 38. PROP. XL. 3 
see N. IF the ratio of the ſegments of a ſtraight line in 
1 to which it is cut by three parallel ſtraight lines, 
be given; if two of the parallels are given in pol: 
tion, the third is alſo given in poſition. 


—— — => 


— . 
—— — —— — — 
— . . I Cn I" 
ä 22 . 


> * —— b - — 
* - — —— 
— a 


Let AB, CD, HK be three parallel ſtraight lines, of which 
AB, CD are given in poſition ; and let the ratio of the ſe: 
| CC TOE | | | ments 


Vents GE, GF into which the ſtraight line GEF is cut by the 

ure parallels, be given; the third parallel HK is given in 

| ion. 3 | 

1 take a given point L, and draw LM perpendicular 

% CD, meeting HK in N; becauſe LM is drawn from the gi- 

ven point L to CD which is given in poſition and makes a gi- 

en angle LMD; LM is given in poſition 2; and CD is given a 33. dat. 
in poſition, wherefore the point N is given b; and the point L b 28. dat. 
3 given, LM is therefore given in magnitude e; and becauſe e. 29. dat. 


the ratio of GE to CF is given, and as GE to GF, ſo is NL to 
| jd GN KA E _L_B 
A. AE. L B H. N 2 


# CF DC F D 
| NM; the ratio of NL to NM is given; and therefore d the (cor. 
ratio of ML to LN is given; but LM is given in magnitude a, d 8 or 
| wherefore e LN is given in magnitude: and it is alſo given in C7 dat. 
poſition, and the point L s given, wherefore f the point N is f = 
given; and becauſe the ſtraight line HK is drawn through the © 
& given point N parallel to CD which is given in poſition, there- 
fore HK is given in poſition g. i 7 ao 


PROP. XII. . 


1 which are given in poſition, the ſegments into 
which they cut it have a given ratio. 


71 Let the parallel ſtraight lines AB, CD, EF given in poſi- 
8 tion, be cut by the ſtraight line GHK ; the ratio of GH to HK 
: | 18 given. | | | | | 


In AB take a given point L, and 


A 395 


31. dat. 


Fa ſtraight line meets three parallel ſtraight lines see N. 


1 draw LM perpendicular to CD, meet- 
ing EF in N; therefore a LM is given 
in poſition; and CD, EF are given 


Nate given: And the point Lis given; 
therefore the ſtraight lines LM, MN 
are given in magnitude; and the ratio 


in poſition, wherefore the points M, 


0 


RAI. B 


| a 33. dat. 


Ml. » 


= K — Þ b 29. dat. 


f 


395 


e 1. dat. 


See N. 


to each, to the given ſtraight lines AB, BC, CA, which cu 
third; ant let DE be e- 


and the baſe EF equal to 8 C E F 


b 8. 1. 
e 1. def. 


dei dat. 
e 3. def. 


4D» 


a 23. 1, 


GH to HK; where fore the ratio of GH to HK is gi 


DF are equal to the two 


EDF, is equl b to the angle BAC; therefore, becauſe the u. 
_ gle EDF, which is oqual to the angle BAC, has been found, 
the angle BAC is given e, in like manner the angles at B, ( 


their ratios to one another are given d, therefore the triangle 


poſition and magnitude, and at the 
points D, E make a the angle EDF 
equal to che angle BAC, and the 5 
angle DEF equal to ABC; there. 
fore the other angles EFD, BCA R C E F 


E UU LI 


of LM to MN is therefore given e: But as LM to MN, ſo i 


ven, 


PROP. XIII. ED 


F each of the ſides of a triangle be given in magyj. 
tude, the triangle is given in ſpecies. 


Let each of the ſides of the triangle ABC be giv en in n mp. 
nitude, the triangle ABC is given in ſpecies. 
Make a triangle = DEF the ſides of which are equal, each 


be done ; becauſe any two of them muſt be greater than the 


qual to AB, EF to BC, ” D 
and FD to CA; and * | 
cauſe the two iden ED, 


BA, AC, each to each, 


the baſe BC; the angle 


are given. And becauſe the ſides AB, BC, CA are given, 


ABC: is "Bren e in ſpecies. 


P R O p. XIII. 


F each of the angles of a triangle be given in mag- 
nitude, the nen IS glven in ſpecies. 


Ta each of the angles of the 5065 ABC be given in 
magnitude, the triangle ABC is given in ſpecies. 
Take a ſtraight line DE given in A 


0 


are equal, and each of the ales wa at the points A, B, C, is f. 
ven, 


lo i 


10 


2 . | 


— 


+4 ven, 


| ther; the triangle is given in ſpecies. 


| let the ſides BA, AC about it have a given ratio to one another; 
we triangle ABC is given in ſpecies. 


ud at the point D in the given ſtraight line DE, make the 
= angle EDF equal to the given angle BAC; wherefore the 
angle EDF is given; and becauſe the ſtraight line FD is drawn 
O the given point D in ED which is given in poſition, making 
the given angle EDF; therefore „ 


becauſe the ratio of BA to AC is 
= :ziven, make the ratio of ED to 
Dp the ſame with it, and join EF; £m 
= and becauſe the ratio of ED to DF R . C 
= © given, and ED is given, therefore b DF is given in mag - b 2. dat. 
= tude: and it is given alſo in poſition, and the point D is 

= given, wherefore the point F is given e: and the points D, e 30. dat. 


D A T A — 


wherefore each of thoſe at the points D, E, F is given: 
And becauſe the ſtraight line FD is drawn to the given point 


BY which is given in poſition, making the given angle 

f I agrlirrm DF 15 xn in poſition b. "Tn like manner b 32. dat. 

| FF alſo is given in poſition ; wherefore the point F is given: | 
And the points D, E are given; therefore each of the itraight 

nes DE, EF, FD is given ein magnitude j wherefore the c 29. dat. 
: triangle DEF is given in ſpecies d: and it is ſimilar e to the d 42 dat. 


; W 6 ww 
V 


F one of the angles of a triangle be given, and if 
the ſides about it have a given ratio to one ano- 


Let the triangle ABC have one of its angles BAC given, and 


Take a ftraight line DE given in poſition and magnitude, 


FD is given in poſition * And 


— 


— — ———— 


E are given, wherefore DE, EF, FD are given in magni- d 29. dat. 


= tude: and the triangle DEF is therefore given © in ſpecies ; e 42. dat. 


and becauſe the triangles ABC, DEF have one angle BAC 
equal to one angle EDF, and the ſides about theſe angles pro- 


1 portionals; the triangles are f ſimilar; but the triangle DEF f6. . 


is given in. ſpecies, and therefore alſo the triangle ABC. 


PROP. 


398 


42. 


22. dat. 


E UC LI D's 


PROP. XIV. 
IF the ſides of a triangle have to one another given 


ratios; the triangle is given in ſpecies. 


Let the ſides of the trian gle ABC have given ratios to oh 
another, the triangle ABC is given in ſpecies 5 


Lake a ſtraight line D given in magnitude; and becauſ 
ratio of AB to BC is given, make the ratio of D 10 E - 


ſame with it; and D is given, therefore à E is given. And be. 


| cauſe the ratio of BC to CA is given, to this make the rats 


b 22. 5. 
© 20. I. 


d A. 5. 


Ee 22, 1. 


1 42. dat. 


E 5. 6. 


CA, ſo are D and E to F, and 


of E to F the ſame; and E is given, and therefore 2 F. Ay 


becauſe as AB to BC, fois D to E; by compoſition AB ui 
BC together are to BC, as D 95 

and E to E; but as BC to CA, 
ſo is E to F; therefore, ex æ- 
quali b, as AB and BC are to 


AB and BC are greater e than C 
CA; therefore D and E are e D E F 


greater d than F. In the ſame _ * 
manner any two of the three D, : 2 | 
E, F are greater than the third. H — K 


Make e the triangle GHK whoſee „ 

ſides are equal to D, E, F, ſo that GH be equal to D, HK U 
E, and KG to F; and becauſe D, E, F, are, each of them, M 
given, therefore GH, HK, KG are each of them given in ma- 


nitude; therefore the triangle GH K is given f in ſpecies: u 
as AB to BC, fois (D to E, that is) GH to HK; and as N 


to CA, ſo is (E to F, that is) HK to KG; therefore, ex «qual, 
as A; to AC, ſo is GH to GK. Wherefore s the triangle A 
is equiangular and ſimilar to the triangle GHK ; and the tr- W 
angle GHK is given in ſpecies; therefore alſo the triangle ABL WM 
is given in ſpecies. „%%% Vb 

Cor. If a triangle is required to be made, the ſides d 
which ſhall have the ſame ratios which three given ſtrait 
lines D, E, F have to one another; it it neceſſary that eve! 
two of them be greater than the third, 


PROY 


D A T4: 399 


"PROP . e 
Hr the ſides of a right angled triangle about one of 


he acute angles have a given ratio to one ano- 
Sher; the triangle is given in ſpecies. 


let the ſides AB, BC about the acute angle ABC of the tri · 


0 obe 

angle ABC, which has a right angle at A, have a given ratio 

ſe the to one another; the triangle ABC is given an ſpecies. 

E the Take a ſtraight line DE given in poſition and magnitude; 

de. ¶ and becauſe the ratio of AB to BC is given, make as AB to 

ram BC, ſo DE to EF; and becauſe DE has a given ratio to EF, 
Ani and DE is given, therefore ® EF is given; and becauſe as AR 2. dat. 


Sto BC, ſo is DE to EF; and AB is leſs Þ than BC, therefore b 29. 1. 
[DE isleſs e than EF. From the point D draw DG at right angles © A. 5. 
Ito DE, and from the centre ett: e 8 
E at the diſtance EF, deſ- A. 
cribe a circle which ſhall - 

meet DG in two points; let p< C 
be either of them, and — 
join EG; therefore the cir- E 
cumference of the circle is „„ EE one 
given d in poſition ; and the ſtraight line DG is given e in po- 4 6. def. 
£4 lition, becauſe it is drawn to the given point D in DE given . 
In poſition, in a given angle; therefore f the point G is given; f. dat. 
ind the points D, E are given, wherefore DE, EG, GD are 
wen s in magnitude, and the triangle DEG in ſpecies b. 8 29. dat. 
And becauſe the triangles ABC, DEG have the angle 1 
cal to the angle EDG, and the ſides about the angles ABC, 
= DEG proportionals, and each of the other angles BCA, EGD ; 
es than a right angle; the triangle ABC is equiangular i and i) © 
7: ſimilar to the triangle DEG : But DEG is given in ſpecies ; 
WJ therefore the triangle ABC is given in ſpecies: And in the 


1 : 

\ me manner, the triangle made by drawing a ſtraight line 
«i om E to the other point in avhich the circle meets DG is 
my given in ſpecies, | OE. . | 


1 . < : PROP. 


400 E UCL ID's 


FOES por uin 


see N. TF a triangle has one of its angles which ! is not 4 
[ right angle given, and if the fides about anothe 
angle have a given ratio to one another ; 5 the trian rtangl 
is given in ſpecies. 


Let the triangle ABC have one of its angles ABC a g let 
but not a right angle, and let the ſides BA, AC about anothe Wi 87 
angle BAC have a given ratio to one wana, the tring, Wi ca 


£ ABC is given in ſpecies. An 
7 Firſt, Let the given ratio be the ratio of He 
+ ._.equality, that is, let the ſides BA, AC, and A | A 
conſequently the angles ABC, ACB, be e- Rove 
qual; and becauſe the angle ABC i 15 given, : 

a 32. 1. the angle ACB, and alſo the remaining 2 an- $i 
3 gle BAC is given; therefore the triangle | 5 

b. 43. dat. ABC is given b in ſpecies ; ; and it is evident _—_ 
that in this caſe the given angle ABC muſt be acute. 1 D 

Next, Let the given ratio be the ratio of a leſs to a great 

that is, let the fide AB adjacent to the given angle be | Wi 1 

than the ſide AC: Take a ſtraighit line DE given in pofiion "1 5 
magnitude, and make the angle DEF equal to the ga n. 
i c. 32. da angle ABC; therefore EF is given © in Poſition ; ; and been 
N the ratio of BA to AC is given, 1 
b aàs BA to AC, ſo make ED to A. 10 
j | DG; and becauſe the ratio of e fo 
14 ED to DG is given, and ED is ods | x 
1 given, the ſtraight line DG is B=— —{ =. 
[4 « 2. dat. given d, and BA is leſs than EE 2 
lj ij e A. 5. AC, therefore ED is leſs e than 9 5 
| DG. From the centre D, at N F9 
q the diſtance DG deſcribe the £ = ty 
. circle GF meeting EF in F, * 
i and join DF; and becauſe tis oy 
fo. def, circle is given f in poſition, 5 

as alſo the ſtraight linè EF, the . ul 

5 58. dat. point F is given g; and the F 

points D, E are given; where- 2 

h 20 dat. fore the ſtraight lines DE, EF. FD are civenbis 


1.42. dat. nitude, and the triangle DEF in ſpecies i. And be. 
k 18.1. cauſe BA is leſs than AC, the angle ACB is leſs 
. 1, than the angle ABC, and therefore ACB is les . 


1 
8 y = — — . — . * = : — — — +> 2 — 
* * — — >. —_ — — = 
ot : - — S_. — — — — «tsñ̃ꝛð˙ . — — = 
* 3 ——k 2 — —— = 3 — 
1 — — 2 * « 8 . 


Other 


give 


0 


caſe, take a ſtraight line DE given in 


| angle DEF equal to the given angle 
| ABC; therefore EF is given e in poſi- 


| EF; therefore if the ratio of BA to 
| AC be the ſame with the ratio of ED 
| tothe perpendicular DG, the triangles 


o ED to DI; therefore the ratio of 


to AM, that is, than the ratio of) ED 
| DG; and conſequently, DH is great- 
| er? than DG; and becauſe BA is great- B 


F rom the center D. at the diſtance DH, 
deſeribe the circle KH F which neceſſa- 


„„ 40 


z right angle. In the ſame manner, - becauſe ED is lefs than 


DG or DF, the angle DFE is leſs than a right angle: And 
decauſe the triangles ABC, DEF have the angle ABC equal 
to the angle DEF, and the fides about the angles BAC, EDF 
proportionals, and each of rhe other angles ACB, DFE lefs 


| than a right angle; the triangles ABC, DEF are ® fimilar, m. 7.6. 


and DEF is given in ſpecies, wherefore the triangle ABC is 
alſo given in ſpecies. ) 4 
Thirdly, Let the given ratio be the ratio of a greater to a 
les, that is, let the fide AB adjacent to the given angle be 
greater than AC; and as in the laſt e A Funk 


poſition and magnitude, and make the 


tion : Alſo draw DG perpendicular to — 


ABC, DEG are ſimilar m, becauſe the 
angles ABC, DEG are equal, and 


| DGE is a right angle: Therefore the E 6 F 
| angle ACB is a right angle, and the triangle ABC is given 


in b ſpecies, 


But if, in this laſt caſe, the given ratio of BA to AC be 


not the ſame with the ratio of ED to DG, th. is, wi h he 
W ratio of BA to the perpendicular AM drawn f om A to C; 


the ratio of BA to AC muſt be leſs than he rat o of BA o 8. 5. 
to AM, becauſe AC is greater than AM. Make as BA to AG 


ED to DH is leſs than the ratio of (BX 


er than AC, ED is greater e than DH. 


ily meets the ſtraight line EF in two _ 
points. becauſe DH is greater than DG, . TY 
and leſs than DE. Let the circle meet E K If F 


EF in the points F, K which are given, 0 N 
* Was 11 the preceding caſe; and, DF, DK being join- 


ed, the triang es DEF, DEK Wy given in ſpecies, as was there 


c hen. 


0 - 
„% 
ot — I eee ¼—ͤg 


e 32. dat. 


b 43. dat. 


40² 


E. v C L I Des 


even. From the centre, A at the Glas: AC, deſcribe. ach. 
cle meeting BC again in L: And if the angle Ach be je; 


than a right angle, ALB muſt be greater than a right angle: 
And on the contrary. In the ſame manner, if the angle PFE 


m 7. 6. 


"6 


ABC, DEF are equal, and the ſides R< 


de leſs than a right angle, DEE mult be greater than one; 


and on the contrary. Let each of the 


angles ACB, DFE be either leſs or A 


eater than a right angle; and becauſe 
in the triangles ABC, DEF the angles 


BA, AC, and ED, DF, about two of 
the other angles proportionals, the tri- 
angle ABC is ſimilar m to the triangle 
DEF. In the ſame manner, the tri- 
angle ABL is ſimilar to DEK. And A 
rs. triangles, DEF, DEK are given E Kr 
in ſpecies ; therefore alſo the triangles 

ABC, ABL are given in ſpecies, And from this it is eri. 
dent, that, in this third caſe, there are always two triangle 
of a different ſpecies, to which the things mentioned as givey 
in the Propoſition can . 


P R oO P. XLVIII. 


TF a triangle has one anal given, and if both the 
ſides together about that angle have a given ratio 


to the remaining fide; the triangle is given in ſpecies, 


Let the triangle ABC have the angle BAC given, and le: 


the ſides BA, AC together about that angle have a given 


4 47. dat. 


e 43. dat. 


ven, wherefore the ratio of AB to BD 


ratio to BC ; the triangle ABC is given in ſpecies. 
HBiſect a the angle BAC by the ſtraight line AD; therefore 
the angle BAD 1s given. And becauſe as BA to AC, ſo1s® 
BDtaDC, by permutation, as AB to BD, 5 


ſo is AC to CD; and as BA and AC to- © A 


gether to BC. ſo is e AB to BD. But the 
ratio of BA and AC together to BC is gi- 


is given, and the angle BAD is given B N D 0 

therefore d the triangle ABD is given in 

ſpecies, and the angle ABD is therefore given; the angle BAC 

is alſo given, wherefore the triangle ABC is given in ſpecies ©: 
A triangle which ſhall have the things that are mentioned 


in the F to be given, can be found in the following 


mannes 


right angles; there 


manner. Let EFG be the given angle, and let the ratio of H 


to K be the given ratio which the two ſides about the angle ” 


caule two ſides of a triangle are greater than the third fide, 
the ratio of H to K muſt be the ratio of a greater, to a leſs. 
Biſect a the angle EFG by the ſtraight line FL, and by the 
4th propoſition find a triangle of which EFL is one of the 
angles, and in which the ratio of the ſides about the angle op- 
polite to FL 15 the ſame with the ratio.of H to K : To do which, 


EFG mult have to the third fide of the triangle; therefore be- 


a 9, oy 


take FE given in poſition and magnitude, and draw EL per- 
pendicular to FL: Then if the ratio of H to K be the ſame 


with the ratio of FE to EL, produce EL, and let it meet FG 
has the given angle EFG; and Pr 
becauſe this angle is biſected by F H b 

FL, the ſides EF, FP together KK 


are to EP, as b FE to EL, that 1 8 3 
. WE 
But if the ratio of H to K | 2 = 


be not the ſame with the ratio E | 
of FE to EL, it muſt be less N 


- 


—_—S_u 


** 


than it, as was ſhown in prop. 47. and in this caſe there are two 
triangles, each of which has the given angle EFL, and the ra- 
tio of the ſides about the angle oppoſite to FL the ſame with 
the ratio of H to-K. By prop. 47. find theſe triangles EFM, 

_EFN each of which has the angle EFL for one of its angles, 


and the ratio of the fide FE to EM or EN the ſame with the 


in P; the triangle FEP is that which was to be found: for it 


b 3. 6. 


ratio of H to K; and let the angle EMF be greater, and ENE 
leſs than a right angle. And becauſe H is greater than K, EF 


is greater than EN, and therefore the angle EFN, that is, the 
angle NFG, is leſs f than the angle ENF. To each of theſe 


add the angles NEF, EFN ; therefore the angles NEF, EFG 
are leſs than the angles NEF, EFN, FNE, that 1s, than two 

fore the ſtraight lines EN, FG muſt meet 
together when produced; let them meet in O, and produce 


EM to G. Each of the triangles, EFG, EFO has the things 


mentioned to be given in the propoſition: For each of them 
has the given angle EFG; and becauſe this angle is biſected 


by the ſtraight line FMN, the ſides EF, FG together have to 


EG the third fide the ratio of FE to EM, that is, of H to K. 


In like manner, the ſides EF, FO together have to EO the 


ratio which H has to K. 


Cc2 PROP. 


fis.1, 


——— . —————9— GRE AD 


— 
— ß II—— —— < - 
— ——— —— 


46. s | 
IF a triangle has one angle given, and if the ſides 3. 


EUCLID's 


PROP. XLIX. 


bout another angle, both together have a given ra. 
tio to the third fide; the triangle is given in ſpecies, 


Let the triangle ABC have one angle ABC given, and let 
the two ſides BA, AC about another angle BAC have a gi- 
ven ratio to BC; the triangle ABC is given in ſpecies. 


Suppoſe the angle BAC to be biſected by the ſtraight line | 


AD; BA and AC together are to BC, as AB to BD, as wa; 
ſhown in the preceding propoſition. But the ratio of BA and 
AC together to BC is given; therefore alſo the ratio of AB to 


a 44. dat. BD is given. And the angle ABD is given, wherefore a the 
triangle ABD is given in ſpecies ; and conſequently the angle 


BAD; and its double the angle BAC | 
are given; and the angle ABC is gi- A 


ven. Therefore the triangle ABC 5 
b 43. dat. is given in ſpecies dd. DD 
| A triangle which ſhall have the Fe 


things mentioned in the propoſition DB 
to be given, may be thus found. Let 
EFG be the given angle, and the ra- 
tio of H to K the given ratio; and 


by prop. 44. find the triangle EFL, KR 5 


which has the angle EFG for one of 


its angles, and the ratio of the ſides F 1 8 'L, -6 


EF, FL about this angle the ſame © 
with the ratio of H toK ; and make the angle LEM equal to 
the angle FEL. And becauſe the ratio of H to K is the ratio 


which two ſides of a triangle have to the third, H muſt be 
greater than K; and becauſe EF is to FL, as H to K; there- 
fore EF is greater than FL, and the angle F EL, that is, LEM, 
is therefore leſs than the angle ELF. Wherefore the angles 
LFE, FEM are leſs than two right angles, as was ſhown in 
the foregoing propoſition, and the ſtraight lines FL, EM 
muſt meet if produced; let them meet in G, EFG is the tri- 
angle which was to be found; for EFG is one of its angles, 
and becauſe the angle FEG is biſected by EL, the two ſides 
FE, EG together have to the third fide FG the ratio of EF 


PROP. 


to FL, that is, the given ratio of H to K. 


4 CDP Www mn & R83@- 


fore the triangle BAE is given in ſpe- 


fore given 2. But the whole angle 


DATA 


PROP. + 


F from the vertex of: a ridge giren in ſpecies, a 


ſtraight line be drawn to the baſe in a given an- 
to; - it mall have Aa Ten ratio to the baſe. 


From the vertex A of the N ABC which is Kees 


405 
| 1H þ-uly 


7) Sup wt 
LEES 


in ſpecies, let AD be drawn to the baſe BC in a given angle 


ADB}; the ratio of AD to BC is given. 
Becauſe the triangle ABC is given in 
ſpecies, the angle ABD is given, and tlie 
angle ADB is given, therefore the tri- 
angle ABD is given *1n ſpecies; where- | 
fore the ratio of AD to AB is given. ons — 
And the ratio of AB to BC is given; ; B D C 


9 
— 
” 1 Q 


| and therefore b he ratio of AD to BC i is given. 


PR 0 P. II. 
ECTILINEAL figures given in ſpecies, are di- 


4 


2s the refiilinesl figure ABCDE be given in ſpecies : . 
ABCDE may be divided into triangles given in ſpecies. 
{ Join BE, BD; and becauſe * 18 given in ſpecies, 
| the angle BAE is given a, and the ra- 


tio of BA to AE is iven a; where- 
cies b, and the angle AEB is there- 1 


AED is given, and therefore the re- 
maining angle BED is given, and the 


ratio of AE to EB is given, as alſo the ratio ) AE to ED; 
therefore the ratio of BE to ED is given e. And the angle 


BED is given, wherefore the triangle BED is given d in ſpe- 
_ In the ſame manner, the triangle BDC js given in ſpe- 

cies : Therefore rectilineal fi gures which are 9 in ſpecies 
re divided into triangles ou in ſpecies. 


&3. | PROP. 


, rided into eee which are Tag in \ ſpecies. : 


23. def. 


b 44. dat, 


© 9. dat, 5 


N 
* ht 


3 5 9. dat. 
c 37. T. 
d 1. 6. 


to 


2 


ratio to one another. 


ven. Therefore the 


of EA to AC is 


EUCLID's 
PRO P. III. 


F two triangles given in ſpecies be deſcribed upon 
the fame ſtraight line; they ſhall have a given 
Let the triangles ARC, ABD given in ſpecies be deſcribed 


upon the ſame ſtraight line AB; the ratio of the triangle 
ABC to the triangle ABD 18 given. 5 5 


wa . 1 , oy 


Through the point C, draw CE parallel to AB. and hos 
meet DA produced in E, and jom BE. Becauſe the triangle 


ABC is given in ſpecies, the angle BAC, that is, the angle 


ACE, is given; and becauſe the triangle ABB) is given in 
ſpecies, the angle E. 55 S 5 8 


DAB that is, the 
angle AEC, is gi- 


triangle ACE is 
given in ſpecies; 
wherefore the ratio 3 
given 4, and the ra- D 


tio of CA to AB is given, as alſo the ratio of BA to AD; 


therefore the ratio of Þ EA to AD is given, and the triangle 
ACB is equal eto the triangle AEB, and as the triangle 
AEB, or AC B, is to the triangle ADB, ſo is d the ſtraight 
line EA to AD. But the ratio of EA to AD is given; there- 


fore the ratio of the triangle ACB to the triangle DB is given. 


%% 6 
To find the ratio of two triangles ABC, ABD given in ſpe- 


cies, and "Which are deſcribed upon the ſame ſtraight line AB, 
Tanke a ſtraight line FG given in poſition and magnitude, 


and becauſe the angles of the triangles ABC, ABD are given, 


at the points F, G of the ſtraight line FG, make the angles 
FH, GFK e equal to the angles BAC, BAD; and the an ies 
F GH, FGK equal to the angles ABC, ABD, each to each, 
Therefore the triangles ABC, ABD are equiangular to the tti- 
angles FGH, FGK, each to each. Through the point H draw 


HL parallel to FG meeting KF produced in L. And becauſe 


the angles BAC, BAD are equal to the angles GFH, GFK, each 


to each; therefore the angles ACE, AEC are equal to EHI, 


FLH, each to each, and the triangle AEC equiangular to the 
triangle FLH. Therefore as EA to AC, ſo is LF to FH, and 


as 
Tl 


1 mug n A % ac > rr a. r 6) kk. 


=, A 412 B- 


— av ES a coin. 
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CA to AB, fo HF to FG + and as BA to AD, ſo is GF 
e EK; wherefore, ex æquali, as EA to AD, fo is LF to 
Fk. But as was ſhown, the triangle ABC is to the triangle 
ABD, as the ſtraight line EA to AD, that is, as LF te FK. 
The ratio therefore of LF to FK has been found, which is the 
ame with the ratio of the triangle ABC to the triangle ABD. | 


PROP. LIL. 


F two rectilineal figures given in ſpecies be de- see N. 
ſcribed upon the ſame ſtraight line; they ſhall 
have a given ratio to one another. EEE: 


Let any two rectilineal figures ABCDE, ABFG which are 
given in ſpecies, be deſcribed upon the ſame ſtraight line AB; 
the ratio of them to one another is given. 

Join AC, AD, AF; each of the triangles AED, ADC, "| 
ACB, AGF, ABF, is given a in ſpecies. And becauſe the tri. 2 51. dat. 
angles ADE, ADC given in ſpe- „% = 
cies are deſcribed upon the ſame _ 1 2 FA 
ſtraight line AD, the ratio of EAD ya 
to DAC is given b; and, by com- 
poſition, the ratio of EAC D to 
DAC is given ce. And the ratio ge 
DAC to CAB is given b, becauſe 
they are deſcribed upon the fame G —— 
ſtraight line AC; therefore the e q CE 
lent EACD to ACB is given d; HEA M N O 49. a. 
and, by compoſition, the ratio of 55700 
ABCD E to ABC is given. In the ſame manner, the ratio, 
of ABFG to ABF is given. But the ratio of the triangle 
ABC to the triangle ABF is given; wherefore b, becauſe 
the ratio of ABC I. to ABC is given, as alſo the ratio of 
ABC to ABF, and the ratio of ABF to ABFG; the ratio 
of the rectilineal ABC DE to the rectilineal ABFG is' given d. 

To find the ratio of two reQilineal figures given in ſpecies, 
and deſcribed pon the fame ſtraight line. 5 

Let ABCDE, FG be two rectilineal figures given in 
ſpecies, and de ſeribed - upon the ſame ftraight line AB, and 
join AC, AD, AF. Take a ſtraight line HK given in poſition 
and magnitude, and by the 52d dat. find the ratio of the tri- 


angle ADE to the triangle ADC, and make the ratio of HK 
h _ . Cc 4 ; to 


i 4 1 | 
49.— 5 N 


1 E U d L I D's 


to KL the ſame with it. Find alſo the ratio of the trian 
Ab to the triangle ACB And make the ratio of KL t 
LM the ſame. Alſo, find the ratio of the triangle ABC |, 
the triangle ABF, and make the ratio of LM to MN che fame. 
And laſtly, find the ratio of the triangle AFB to the © gk 
AFG, and make the ratio of MN | 
to NO the ſame. Then the ratio of 
ABCDE to ABFG is the fame 1 
with the ratio of HM to MO. 
Becauſe the triangle EA is to 
the triangle DAC, as the ſtraight 
line HK to KL; and as the triangle 
* | DAC to CAB, ſo is the ſtraight 
| line KL to LM; therefore by uffn 
| | compoſition as often as e H— N N 0 
of triangles requires, the rectilineal 
ABCD E is to the triangle ABC, as the ſtraightline HM to M. 
In like manner, becaufe the triangle GAP is to FAB, as ONto 
NM, by compoſition, the rectilineal AB FG is to the triangle L 
| ABF as MO to NM; and by inverſion, as ABF to ABEC, ſlo Wh 2 
is NM to MO. And che triangle ABC is to ABF, as LMto i and 
MN. Wherefore, becauſe as ABCDE to ABC, 51 is HM to [ 
ML; and as ABC to ABE, ſo is LM to MN; and as ABF ud 
to ABF G. ſo is MN to MO; ex æquali, as the rectilineal {pe 


ABC DE to ABF G, ſo i is the Braight line HM to MO. cle: 

Fe 
30. 1 P R © + A IIV. | uin! 
1 two un ght lines havea given ratio to one another; - 
the ſimilar rectilineal figures deſcribed upon them = 
ſimilarly, ſhall have a given ratio to one another, C1 


Let the ſtraiglit lines AB, CD. have a given ratio to one an. 
ether, and let the ſimilar and ſimilarly placed rectilineal figures 
„ E, F be deſcribed upon them; the ratio of E to F is given. 


To AB, CD, let G be a third 3 5 
proportional ; ; therefore as AB to 
CD, ſo is CD to G. And the ratio wo 
of AB to CD is given; wherefore 


| the ratio of CD to G is given; and A, B 9 D 
| conſequently the ratio of AB; to ä L 
| 2 9. dat. is alſo given 4. But as AB to G, fro == — — 
| p 2. Cor. 20. is the figure E to the r b F. Therefore the ratio of E 


6...” 0 Fs given. 
PROBLEK 


D A TA. 


PROBLEM. 


To find the ratio of two fimilar rectilineal figures, E, F, fimi- 
larly deſcribed upon ſtraight lines AB, CD which have a given 
atio to one another: Let & be a third proportional to AB, CD. 
| Take a ſtraight line H given in magnitude; and becauſe the 


ratio of AB to CD is 1 make the ratio of H to K the ſame 
with it; and becauſe 


tio of H to L; for AB is to CD, as H to K, wherefore CD is 
t G, as K to L; and, ex æquali, as AB to G, ſo is H to L: 


to L. r 3 

J 

F two ſtraight lines have a given ratio to one ano- 
ther; the rectilineal figures given in ſpecies deſcri- 

| bed upon them, ſhall have to one another a given ratio. 


Let AB, CD be two ſtraight lines which have a given ratio 
to one another; the rectilineal figures E, F given in ſpecies 
and deſcribed upon them, have a given ratio to one another. 


and fimilarly placed to the figure F; and becauſe F is given in 
ſpecies, AG is alſo given in ſpe- . e 
cies: Therefore, ſince the ſi- 
gures E, AG which are given A 
in ſpecies, are deſcribed upon 
| the ſame ſtraight line AB, the |_ 
ratio of E to AG is given a, 19 75 K 
and becauſe the ratio of AB to 


: FE | 


S timiliarly placed rectilineal figures AG, F, the ratio of AG 


che ratio of E to F is given e. 


PROBLEM. 
To find the ratio of two rectilineal figures E, F given in 
Ipecies and deſcribed upon the ſtraight lines AB, CD which 
| have a given ratio to one another. 7 
the reQilineal figures E, AG given in ſpecies are deſcribed up- 


= yo lame ſtraight line AB, find their ratio by the 5 3d dat. 
and m 


Aud becauſe the ſimilar rectilineal figures AG, F are deſcribed 
upon 


is given, K is given. As H is to K, ſo 
make K to L; then the ratio of E to F is the ſame with the 


Upon the ſtraight line AB, deſcribe the figure AG ſimilar 


Eb is given and upon them are deſcribed the ſimilar and 


Take a ſtraight line H given in magnitude; and becauſe 


ake the ratio of H to K the ſame, K is therefore given. 


But the figure E is to b the figure F, as AB to G, that is, as H oy 0. 


51. 


1 — = 33. dat. 


to F is given bʒ and the ratio of AG to E is given; thererfore h 5. dat. 
N | e 9. dat. 


— —— ö 
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upon the ſtraight lines AB, CD, which have a given rat 
find their ratio by the 54th dat. and make the ratio of R * 
the ſame : The figure E has to F the ſame ratio which H bat 
L; For, by the conſtruction, as E is to AG, fois H to x. 
and as AG to F, ſo is K to L; therefore, ex quali, az EN 
F; fois H to L. 
35 FROP. UI. 
F a rectilineal figure given in ſpecies be deſcribes 
upon a ſtraight line given in magnitude; the f. Wt n 
gure is given in magnitude. N 
3 Let the rectilineal figure ABCD E given in ſpecies be deſcri. 
bed upon the ſtraight line AB given in magnitude; the figure 
 ABCDE is given in magnitude. 
Upon AB let the ſquare AF be deſcribed; therefore AFi; 
given in ſpecies and magnitude, and becauſe the rectilineal i. Whame 
gures ABCDE,AF given in ſpecies are 2 85 ratio 
deſcribed upon the ſame ſtraight line 


AB, the ratio of ABC DE to AF is 
2 53. dat. given a: But the ſquare AF is given in tio 
b 2. dat. magnitude, therefore Þ alſo the figure D of B 
| ABCDE is given in magnitude, | 


Eo a 
Io find the magnitude of a reailineal __ b 
figure given in ſpecies deſcribed upon a [ 
ſtraight line given in magnitude. a | 
Take the ſtraight line GH equal to Rs 

the given ſtraight line AB, and by the ( HI ki: 
zd dat. find the ratio which the ſquare rat! 
AF upon AB has to the figure ABCDE ; and make the ratio WW rat 
of GH to HK the ſame ; and upon GH deſcribe the ſquare GL, WW | 
and complete the parallelogram LHKM ; the figure ABCDE I the 

is equal to LHK M; becauſe AF is to ABCDE, as the ſtraight WW to 
line GH to HK, that is, as the figure GL to HM; and Ah the 
014. 8. equal to GL; therefore ABCDE is equal to HMe. for 
e ani 
53. b DO Þ.- LY. als 
F two rectilineal figures are given in ſpecies, and i WW '* 
| a fide of one of them has a given ratio to a fide of * 

the other; the ratios of the remaining ſides to the re- n 
maining fides ſhall be given. to 


Let 


A T 4. 


| rats, Let AC, DF be two rectilineal figures given in ſpecies, and 
K tol, Wet the ratio of the fide AB to the fide DE be given, the ratios 
| has ts e the remaining ſides to the remaining ſides are alſo given. 
to N; Becauſe the ratio of AB to DE is given, as alſo a the ratios 
3 En Wt 4B to BC, and of DE to EF, the ratio of BC to EF is gi- 
ben b. In the ſame manner, the 5 5 | 
tios of the other ſides to the _E 

ther fides are given. AE TY 


rided 


The ratio which BC has to Cn LEE 
he f. T may be found thus: Take a3 ñöłÄx 
Fraight line G given in magn-. | 1 
ade, and becauſe the ratio of BC 1 
leſcri- to BA is given, make the ratio | . 
figur of G to H the ſame; and becauſe 4 | FA 


the ratio of AB to DE is given, G H K L 


AF ake the ratio of H to K the 


eal . 
H; and as BA to DE, fois H to K; and as DE to EF, fo is 


of BC to EF. 


PROP. nt. 


2 given ratio to one another. : 
Let the two ſimilar rectilineal figures A, B, have a given 


ratio W ratio. 


lame; and make the ratio of K to L 5 1 
ratio of DE to EF. Since therefore as BC to BA, ſo is G to 


IF two ſimilar rectilineal figures have a given ratio 
to one another, their homologous ſides have alſo 


41 


a 3 def. 


b 10. dat. 


Kto L; ex quali, BC is to EF, as G to L; therefore the ra- 
tio of G to L has been found, which is the fame with the ratio | 


ratio to one another, their homologous ſides have alfo a given 


GL WW Lt the fide CD be homologous to EF, and to CD, EF let 


DE BB the ſtraight line G be a third proportional. As therefore a CD 

igt to G, ſo is the figure A to B; and - 5 

Fu W the ratio of A to B is given, there- 
fore the ratio of CD to G is given; 
and CD, EF, G, are proportion- — - 
al; whereforeb the ratio of CD C 8 DE F G 


to EF is given. ? VF 


4 2 Cor. 
20. 6. 


dif LEES. 
» of The ratio of CD to EF may be orga nn. — 


bound thus: Take a ſtraight line H 


H given in magnitude; and becauſe the ratio of the figure A 


La to is given, make the ratio of H to K the ſame with it: 


And, as the L3th dat. directs to be done, find a mean propor- 


TE tional 


— — — — ts... > is. — —— 5 
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tional L between H and K; the ratio of CD to E 


and as CD to EF, ſo is H to L, as is ſhown in th 


E UCI 


6 F is the 5. 
with that of H to L. Let G be a third roomy 4 


EF; therefore as CD to G, ſo is (A to B, and ſo is) H tos, 
e 13th ds, 


PROP. LIX. 3, 
| 5 ET "8 ni 
T. two rectilineal figures given in ſpecies have ag 

| ven ratio to one another, their ſides ſhall likenighM, . : 
have given ratios to one another, | Ty 


a 3. def. 
b 9. dat. 


mologous ſides; therefore (* 


e $3. dat. 


« 58, dat. 


ſhall have a given ratio to one another, by the preceding pn. 


any two of their ſides; and upon EF conceive the figure Ee gi1 
d be deſcribed fimilar ane 
ſimilarly placed to the figure | 


the figure B is given in ſpe- 


ratio of A to B is given, "I 
therefore b the ratio of the 


Let the two rectilineal figures A, B, given in ſpecies, h M Puacec 
a given ratio to one another, their ſides ſhall alſo have giver od | 
ratios to ane another. | | 


If the figure A be fimilar to B. their homologous fi 


poſition ; and becauſe the figures are given in ſpecies, the fide 
of each of them have given ratios ® to one another; therefor 
each fide of one of them has Þ to each fide of the other a giva ſhe g 
ratio. „ e 12 

But if the figure A be not ſimilar to B, let CD, EF b n ſpe 


A, ſo that CD, EF be ho- 


EG is given in ſpecies; and * 


cies; Wherefore © the ratio K 


of B to EG is given; and the M 


figure A to EG is given; and A is ſimilar to EG; therefor 


4 the ratio of the ſide CD to EF is given; and conſequently en 


the ratios of the remaining ſides to the remaining fides ur 
ven, A „ 

The ratio of CD to EF may be found thus: Take a ſtraigi W 

line I given in magnitude, and becauſe the ratio of the figur hat 


A to B is given, make the ratio of H to K the ſame with it. un. 


fame with the ratio of H to M; becauſe the figure As toB 
as H to K; and as B to EG, ſo is K to L; ex equal, as A 


And by the 53d dat. find the ratio of the figure B to EG, and WV t 
make the ratio of K to L the ſame : Between H and 
find a mean proportional M, the ratio of CD to EF is the Nam 


{0 
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EG, fois H to L: And the figures A, EG are ſimilar, and 


e ane a mean proportional between H and L; therefore, as was 
* yn in the preceding propoſition, CD is to EF as H to M. 
h da. PROF. LX. 


| | 55, 
Fa rectilineal figure be given in ſpecies and mag- * 
nitude, the ſides of it ſhall be given in magnitude. 


Let the rectilineal figure A be given in ſpecies and magni- 

ade, its ſides are given in magnitude. 5 5 

Take a ſtraight line BC given in poſition and magnitude, 

xd upon BC deſcribe a the figure D fimilar, and fimilarly = 18. 6. 


» have Whlaced, to the figure A, 1 
giver nd let EF be the fide A OR 
f the figure A homo- , N . a d] 
tides Wogous to BC the fide G A | D | 8 
g pro- t D; therefore the fi- — 4 3 — INS 
e ſde ure D is given in ſpe- E F — L 
refan fies. And becauſe upon | | 3 
giver he given ſtraight line 1 . 
50 the figure D given 535 
LF be Wo ſpecies is deſcribed, D - 5 M . 1 . 
e E dgiven b in magnitude, and the figure A is given in magni- b. 56. dat. 


ude, therefore the ratio of A to D is given: And the figure 
s fimilar to D; therefore the ratio of the fide EF to the e 58. dat. 
homologous fide BC is given ; and BC is given, wherefore d d 2. dat. 
LF is given: And the ratio of EF to EG is given e, there- © 3. def, 
lore EG is given. And, in the ſame manner, each of the | 
ther tides of the figure A can be ſhewn to be given. 
PROBLEM. 
Jo deſeribe a rectilinial figure A ſimilar to a given figure D 
i equal to another given figure H. It is prop. 25 b. 6. Elem. 
| Becauſe each of the figures D, H is given, their ratio is gi- 
en, which may be found by making f upon the given ſtraight 
ne BC the parallelogram BK equal to D, and upon its fide 
(K making the parallelogram KL equal to H in the 34 f cor. 45· 
I, 
4 


-aight WK UL equal to the angle MBC; therefore the ratio of D 0 
igure at is, of BK to KL, is the ſame with the ratio of BC to CL: 
th it. und becauſe the figures D, A are ſimilar, and that the ratio of 
„n to A, or H is the ſame with the ratio of BC to CL; by 
od L be 58th dat. the ratio of the homologous fides BC, EF is the 

| 4 ume with the ratio of BC to the mean proportional between 


and CL. Find EF the mean proportional; then EF 1s = 
3 | | | | de 


1. 


c 14. 6. 


412. 6. 


ee N. 


4 43: dat. 


7 k. 6. 


þ Cor. 45. figure can be applied to the given 


and have the angles at A and E equal; the ſides about then 
are reciprocally proportional e; therefore as AB to EF, fo 


a 11. 


given angle ABC, the rectangle AB, C A 
has a given ratio to the parallelogram AC. 
Fon the point A draw AE perpendt- 


E U CLI D's 


414 

C de of the figure to be deſcribed, homologous to Bc the oil the * 
of P, and the figure itſelf can be deſcribed by the 18th I grim 
x 2. Cor. B. 6. which, by the conſtruction, is fimilar to D; and berg A 
20. 6. D is to A, as g BC to CL, that is as the figure BR to KL; x ae. 
h 14.5. that Dis equal to BK, therefore A his equal to KL, thatis con tot! 
| 57 11 | "x 
F PROP. LXI. 7 

we FF a parallelogram given in magnitude has one ef 
its fides and one of its angles given in magnitu C 

the other fide allo is given. ret 

Let the parallelogram ABDC given in magnitude, have fh 4. 

ſide AB and the angle BAC given in magnitude, the oy c 

| fide ACC 1s given. p 

Take a ftraight line EF given in * and "I ſeo 

2nd becauſe the parallelogram AD mg 

is given in magnitude, a rectilineal EY 

a 1. def. figure equal to it can be be found a. as 2 M 


And a parallelogram equal to this 


ſtraight line EF in an angle equal * — . 
to the given angle BAC. Let this lo 
be the parallelogram EFHG ha- 5 a 


ving the angle FEG equal to the Gomes 
angle BAC. And becauſe th: 4 H 
parallelograms AD, EH are equal, | 


EG to AC: and AB, EF, EG are given, therefore alſo Al 
is given d. Whnence the way of finding AC is manifeſt, 
PROP. LXII. 


Ti a parallelogram has a given angle, the rectang 
contained by the fides about that angle has a i 
ratio to the parallelogram. 


Let the parallelogram ABCD have the 


cular to BC; becauſe the angle ABC is B E 0 
given, as alſo the angle AEB, the triangle U 
ABE is given 2 in ſpecies; therefore the _ 

ratio of BA to AF is given. But as BA to 


AE, ſo isÞ the rectangle AB, BC tothe GK. 
rectangle AE, BC; therefore the ratio of = 


ral. 


* 


a 23 4: TN, 


the rectangle AB, BC to AE, BC that is e, to the parallelo- 
Cram AC ie given. La 


-llelogram may be found by making the angle FGH equal 
1 of its ſides, FK perpendicular to the other GH ; for GF 
540 FK, a5 BA to * that is, as the rectangle AB, BC, to 
| the | AC. | e | 


rectangle AB, BC contained by the ſides about that angle, 
hall have a given ratio to the triangle ABC, 


poſition, the rectangle AB, BC has a given ratio to the paral- 
| Jelopram AC; and AC has a given ratio to its half the tri- 
angle ABC; therefore the rectangle AB, BC has a given 
«ratio to triangle ABC 5 RES 

And the ratio of the rectangle to the triangle is found thus: 
| Make the triangle FGK, as was ſhown in the propoſition ; the 


the ratio of the rectangle AB, BC to the triangle ABC. Be- 
cauſe, as was ſhown, GF is to FK, as AB, BC to the paralle- 


of FK, as AB, BC rectangle is to the triangle ABC. 
„„ RO P. LXIII. 


| tio of the firſt parallelogram to the ſecond is given. 


f 
4 


And it is evident how the ratio of the rectangle to the pa- 


Cor. And if a triangle ABC has a given angle ABC, the 


F two parallelograms be equiangular, as a fide of 
| the firſt to a ſide of the ſecond, fo is the other ſide 
of the ſecond to the ſtraight line to which the other 
| ide of the firſt has the ſame ratio which the firſt pa- 
!2llelogram has to the ſecond. And conſequently, if 
the ratio of the firſt parallelogram to the ſecond be 
given, the ratio of the other ſide of the firſt to that 
| firaight line is given; and if the ratio of the other 
ide of the firſt to that ſtraight line be given, the ra- 


he given angle ABC, and drawing, from any point Fin 


66. 


Complete-the- patallelogram ABCD; therefore, by this pro- 


d 41. f. 
e 9. dat. 


ratio of GF to the half of the perpendicular FK is the ſame with 


logram AC; and FK is to its half, as AC is to its half, which 
is the triangle ABC; therefore, ex æquali, GF is to the half 


Let AC, DF be two equiangular. parallelograms, as BC, a4 
ide of the firſt, is to EF, a fide of the ſecond, ſo is DE, theo- 
ther fide of the ſecond, to the ſtraight line to which AB, the 


416 


other fide of the firſt has the ſame ratio which AC bas top 


a 14. 6. 


ſides about the equal angles BGH, DEF 


E UU LI Dei 


Froduce the ſtraight line AB, and make as BC to Ep ; 
DE to BG, and complete the parallelo- ; 
gram BGHC ; therefore, becauſe BC A 
or GH, is to EF, as DE to BG, the 


are reciprocally proportional ; where- 
fore àa the parallelogram BH is equal to 
DF; and AB 1s to BG, as the paral- 

lelogram AC is to BH, that is, to DF; 
as therefore BC is to EF, ſo is DE to 
BG, which is the ſtraight line to which 
Ah has the ſame ratio that AC has to 
DÞ4 it: ET 
And if the ratio of the parallelogram AC to DF be given 
then the ratio of the ſtraight line AB to BG is given ; and i 


tze ratio of AB to the ſtraight line BCG be given, the ratio of 


1% 75 


.- P27] 
ee N. 


the parallelogram AC to DF is gien. 
„ 


JF two parallelograms have unequal, but given angles 


and if as a fide of the firit to a fide of the ſecond, 


ſo the other fide of the ſecond be made to a cer. 


tain ſtraight line; if the ratio of the firſt parallelo- 


235. I, 


gram to the ſecond be given, the ratio of the other 


| tide of the firſt to that ſtraight line ſhall be given, 


And it the ratio of the other fide of the firſt to that 
ſtraight line be given, the ratio of the firſt parallelo- 
gram to the ſecond ſhall be given. 

Let ABCD, EFGH be two parallelograms which have the 


unequal, but given, angles ABC, EFG; and as BC to FG, 
o make EF to the ſtraight line M. If the ratio of the paral- 


lelogram AC to EG be given the ratio of AB to M is given, 


At the point B of the ' ſtraight line BC make the angle 
CBK equal to the angle EFG, and complete the parallelogram 


KBCL. And becauſe the ratio of AC to EG is given, and that 


AC is equal a to the parallelogram KC, therefore the ratio d 
KC to EG is given; and KC, EG are equiangular; there- 
fore as BC to FG, ſoisd EF to the ſtraight line to which Kb 
has a given ratio, viz. the ſame which the parallelogram 


KC has to EG; but as BC to FG, fo is EF to the ſtraight 
line M; therefore KB has a given ratio to M; and the — 


x 
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to DP 


IF, 6 of AB to BK ; is given, becauſe the criangle ABK is given, in 


ſpecies e; therefore the ratio of AB to M is given a. c 43 dat. 
And if the ratio of AB to M be given, the ratio of the pa- d 9. dat, 

rallelogram AC to EG is given; for ſince the ratio of KB to 

BA is given, as alſo the ratio of AB | 

to M, the ratio of KB to M is given a; K 3 96 L D 

and becauſe the parallelograms KC, EG 

are equiangular, as BC to FG, 2 is regs 3 

dEF 85 he” ſtraight line to which KB BY— ——C b 63. dat. 

has the ſame ratio which the parallelo- E. 3 1 8 


gram KC has to EG; but as BC to FG, 
fo is EF to M; theres KB is to M, 
| 25 the parallelogram KC is to EG; and 


ven, the ratio of KB to M is given, therefore the ratio of the paral- 
nd if llogram KC, that is, of AC to EG, is given | 
10 of Cox. And if two triangles ABC, EFG have two equal E 


angles, or two unequal, but given, angles ABC, EFG, and if 7*þ os 
as BC a fide of the firſt to FG a fide of the ſecond, ſo the other 
fide of the ſecond EF be made to a ſtraight line M; if the ratio 


plex of the triangles be given, the ratio of the other {ide of the firſt 

ond, to the ſtraight line M is given. 

cer. Complete the parallelograms ABCD, EFGH ; and becauſe 

elo- the ratio of the triangle ABC to the triangle EFG is given, the 

ther ratio of the parallelogram AC to EG is given ©, becauſe the pa- e 15. 3. 
Te rallelograms are double f of the trian les; and becauſe BC is to f ar. x. 
that FG, as EF to M, the ratio of AB to M is given by the 63d dat. 

ha if the angles ABC, EFG are equal; but if they be unequal, 


but given apgles, the ratio of AB to M. is given by this * 
tion. | 
And if the ratio of AB to M 2 given, the ratio of the pa- 


FG, rallelogram AC to EG is given by the ſame propoſition and 

aral. therefore the ratio of the triangle ABC to * 15 * | 

ven. Ly Wa | 
agk PROP. LXV. . 
tha F two cs 1 have a given ratio 

oof W to one another, and if one ſide has to one fide a 

ere- given ratio; the other fide ſhall allo have to o the other 

KB lide a given ratio. 

” 

ght Let the two equiangular parallelograms AB, CD have a gi- 

atio ven ratio to one another, and let the ſide EB have a given ratio 


of to the fide FD; the other fide AE has alſo a given ratio to the 
other ſide CF. 
Da Becauſe 


ri 


Becauſe the two equiangular parallelograms AB, CT) have; 
given ratio to one another; as EB, a fide of the firſt, is to H. 
a fide of the ſecond, ſo is* FC, the other fide of the ſecond, 10 
the ſtraight line to which AE, the other ſide of the firſt, has 
the ſame given ratio which the firſt parallelogram AB hs 
to the other CD. Let this ſtraight line be EG; therefore the 
ratio of AE to EG is given; _ e 
and EB is to FD, as FC to MN C — 
EG, therefore the ratio f 5 
FC to EG is given, becauſe p n + 
the ratio of EB to FD is gi- E N B F. -D 

ven; and becauſe the ratio of G | | | 


AE to EG, as alſo the ratio 

of FC to EG is given; the | 5 
ratio of AE to CF is given b. H NI. „ 
I pe ratio of AE to CF may be found thus: Take a ſtraight 
line H given in magnitude; and becauſe the ratio of the paral- 


ſame with it. And becauſe the ratio of FD to EB is given, 
make the ratio of K to L the fame: The ratio of AE to CF is 
the ſame with the ratio of H to L. Make as EB to FD, fo FC 
to EG, therefore, by inverfion, as FD to EB, ſo is EG to FC; 
and as AE to EG, ſo is“ (the parallelogram AB to CD, and ſo 


to L; therefore, ex æquali, as AE to FC, ſo is H to L. 


ar een 
F two parallelograms have unequal, but given angles, 
and a given ratio to one another; if one fide has 
to one fide a given ratio, the other ſide has allo a given 
ratio to the other ſide. „ . 


given unequal angles ABC, EFG have a given ratio to one an- 
other, and let the ratio of BC ta FG be given; the ratio alſo 
of ABto EF is given, © - 
At the point B of the ſtraight line BC make the angle CBK 
equal to the given angle EFG, and complete the parallelo- 
gram BKLC; and becauſe each of the angles BAK, AKB 8 
given, the triangle ABK is given“ in ſpecies z therefore the 


lelogram AB to CD is given, make the ratio of H to K the 


is) H to K; but as EG to FC, fois (FD to EB, and ſo is) K 


Let the two parallelograms ABCD, EFGH which have the 


ratio of AB to BK is given; and becauſe, by the bots 


r 4 
the ratio of the parallelogram AC to EG is given, and that Ac 
is equal to BL z therefore the ratio of BL to EG is given: b 35. 1. 
And becanſe BL is equiangular to EG, and by the hypotheſis, 
the ratio of BC to FG is given; therefore © the ratio of KB to e 65. dat 
EF is given, and the ratio of KB SON 
to BA is given; the ratio there- 
fared of AB to EF is given. 55 
The ratio of AB to EF may be 
found thus: Take the ſtraight line 
MN given in poſition and magni- E 
| tude; and make the angle NMO F 
| equal to the given angle BAK, 
| 2nd the angle MNO equal to the 
given angle EFG or AKh: And 1 N 
| becauſe the parallelogram BL is equiangular to EG, and has a 
given ratio to it, and that the ratio of BC to FG is given; find 
by the 65th dat. the ratio of KB to EF; and make the ratio of 
| NO to OP the ſame with it: Then the ratio of AB to EF is the 
{ame with the ratio of MO to OP: For ſince the triangle ABR 
is equiangular to MON, as AB to BK, ſo is MO to ON: And 
as KB to EF, ſo is NO to OP; thergfore, ex æquali, as AB te 
EF, ſo is MO to OP, 8 e 


Þ R OP. LXVII. 73 2 


FP F the ſides of two equiangular parallelograms have See N · 
I given ratios to one another; the parallelograms 
thall have a given ratio to one another. . 


Let ABCD, EFGH be two equiangular parallelograms, and 
let the ratio of AB to EF, as alſo the ratio of BC to FG, be gi- 
| Ven; the ratio of the paralleJogram AC to EG is given. 

1 A 1 line K given in magnitude, and becauſe the 
ratio o to EF is given, 4 I x 
make the ratio of K wa, the A: D E HI 
lame with it; therefore L is e 
given“: And becauſe the ratio BY e 
of EC to FG is given, make , ns SEE. 
the ratio of L to M the ſame: 2 
Therefore M is given“: and 2 | | E 4 
Kis given, wherefore b: the M—— i b 1. det. 


ratio of K to M is given: But the parallelogram AC is to the 
parallelogram EG, as the rr line K to the ſtraight line M, 


2 as 


420 e 0 B-Þ IB 
as is demonſtrated in the 23d prop. of B. 6. Elem, therefor: to ( 


the ratio of AC to EG is piven. 5 | for 
From this it is plain how the ratio of two equiangular pary. AC 
lelograms may be found when the ratios of their ſides are given. h 

. 9 e ee or 
1 PROP, IXVII. o 

dee V. IF the ſides of two parallelograms which have un. ha 
equal, but given angles, have given ratios to one | 

another; the parallelograins ſhall have a given ratio u Wl F 

one another. Tr 5 

th 


Let two parallelograms ABCD, EFGH which have the given 
_ unequal angles ABC, ETG have the ratios of their ſides, viz, of 4 

Ah to EF, and of BC to FG, given; the ratio of the parallelo- 
gram AC to EG is given Bb 5 ei 
At the point B of the ſtraight line BC make the angle CBK D 
equal to the given angle EFG, and complete the parallels. ar 
gram KBCL'; And becauſe each of the angles BAK, BKAis a 

9 43. dat. given, the triangle ABK is given“ in ſpecies: Therefore the 
ratio of AB to BK is given; and the ratio of AB to EF is g. I 
b 9. dat. ven, wherefore® the ratio of BK to EF is given: And the a 
| 5 | t 


ratio of BC to FG is given; TRE. > > 1 
and the angle KBC is equal K A — L D EH 


to the angle EFG; there- g | 


e 67. dat. fore“ the ratio of the paral- N 
d 35. 1. ven: But KC is equal d to "I 0 


lelogram KC to EG is gi- 64: 
AC; therefore the ratio of | | | 
AC to EG is given. P'Q'F 6 
The ratio of the parallelogram AC to EG may be found 
thus: Take the ftraight line MN given in poſition and magni- 
tude, and make the angle MNO equal to the given angle KAI, 
and the angle NMO equal to the given angle AKB or FEM: 
And becauſe the ratio of AB to EF is given, make the ratio oſ 
NO to P the ſame; alſo make the ratio of P to Q the fame 
with the given ratio of BC to FG, the parallelogram AC is 
EG, as MO to Q. | © 1 | 1 
_ * Becauſe the angle KAB is equal to the angle MNO, ani 
the angle AKB equal to the angle NMO; the triangle AKB is 
_ equiangutar to NMO; Therefore as KB to BA fo is MO to 
ON; and as BA to EF, fo is NO to P'; wherefore, ex ” 
quali, as KB to EF, ſo is MO to P; And BC is to FG, — 


| them have a given“ ratio to one another. y 

Cor. 2. If the baſes BC, EF of two triangles ABC, DEF have e 
a given ratio to one another, and if alſo the ſtraight lines AG, 
DH which are drawn to the baſes from the oppoſite angles, b 


D A T . 


| to Q,, and the parallelograms KC, EG are equiangular; there- 


fore, as was ſhown in prop. 67, the parallelogram KC, that is, 
AC, is to EG, as MO to Q. THESE . 


Cor. 1. If two triangles ABC, DEF have two outings, 77 
or two unequal, but given angles ABC, DEP, and if the ratios 


of the ſides about theſe angles, viz. A 8 D Yu 


| the ratios of AB to DE, and of BC 


to EF be given; the triangles ſhall _ &} 
have a given ratio to one another. 2 


Complete the parallelograms BG, ,— J 
FA; the ratio of BG to EH is gi- B CE F 


421 


— — — 
71. 


ven“; and therefore the triangles which are the halves d of a 67 or 69. 


either in equal angles, or unequal, but given angles AGC, 
DHF have a given ratio to one N A L D 


mother; the triangles ſhall have _ f — 
a given ratio to one another. /N| „ Lo 

Draw BK, El parallel to AG, 1 
Dll, and complete the paralle- B G C E HF 


lograms KC, LF. And becauſe the angles AGC, DH, or 
their equals, the augles KBC, LET are either equal, or un- 


equal, but given; and that the ratio of AG to DH, that is, of 


KB to LE, is given, as alſo the ratio of BC to EF; therefore * * 
te ratio of the parallelogram KC to LV is given; wherefore 
alſo the ratio of the triangle ABC to DEF is given®. 


PROP. LXIX. 
i a parallelogram which has a given angle be ap- 
| plied to one ſide of a rectilineal figure given in ſpe- 
cies; if the figure have a given ratio to the parallelo- 
gram, the parallelogram is given in ipecles. 


Let ABCD be a rectilineal figure given in ſpecies, and to one 


tide of it AB, let the parallelogram ABEF having the given 


angle ABE be applied; if the figure ABCD has a given rat o to 
the parallelogram B, the parallelogram BF is given in ſpecies. 


dat. 


34. 1. 
' . $+ — 


51. 


67 or 68. 
dat. 


. | | 
b 41. | 
IS: 3. 


69 þ .444,0 


61. 


Through the point A draw AG parallel to BC, and through _ 


the point C draw CG parallel to AB, and produce GA, CB to 
D 


d 3 the 


4 


2 3. def. 


H 53. dat 
c 9 dat. 
d 33. 1. 

0 1. 6. 


gram BF is given in 


ſpecies. „ „ 
A parallelogram ſimi- 5 


Jar to BF may be found TA 
thus: Take a ſtraight H F e K To 
line LM given in poſitiom and magnitude z. and becauſe the 


E U e n 


the points H, K; becauſe the angle ABC is given?, andthe 


ratio of AB to BC is given, the figure ABC being given in 


ſpecies 3 therefore, the parallelogram BG is given in ſpecies 
And becauſe upon the ſame ſtraight line AB the two redline; 
figures BD, BG given in ſpecies are deſcribed, the ratio | 


BD to BG is given®; and, by hypotheſis, the ratio d 


Bb to the parallelogram BF'is given; wherefore © the ratio of 


BF, that is4, of the parallelogram BH, to BG is given, and 
therefore? the ratio of the ſtraight line KB to BC is gien; 
and the ratio of BC to BA is given, wherefore the ratio of 
KB to BA is given: And becauſe the angle ABC is given, the 
adjacent angle ABK is given; and the angle ABE is given, 


therefore the remaining angle KBE is given. The angle EK} 


is alſo given, becauſe it is equal to the angle ABK; therefore 
the triangle BKE is given in ſpecies, and conſequently the . 


tio of EB to BK is given; and the ratio of KB to BA is giver, 
 wherefore© the ratio of 


EB to BA is given; and 
the angle ABE is given, 
therefore the parallelo- 


angles ABK, ABE are given, make the angle NLM equal to 


ABK, and the angle NLO equal to ABE. And hecauſe the 
ratio of BF to BD is given, make the ratio of LM to P the 
ſame with it; and becauſe the ratio of the figure BD to BG 


is given, find this ratio by the 53d dat. and make the ratio of 
PtoQ the ſame. Alſo, becauſe the ratio of CB to BA 5 


given, make the ratio of Q to R the ſame; and take LN equil 


to R; thraugh the point M draw OM parallel to LN and 
complete the parallelogram-NLOS ; then: this is, ſimilar to the 


narallelogram BF. 


Becauſe the angle AB is equal to- NLM, and the angle ABL 
to NLO, the angle KBE is equal to MLO; and the angles 


 BKE, LMO are equal, becauſe the angle ABK is equal to 
NLM ; therefore the triangles BKE, LMO are equiangu- 


lar to one another; wherefore as BE to BK, fo is LO to 


LM; and becauſe as the figure BF to BD, fo is the ſtraight 


line LM toP; and as BD to BG, fo is P to Q; ex zquali 
as BF, that is 4 BH to BG, fo. is LM to Q: But BH i 15 


v 


SS 


— 
. ths >: - aa. -- Ae =. ewe Ha and © ow 


_— PY 


— cena 


DT 4 


3G, as KB to BC; as therefore KB to BC, ſo is LM to Q; 
and becauſe BE is to BK as LO to LM; and as BK to BC, 


{ois LM to Q: And as BC to BA, ſo Q was made to R; there- 


fore, ex æquall, as BE to BA, ſo is LO to R, that is to LN; 


ind the angles ABE, NLO are equal; therefore the parallelo- 


gram BF is ſimilar to LS; 


"PROF. IIS oo 


5 44 481 


Ir two ſtraight lines have a given ratio to one ano- see Rn.“ 


ther, and upon one of them be deſcribed a reQili- 
neal figure given in ſpecies, and upon the other a pa- 


rallelogram having a given angle; if the figure have a 


given in ſpecies. | 


| given ratio to the parallelogram, the parallelogram is 


Let the two ſtraight lines AB, CD have a given 1 to one 
another, and upon AB let the figure AEB given in ſpecies be 


deſcribed, and upon CD the parallelogram DF having the given 


angle FCD; if the ratio of AEB to DF be given, the paralle- 


lopram DF is given in ſpecies. 9 
Upon the ſtraight line AB, conceive the parallelogram AG 
to be deſcribed ſimilar, and ſimilarly placed to FD; and becauſe 


FD; the ratio of AG to FD is gi- = BM 

ven; and the ratio of FD to AEB AA ——— n a 
is given; therefore d the ratio of \ _ \ HE 
AEB to AG is given; and the angle XD. ..IAX.GCC 1D 


ABG is given, becauſe it is equal to Op 
the angle FCD; hecauſe therefore W . | 
the parallelogram AG which has a — N | | $ 
gven angle ABG is applied to a fide ; 

AB of = figure AEB given in ſpe- HK 1. | 
cies, and the ratio of AEB to AG is given, the parallelogram 
AG is given© in ſpecies; but FD is ſimilar to AG; therefore 


is given in ſpecies. 


| theratio of AB to CD is given, and upon them are deſcribed 
the ſimilar rectilineal figures AG, W | 


c 69. dat. 


A parallelogram ſimilar to FD may be found thus: Take a 
iraight line I given in magnitude; and becauſe the ratio of 


the figure AEB to FD is given, make the ratio of H to K the 


lame with it: Alſo, becauſe the ratio of the ſtraight line CD to 

AB is given, find by the 54th dat. the ratio which the figure 
D deſcribed upon CD has to the figure AG deſcribed upon 
AB ſimilar to FD; and make the ratio of K to L the ſame 


3 -- to 


vich this ratio: And becauſe the ratios of H to K, and of K 


| 
S #4 1 ; F 
{ & U {4 


424 
b 9. dat, 


fore, as AEB to FD, ſo is HtoK; and as FD to AG, 0 is K 
to L; ex quali, as AEB to AG ſo is H to L; therefore the 
ratio of AEB to AG, is given; and the figure AEB is given i 


© Bk 


5D þ 4 2 


3 I D's 


to L are given, the ratio of H to L is given ; becauſe, there. 


ſpecies, and to its fide AB the parallelogram AG is applied in 
the given angle ABG; therefore by the 69th dat. a parallelo- 
gram may be found ſimilar to AG: Let this be the parallels. 
gram MN; MN alſo is ſimilar to FD; for, by the conſtruction, 
MN is ſimilar to AG, and AG is ſimilar to FD; therefore the 
parallelogram FD is ſimilar to MN. e 


5 PROP. LXII. 
5 . V f nt 
T* the extremes of three proportional ſtraight ling 
have given ratios to the extremes of other three en 
proportional ſtraight lines; the means ſhall alſo have ſo 
A given ratio to one another: And if one extreme has C 
a given ratio to one extreme, and the mean to the mean; Wt © 
Fs. 0 , th 
likewiſe the other extreme ſhall have to the other a given gi 
„ ES. 1 


Leet A, B, C be three proportional ſtraight lines, and D, E, 


F, three other; and let the ratios of A to D, and of C to Tb 


1 67. dat. 
D217, 6. 


c 58. dat. 


d 54. dat. 


P 65 dat. 


E 4 


41 1,28 
67þ 4 


given; then the ratio of B to E is alſo given, 


extremes of four other proportionals given ratios, and one of 


Becauſe the ratio of A to D, as alſo of C to F is given, the 
ratio of the rectangle A, C to the rectangle D, F is given“; 
but the ſquare of BB is equal® to the rectangle A, C; and the 
ſquare of E to the rectangleb D, F; therefore the ratio of the 8 
ſquare of B to the ſquare of E is given; whkerefore*® alſo the ra 
tio of the ſtraight line B to E is given. 

Next, let the ratio of A to D, and of B to E be gi- | f 
ven; then the ratio of C to V is alſo given. . 

Becauſe the ratio of B to Eis given, the ratio of B C 
the ſquare of B to the ſquare of E is given 4; there- DEF 
fore b the ratio of the rectangle A, C to the rectangle 7 
D, F is given; and the ratio of the fide A to the | | 
ſide D is given; therefore the ratio of the other fide ' | 
C to the other F is given ©. . 5 85 
Con. And if the extremes of foùr proportionals have to the 


p YN EET TER” 7 © wWeW ©® hs wwe 


the means a given ratio to one of the means; the other meal 
ſhall have a given ratio to the other mean, as may be ſhown in 
the ſame manner as in the foregoing propoſition. 107 


| ratio. 


| ratio, and as B to E, ſo make D to F: The ratio of 


und becauſe as A to B, ſo is C to D; and as B to E 


therefore as A is to the ſtraight line to which B has a 
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PROP. IXI. 5 


to the ſtraight line to which the ſecond has a given 


[ four ſtraight lines be proportionals ; as the firſt is 
ratio, ſo is the third to a ſtraight line to which the 


fourth has a given ratio. 


| Let A, B, C, D be four proportional ſtraight lines, VIZ, as 
Ato B, ſo C to D; as A is to the ſtraight line to which B has 


a given ratio, ſo is C to a ſtraight line to which D has a given 


Let E be the ſtraight line to which B has a given 


Bto E is given, and therefore the ratio of D to F; 


ſo D to F; therefore, ex æquali, as A to E, fo is 
CtoF; and E is the ſtraight line to which“ B has a C 
given ratio, and F that to which D has a given ratio; | | 


given ratio, ſo is C to a line to which D has a given 


| ratio. 


C 


| Let the ſtraight line A be to B, as CtoD; as A to the 
{traight line to which B has a given ratio, fo is a | 5 | 
ſtraight line to which C has a given ratio to D. 55 15 

Let E be the ſtraight line to which B has a given | | | 

8 N to E, ſo make F to C; becauſe the | | | 
ratio of B to E is given, the ratio of C to F is given: 1 . 
And becauſe A 4,8 B, as CtoD; and as Bo E, ABE 
o F to C; therefore, ex æquali in proportione per r 
turdata®, A is to E, as F to D; that is, A is to E to | | 4 23. 5, 


which B has a given ratio, as F, to which C has a 
given ratio, is to D. S „ 


PROP. 


4/26 

/ 
wy 

64. 


produce the ſtraight line CB, and from the point A draw AJ 
perpendicular to BC: The exceſs of the ſquare of AC abo 


812.2. 


b 43. dat. 
0 . 6. 


40h 56 1421 


E ULI 


PROP. LXXIV. 


I a triangle has a given obtuſe angle; the excel 
of the ſquare of the fide which ſubtends the obi 
angle, above the ſquares of the ſides which conta 
ſhall have a given ratio to the triangle. 


Let the triangle ABC have a given obtuſe angle ABC; w 


the ſquares of AB, BC, that is*, the double of the reCtangk 11 
contained by DB, BC, has a given ratio to the tra dt 
Becauſe the angle ABC is given, the angle ABD is alſo given 00 
and the angle ADB is given; wherefore the triangle AB) tri: 
is given d in ſpecies; and therefore the ratio of AD to Il | 
is given: And as AD to DB, ſo is“ the rectangle AD, K 
to the rectangle DB, BC; wherefore the ratio of the rel. of 
angle AD, BC to the rectangle DB, BC is given, as alſo th ſo 
ratio of twice the rectangle DB, BC to 1 C 


the rectangle AD, BC: But the ratio of 


d 41. I. 


i e R 9. dat. 


is the exceſs of the ſquare of AC above the ſquares of Ab, 


found thus: Take a ſtraight line EF given in poſition and may I 
of the ſtraight line EF, make the angle EFG equal to the angle 
the ratio of the exceſs of the ſquare of AC above the ſquares 


_ quadruple the ſtraight line HF to Hl. 
Becauſe the angle ABD is equal to the angle ETH, and 


. 
g Cor. 4. 5. 


f R. C. 5. 


is given, becauſe it is double d of the tri- * 
angle; therefore the ratio of twice the 1 FG 


angle ADB is equiangular to EHF; therefore f as BD to D4, 


the rectangle AD, BC to the triangle ABC 


rectangle DB, BC to the triangle ABC is - mois 
given; and twice the rectangle DB, BC D B C 


BC; therefore this exceſs has a given ratio to the triangle ABC, 
And the ratio of this exceſs to the triangle ABC may be 


nitude; and becauſe the angle ABC is given, at the point 


ABC; produce GF, and draw EH perpendicular to FG; then 
of AB, BC to the triangle ABC, is the ſame with the ratio d 


the angle ADB to EHF, each being a right angle; the wi 


ſo FH to HE; and as quadruple of BD to DA, ſo is? qu 
druple of FH to HE: But as twice BD is to DA, fo is“ twict 
the rectangle DB, BC to the rectangle AD, BC; and as DA 
to the half of it, ſo is the rectangle AD, BC to its 11 

9 = 1 triang 


| ſo is the rectangle CB, BD to the rectangle 
| CB, AD: therefore the ratio of theſe rect- 


| rectangle CB, BD to the rectangle CB, AD, 
but the rectangle CB, AD has a given ratio . 
| to its half the triangle ABC: therefore d the B 
| ratio of twice the rectangle CB, BD to the triangle ABC is gi- 


Join AE which will be perpendicular * to 


| together with the ſquare of DE; there- D B D 


D 1 4A 
angle ABC; therefore, ex quali, as twice BD is to the half 


DA, that is, as quadruple of BD is to DA, that is, as qua- 
druple of FH to HE, fo is twice the rectangle PB, BC to the 


triangle ABC. „ 
| : P R O P. LXXV. | | 65. 
F a triangle has a given acute angle, the ſpace by 
which the ſquare of the ſide ſubtending the acute 1 ˖·& 


angle is leſs than the ſquares of the ſides which con- 
tain it, ſhall have a given ratio to the triangle. WH 
Let the triangle ABC have a given acute angle ABC, and 
dne AD perpendicular to BC, the ſpace by which the ſquare 

| of AC is leſs than the ſquares of AB, BC, that is, the double a 13. 2. 
coc the rectangle contained by CB, BD, has a given ratio to the 


triangle ABC. - Poles Thee: ut 
Becauſe the angles ABD, ADB are each of them given, 


| the triangle ABD is given in ſpecies; and therefore the ratio 


of BD DA is given: And as BD to DA, A 


angles is given, as alſo the ratio of twice the 


wn; and twice the rectangle CB, BD is the ſpace by which 


| the ſquare of AC is leſs than the ſquares of AB, BC; there- 
fore the ratio of this ſpace to the triangle ABC is given: And 
| the ratio may be found as in the preceding propoſition. 


5 CC 3 
F from the vertex A of an iſoſceles triangle ABC, any ſtraight 
line AD be drawn to the baſe BC, the ſquare of the fide 


AB is equal to the rectangle BD, DC of the ſegments of the baſe 
together with the ſquare of AD; but if AD be drawn to the 
| bale produced, the ſquare of AD is equal to the rectangle BD, 


DC together with the ſquare of AB, 92 
Cas. 1. Biſect the baſe BC in E, and 3 


a8, r, 
| BC; wherefore the ſquare of AB is equal N 
io the ſquares of AE, EB; but the ſquare 47 1 
of EB is equal e to the rectangle BD, DC c : n ; 


fore the ſquare of AB is equal to the E C 


OE — 
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b 47,7, ſquares of AE, ED, that is, tod the ſquare of AD, together 
with the rectangle Bo, DC; the other caſe is thown n n th 
ſame way by 6. 2. Elem. 


. Nor 8 p R O P. LXXVI. 


bs IF a triangle have a given angle, the exceſs of the HO! 
ſquare of the ſtraight line which is equal to the m AD* 
ſides that contain the given angle, above the ſquare d i ber 
the third fide, ſhall have a given ratio to the triangle. 74 
Let the triangle ABC have the given angle BAC, the excek reſt 
of the ſquare of the ſtraight line which is equal to BA, AC to te 
gether above the ſquare of — ſhall have a given ratio to the the 
triangle ABC. | Al 
Produce BA, and take AD equal to AC, join DC a MW ( 
produce it to E, and through the point B draw BE parallel u oh 
AC; join AE, and draw AF perpendicular to DC; and be. WF che 
canſe AD is equal to AC, BD is equal to BE; and BC Wl 
drawn from the vertex B of the iſoſceles triangle DBE, there- * 
fore, by the Lemma, the ſquare of BD, that is, of BA and * 
AC together, is equal to the rectangle DC, CE together with 
the ſquare of BC; and, therefore, the ſquare of BA, AC to- 
gether, that is, of BD, is greater than 3 
the ſquare of BC by the rectangle PC, 0 
CE; and this rectangle has a given 


ratio to the triangle ABC; becauſe 
the angle BAC is given, the adjacent 
angle CAD is given; and each of the 
angles ADC, DCA is given, for 
a 5. & 32. each of them is the half* of the given 
angle BAC; therefore the triangle 
b 43- dat. ADC is given ® in ſpecies; and AF is 
drawn from its vertex to the baſe in 
a given angle; wherefore the ratio of AF to the baſe CD is 
e 50. dat. given©; and as CD to AP, ſo is d the rectangle DC, CE to 
a 2-0. the rectangle AF, CE; and the ratio of the rectangle AF, 
e 41. 1. CE to its half*; the triangle ACE is given; therefore the r- 
f 37.1. tio of the rectangle DC, CE to the triangle ACE, that is f, to 
8 9. dat. the triangle ABC, is given ?: and the rectangle DC, CE is the 
exceſs of the ſquare of BA, AC together above the ſquare of 
2 BE; therefore the ratio of this excefs to the triangle ABC 1s 
given. 
The ratio which the rectangle DC, CE has to the triangle 
ABC is found thus: Take the Rraight line GH given in pol- 
tion 
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don and magnitude, and at the point G in GH make the angle 

HGK equal to the given angle CAD, and take GK equal to 

GH, join KH, and draw GL perpendicular to it: Then the 

atio of HK to the half of GL is the ſame with the ratio of 

the rectangle DC, CE to the triangle ABC: Becauſe the angles 

f th CR, DAC at the vertices of the iſoſceles triangles GHR, 

e tw BF ADC are equal to one another, thele triangles are ſimilar; and 
re of WY becoule GL, AF are perpendicular to the baſes HK, DC, as 

| HK to GL, fo is® (DC to AF, and fo is) the rectangle DC, h $4: 6: 


exceſs rectangle AF, CE to its half, which is the triangle ACE, or 
Cu. | the triangle ABC; therefore, ex æquali, HK is to the half of 
o the WW the (traight line GL, as the rectangle DC, CE is to the triangle 
| | ABC. ot CTY SE ge 
Con. And if a triangle have a given angle, the ſpace by 


5 0 which the ſquare of the ſtraight line which is the difference of 
* the ſides which contain the given angle is leſs than the ſquare 
wk | of the third fide, ſhall have a given ratio to the triangle. This 

* is demonſtrated the ſame way as the preceding propoſition, by 
_ help of the ſecond caſe of the Lemma. 8 
— . Sc, gr 1 
5 J the perpendicular drawn from a given angle of g., N. 
Ia triangle to the oppoſite ſide, or bale, has a given 
F ratio to the baſe, the triangle is given in ſpecies. 
0 Let the triangle ABC have the given angle BAC, and let the 


perpendicular AD drawn to the baſe BC, have a given ratio to 


it, the triangle ABC is given in ſpecies. 5 „ 
E U ABC be an iſoſceles triangle, it is evident“ that if any a x5. & 32. 


40 | wh | bs 
——b 7 


to 

, 

ra- 15 

to , 8 | | . | | . _ : 

dne of its angles be given, tue reit are alto given; and there 

z WI fore the . is given in ſpecies, without the conſideration 
of the ratio of the perpendicular to the baſe, which in this caſe 


le 5 given by prop. 50. RG e 

j- But when ABC is not an iſoſceles triangle, take any ſtraight 

D line EF giyen in poſition and magnitude, and upon it * 
; 5 7 TN Ob 


CE to the rectangle AF, CE; but as GL to its half, ſo is the C 3 


\ 


| 
} 


67. 
SY be N 
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EU 
ſquares of AE, ED, that is, tob the ſquare of AD, t 


b 47. I, 
with the rectangle BD, DC; the other caſe is ſhown in the 
ſame way by 6. 2. Ele. 5 Fo 
| 5 = a. 59 * 1 P R O P. LXXVI. : 
5 3 5 ek the r 
IF a triangle have a given angle, the exceſs of O 


] {quare of the ſtraight line which is equal to the tay 
ſides that contain the given angle, above the ſquare d 


the third fide, ſhall have a given ratio to the triangle, Wi 44 
Let the triangle ABC have the given angle BAC, the excek 8 
of the ſquare of the ſtraight line which is equal to BA, AC u. the 
gether above the ſquare of BC, ſhall have a given ratio to the the 
triangle ABT“. VVV F\ 
Produce BA, and take AD equal to AC, join DC ai WWF ( 
produce it to E, and through the point B draw BE parallel v h 
AC; join AE, and draw AF perpendicular to DC; and be. the 
canſe AD is equal to AC, BD is equal to BE; and BC's; of 
drawn from the vertex B of the iſoſceles triangle DBE, there- ® 
fore, by the Lemma, the ſquare of BD, that is, of BA and hs 
AC together, is equal to the rectangle DC, CE together with WW 
the ſquare of BC; and, therefore, the ſquare of BA, AC to- 
gether, that is, of BD, is greater than 5 
the ſquare of BC by the rectangle DC, . D 
CE; and this rectangle has a given | — 
ratio to the triangle ABC; becauſe Ex 


angle CAD is given; and each of the B 
angles ADC, DCA is given, for 
a f. & 32. each of them is the half“ of the given 


d 1. 6. 
1 


„ $« 


angle BAC; therefore the triangle G. E 
b 43. dat. ADC is given b in ſpecies; and AF is ARK | 


drawn from its vertex to the baſe in 
a2 given angle; wherefore the ratio of AF to the baſe CD is 
e 50. dat. 


tio of the rectangle DC, CE to the triangle ACE, that is f, to 


the angle BAC is given, the adjacent 


given“; and as CD to AF, ſo is d the rectangle DC, CE to 
the rectangle AF, CE; and the ratio of the rectangle AF, 
CE to its half©; the triangle ACE is given; therefore the r- 


the triangle ABC, is given 5: and the rectangle DC, CE is the 
exceſs of the ſquare of BA, AC together above the ſquare ot 
BC : therefore the ratio of this exceſs to the triangle ABC i 
given. es | , 2 

The ratio which the rectangle DC, CE has to the triangle 
ABC is found thus ; Take the ſtraight line GH given in pol- 

| 5 tion 
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tion and magnitude, and at the point G in GH make the angle 

HGK equal to the given angle CAD, and take GK equal to 

CH, join KH, and draw GL perpendicular to it: Then the 

-atio of HK to the half of GL is the ſame with the ratio of 

the rectangle DC, CE to the triangle ABC: Becauſe the angles 

EGK, DAC at the vertices of the iſoſceles triangles GHXK, 

ADC are equal to one another, thele triangles are ſimilar; and 

becauſe GL, AF are perpendicular to the baſes HK, DC, as 

| HK to GL, fois? (DC to AF, and ſo is) the rectangle DC, h $4 6. 
CE to the rectangle AF, CE; but as GL to its half, ſo is the C 5* 
rectangle AF, CE to its half, which is the triangle ACE, or 

the triangle ABC; therefore, ex zquali, HK is to the half of 

the ſtraight line GL, as the rectangle DC, CE is to the triangle 

| ABC. „„ þ „ . 

| Cor. And if a triangle have a given angle, the ſpace by 

| which the ſquare of the ſtraight line which is the difference of 

the fides which contain the given angle is leſs than the ſquare 

of the third fide, ſhall have a given ratio to the triangle. This 

is demonſtrated the ſame way as the preceding propoſition, by 

help of the ſecond caſe of the Lemma. e 


PROP e © wa 


I the perpendicular drawn from a given angle of s., N. 
a triangle to the oppoſite ſide, or baſe, has a given 


| ratio to the baſe, the triangle is given in ſpecies. 
Let the triangle ABC have the given angle BAC, and let" the 
perpendicular AD drawn to the baſe BC, have a given ratio to 
it, the triangle ABC is given in ſpecies mn 
E f ABC Le an ifoſceles triangle, it is evident“ that if any a 5. & 32. 
I 
to 
, 
* 
to 
he 
of 
1s 
le ij given by prop. co. 3 5 eg 
. But when ABC is not an iſoſceles triangle, take any ſtraight 
5 line EF giyen in poſition and magnitude, and upon it deſcrite 


the | 
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the ſegment of a circle EGF containing an angle equal to te dhe 2. 

given angle BAC, draw GH biſecting EF at right angles, aud che ® 

Join EG, GF: Then, ſince the angle EGF is equal to the angle 

BAC, and that EGF is an iſoſceles triangle, and ABC is ng, 

the angle FEG is not equal to the angle CBA: Draw EL me. 

king the angle FEL equal to the angle CBA; join FL, and 

draw LM. perpendicular to EF; then, becauſe the triangles EI 

BAC are equiangular, as alſo are the triangles MLE, Day, 

as ML to LE, fo is DA to AB; and as LE to EF, fois AB U 

BC; wherefore, ex zquali, as LM to EF, ſo is AD to BC; 
and becauſe the ratio of AD to BC is given, therefore the ratiz 
p 2. dat, of LM to EF is given; and EF is given, wherefore > LM al mul 
is given. Complete the parallelogram LM FK; and becauſe Ly r 

| is given, FK is given in magnitude; it is alſo given in poſition, C 

c 30. dat. and the point F is given, and conſequently® the point K; and be- {tral 

| cauſe through K the ſtraight line KL is drawn parallel to EP nd: 

4 31. dat. which is given in poſition, therefore KL is given in poſition, * 


and the circumference ELF is given in poſition j therefore the 
e 28. dat. Point L is given? . And becauſe the points L, E, F, are given, 
f 29. dat. the ſtraight lines LE, EF, FL, are given f in magnitude; there. 
8 42. dat, fore the triangle LEF is given in ſpecies :; and the triangle 
AC is ſimilar to LEF, wherefore alſo ABC is given in ſpecies. 
Becauſe LM is leſs than GH, the ratio of LM to EF, that 
is, the given ratio of AD to BC, muſt be leſs than the ratio of 
GH to EF, which the ſtraight line, in a ſegment of a circle con- 
taining an angle equal to the given angle, that biſects the baſe 

of the ſegment at right angles, has unto the baſe. 
Conk. 1. If two triangles, ABC, LEF, have one angle BAC 
canal to one angle ELF, and if the perpendicular AD be to the 
| baſe BC, as the perpendicular LM to the baſe EF, the triangles 
ABC, LEF are ſimilar. . 1 
Dtieſcribe the circle EGF about the triangle ELF, and draw 
LN parallel to EF, join EN, NF, and draw NO perpendicu- 
lar to EF; becauſe the angles ENF, ELF are equal, and on 
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the angle EFN is equal to the alternate angle FNL, that is, to 
the angle FEL in the ſame ſegment; therefore the triangle. 
Nr is fimilar to LEF; and in the ſegment EGF there can 
de no other triangle upon the baſe EF, which has the ratio of 


Er NO to EF, becauſe the perpendicular muſt be greater or 
1-G than LM or NO; but, as has been thewn in the preceding 


the ſegment EGF upon the baſe EF, andthe ratio of its perpen- 
dicular to the baſe is the ſame, as was there ſhewn, with the ra- 


E triangle ACG. 


ſiraight line AR drawn from the given angle to the oppoſite 


trangle ABC is given in ſpecies. 


tio of AD to BC is given; and the triangle ABC is therefore 
eren in ſpecies . e 
Cos. 3. If two triangles ABC, LEF have one angle BAC 


theſe angles to the baſes, making with them given and equal 
angles, have the ſame ratio to the baſes, each to each; then the 
triangles are ſimilar; for having drawn perpendiculars to the 
| baſes from the equal angles, as one perpendicular is to its baſe, 


| angies are ſimilar. „ | 
A triangle ſimilar to ABC may be found thus: Having dee 
| {cribed the ſegment EGF and drawn the ſtraight line GH as 
was directed in the propotition, find FK which has to EF the 
| given ratio of AD to BC; and place FK at right angles to EF 

from tue point F; then becauſe, as has been thewn, the ratio 


| of GH to EF; therefore EK is leſs. than GH; and conſequent- 
the circumference of the legmeat in two points: Let L be either 
then, becaulc the angle BAC is equal to the angle ELF, and 


that AD is to BC, as KF, that is, LM to EF, the triangle ABC. 
u ilar to the triangle LEF, by Cor. i. e O42 


its perpendicular to that baſe the ſame with the ratio of LM 
demonſtration, a triangle, ſimilar to ABC, can be deſcribed in ; 
tio 0: AD to BC, that is, of LM to EF; therefore that triangle 
nut be either LEF, or NEF, which therctore are ſimilar to the 

Cor. 2, If a triangle ABC has a given angle BAC, and if the 
id: BC, in a given angle ARC, has a given ratio to BC, the 

Draw AD perpendicular to BC; therefore the triangle ARD 


is given in ſpecies; wherefore the ratio of AD to AR is given: | 
and the ratio of AR to BC is given, and conf{cquently ® the ra- h 9. dat. 


equal to one angle ELF, and if ſtraight lines drawn from 


of AD to BC, that is of FK to EF, muſt be leſs than the ratio 
ly the parallel to EF drawn through the point K, muſt meet 


of them, and join EL, LF, and draw LM perpendicular to Ex: 
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ſo is the other to its baſe*; wherefore, by Cor. 1. the tri- k 3 ES. 
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| : . a triangle have one angle given, and if the raj 
E of the rectangle of the ſides which contain the 9 

ven angle to the iquare of the third ſide be given, the 

triangle is given in ſpecies. e 


' 
! 
4 
\ 


Let the triangle ABC have the given angle BAC, and le 
the ratio of the rectangle BA, AC to the ſquare of BC be g 
ven; the triangle ABC is given in ſpecies _ 
| | From the point A, draw AD perpendicular to BC, the red. 
a 4r.7, angle AD, C has a given ratio to its half* the triangle ABC; 
_____ and becauſe the angle BAC is given, the ratio of the triangle 
b Cor 62 BAC to the rectangle EA, AC is given d; and by the hypo 
| dat. theſis, the ratio of the rectangle BA, AC to the ſquare of BC 
c 9 dat. given; therefore the ratio of the rectangle AD, GC to the 
d 1. 6. ſquare of C, that is d, the ratio of the ſtraight line AD to BC, 
e 77. dat. is given; wherefore the triangle ABC is given in ſpecies*, 
A triangle fimilar to ABC may be found thus: Take: 
ſtraight line EF given in poſition and magnitude, and make 
the angle FEG equal to the given angle BAC, and draw Ef 
perpendicular to EG, and BK perpendicular to AC; therefore 
the triangles ABK, EFH H q M 88 | 
are ſimilar, and the rect- A Et. 
angle AD, BC, or the PS 
_ rectangle BK, AC which 
is equal to it, is to the % | 
rectangle BA, BC as the — 
ſtraight line BK to BA, R Wo N 
that hs as FH to FE. Let B D N C F ü 
the given ratio of the rectangle BA, AC to the ſquare of BC 
be the ſame with the ratio of the ſtraight line EF to FL; there- 
fore, ex quali, the ratio of the rectangle AD, BC to tl 
ſquare of BC, that is, the ratio of the ſtraight line AD to BC, 
is the ſame with the ratio of HF to FL; and becauſe AD » 
not greater than the ſtraight line MN in the ſegment of the 
circle deſcribed about the triangle ABC, which biſects BC 
at right angles; the ratio of AD to BC, that is, of H 
to FL, muſt not be greater than the ratio of MN to BC: 
Let it be fo, and, by the 775th dat. find a triangle OP! 
which has one of its angles POQ equal to the give 
angle BAC, and the ratio of the perpendicular Ok 
drawn from that angle to the baſe PQ the ſame with tht 
ratio of HF to FL; then the triangle ABC is 11 00 


wa, $3 
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. Becauſe, as has been ſhown, the ratio of AD to BC is 
the fame with the ratio of (HF to FL, that is, by the conſtruc 
tion, with the ratio of) OR to PQ; and the angle BAC is 
equal to the angle POQ.. Therefore the triangle ABC is ſimilar f f r. Cor, 


to the triangle PO. 1 
Otheræuiſe, 


Let the triangle ABC have the given angle BAC, and let the 
ratio of the rectangle BA, AC to the ſquare of BC be given; 
the triangle ABC is given in ſpecies... Eo. iii} 

Becauſe the angle BAC is given, the exceſs of the ſquare 
of both the ſides BA, AC together above the ſquare of the 
third ſide BC has a given? ratio to the triangle ABC. Let the a 76. dat. 
figure D be equal to this exceſs ; therefore the ratio of D to 
the triangle ABC is given; and the ratio of the triangle ABC 
to the rectangle BA, AC is given o, becauſe BAC is a given b Cor, 62. 


angle; and the rectangle BA, AC has A » dat. 


a given ratio to the ſquare of BC; 
wherefore © the ratio of D to the 
ſquare of BC is given; and, by com- A. 


e 10. dat. 


poſition 4, the ratio of the ſpace DR (24. 42t. 
together with the ſquare of BC to the ſquare of BC is given; | 
but D together with the ſquare of BC is equal to the ſquare of 

both BA and AC together; therefore the ratio of the ſquare of 

BA, AC together to the ſquare of BC is given; and the ratio 

of BA, AC together to BC is therefore given ©; and the angle « 59. da; 
BAC is given, wherefore f the triangle ABC is given in ſpecies. f 4s. dat. 
The compoſition of this, which depends upon thoſe of the 
76th and 48th propoſitions, is more complex than the preced- 

ing — which depends upon that of prop. 77. which 

is ey. F | 
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Ji triangle have a given angle, and if the ſtraight see N. 
| line drawn from that angle to the baſe, making a 

given angle with it, divides the baſe into ſegments 
which have a given ratio to one anotner; the triangle 

is given in ſpecies, TCVVCCCCCCCCC 


Let the triangle ABC have the given angle BAC, and let 
tne ſtraight line AD drawn to the baſe BC making the given 
angle ADB, divide CB into the ſegments BD, DC which have 

5 Ee Ne ey 1 


8 


* 


— — — — — 
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TEES 2.given ratio to one another; the triangle ABC is given inſpeciee, 
2 5.4 Deſcribe the circle BAC about the triangle, and from itz 
centre E, draw EA, EB, EC, ED; becauſe the angle BAC B; 
b 20. 3. given, the angle BEC at the centre, which is the doubled of it, 
is given. And the ratio of BE to EC is given, becauſe they 
are equal to one another; therefore © the triangle BEC js 
8 given in ſpecies, and the ratio of EB to BC is given; alſo the 
à 7. dat. ratio of CB to BD is given d, becauſe the ratio of BD to NC 
e 9. dat. is given; therefore the ratio of EB to BD is given e, and the 
5 angle EBC is given, wherefore the triangle EBD is given* 
in ſpecies, and the ratio of EB, that is, of EA, to ED, is there- 
fore given; and the angle EDA is given, becauſe each of the 
angles BDE, BDA is given; therefore the triangle AED is 
$47. dat, given f in ſpecies, and the angle AED gi- 3 
ven: alſo the angle DEC is given, be- 
cauſe each of the angles BED, BEC is 
given; therefore the angle AEC is given, 
and the ratio of EA to EC, which are 
equal, is given; and the triangle AEC is pg 
therefore given © in ſpecies, and the angle \ 
ECA given; and the angle ECB 1s gien 
| _ wherefore the angle ACB is given, and the angle BAC is alſo 
3 43. dat. given; therefore the triangle ABC is given in ſpecies. | 
A triangle ſimilar to ABC may Be found, by taking a ſtraight 
lme given in poſition and magnitude, and: dividing it in the 
given ratio which the ſegments BD, DCC are required to have 
to one another ; then, if upon that ſtraight line a ſegment of a 
circle be deſcribed containing an angle equal to the given angle 
BAC, and a ſtraight line be drawn from the point of diviſion in 
an angle equal to the given angle ADB, and from the point 
where' it meets the circumference, ſtraight lines be drawn to 
the extremity of the firſt line, theſe, together with the firſt line, 
hall contain a triangle ſimilar to ABC, as may eaſily be ſhown. 
The demonſtration. may be alſo made in the manner of that 
of the 77th prop. and that of the 77th may be made in the 
manner of this. | | 


e 44. dat. 


= SSS 


22 
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F the ſides about an angle of a triangle have a given 
ratio to one another, and if the perpendicular 
drawn from that angle to the baſe has a given ratio to 
the bale z the triangle is given in ſpecies. 5 1 
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Let the ſides BA, AC, about the angle BAC of the triangle 
ABC have a given ratio to one another, and let the perpendicu- 
lar AD have a given ratio to the baſe BC; the triangle ABC is 
given in ſpecies. KEELEY POSI” Po 

Firſt, let the ſides AB, AC be equal to one another, there: 
fore the perpendicular AD biſects the baſe A a 26. 1. 
BC; and the ratio of AD to BC, and there- "wp 
fore to its half DB, - gen ; and _ _ 15 
ADB is given; wherefore the triangle * ABD, —: „ 43. dat. 
and een the triangle ABC, is given? B D Cb 44. dt. 
lat let the ſides be unequal, and BA be greater than AC; 
and make the angle CAE equal to the angle ABC; becauſe 
the angle AEB is common to the triangles AEB, CEA, they 
are ſimilar; therefore as AB to BE, ſo is CA to AE, and, by 
permutation, as BA to AC, ſo ie BE to E4, and ſo is EA 
toEC; and the ratio of BA to AC is given, therefore the 
ratio of BE to EA, and the ratio of EA to EC, as alſo the 5 
ratio of BE to EC is given; wherefore the ratio of EB toc 9. dat. 
BC is given d; and the ratio of AD to BC | 
is given by the hypotheſis, therefore © the 
ratio of AD to BE is given; and the ratio - FI 
of BE to EA ** ſhown to be givenz where- 4 
fore the ratio of AD to AE is given, and | 
ADE is a right angle, therefore Ne triangle B FC E. D 1 
ADE is given © in ſpecies, and the angle AEB given; the ra- e 46. dat. 
tio of BE to EA is likewiſe given, therefore the triangle BE = 
is given in ſpecies, and conſequently the angle EAB, as alfo 
the angle ABE, that is, the angle CAE, is given; therefore the 
angle BAC is given, and the angle. ABC being alſo given, the 
triangle ABC is given f in ſpecies. t 42, Gat; 
How to find a triangle which ſhall have the things which 
are mentioned to be given in the propoſition, is evident in 
| the firſt caſe; and to find it the more ealily in the other 
| cafe, it is to be obſerved that, if the ſtraight line EF equal to 

EA be placed in EB towards B, the point F divides the baſe 
| BC into the ſegments BF, FC which have to one another the 
| ratio of the fides BA, AC, becauſe BE, EA, or EF, and 
EC were ſhown to be proportionals, therefore“ BF is to FC, + 19. . 
as BE to EF, or E, that is, as BA to AC; and AE cannot 
de leſs thap the altitude of the triangle ABC, but it may be 
5 FCC + 3 Cap WDe equal 
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angle to be found; and let the given ratio of the perpendia. rf 
har to the baſe be that of the ſtraight line K to GH, thas Wl no 


NM, is given, as alfo the point M, viz. by taking the ſtraight 


ſquare of NH, the rect-t? _ 


the ſquare of ML: there. 
. fore as GM to ML, ſo is 
ML to MH, and the tri- 


the angle LGM, and the 


r | 
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equal to it, which, if it be, the triangle, in this caſe, as a6 
the ratio of the ſides, may be thus found: Having given ty thre 
ratio of the perpendicular to the baſe, take the ſtraight ln Wi fact 
GH, given in poſition and magnitude, for the baſe of the ts. 


let K be equal to the perpendicular; and ſuppoſe GLH tobe y- 


the triangle which is to be found, therefore having made the Ou 
angle HLM equal to LGH, it is required that LM be per it i 


pendicular to. GM, and equal to K; and becauſe GM, MI, cha 
MH are proportionals, as was ſhown of BE, EA, EC, the WW thai 
rectangle GMH is equal to the ſquare of ML. Add the com. 
mon ſquare of NH, (having biſected GH in N), and the ſquare 
of NM is equal s to the ſquares of the given itraight lines N 
and ML or K; therefore the ſquare of NM and its fide ine 


line NM, the ſquare of which is equal to the ſquares of NH, WW to ( 
ML. Draw ML equal to K, at right angles to GM; and be- rati 


_ cauſe ML is given in poſition and magnitude, therefore the | pre 
point L is given, join LG, LH; then the triangle LGH » WW gre 


that which was to be found, for the ſquare of NM is equal to 
the ſquares of NH and ML, and taking away the common 


angle GMH is equals to 


angle LGM is therefore 
equiangular to HLM, and 
the angle HLM equal to 


ſtraight line LM, drawn from the vertex of the triangle making (i Bu 


the angle HLM equal to LGH, is perpendicular to the baſe and 0 Is | 


equal to the given ſtraight line K, as was required; and the i 
ratio of the ſides GL, LH is the ſame with the ratio of GM to 
ML, that is, with the ratio of the ſtraight line which is made 
up of GN the half of the given baſe and of NM, the ſquare q WM G] 
which is equal to the ſquares of GN and K, to the itraigit 


And whether this ratio of GM to ML is greater or le 
than the ratio of the ſides of any other triangle upon the bal 
GH, and of which the altitude is equal to the ſtraight hy 
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| that is, the vertex” of which is in the parallel to GH drawn 
through the point L, may be thus found. Let OGH be any 
E Gach triangle, and draw OP, making the angle HOP equal to 
the angle OGH; therefore as before, GP, PO, PH are pro- 
portionals, and PO cannot be equal to LM, becauſe the rect- 
angle CPH would be equal to the rectangle GMH, which 
is impoſſible ; for the point P cannot fall upon M, becauſe Q 
would then fall on I.; nor can PO be leſs than LM, therefore 
it is greater; and conſequently the rectangle GPH is greater 
than the rectangle GMH, and the ſtraight line GP greater 
than GM: Therefore the ratio of GM to MH is greater than 
the ratio of GP to PH, and the ratio of the ſquare of GM to 
the ſquare of ML is therefore i greater than” the ratio of the i 2. Cor. 
ſquare of GP to the ſquare of PO, and the ratio of the ſtraight . 6. 
line GM to ML greater than the ratio of GP to PO. But as 
| GM to ML, ſo is GL to LH; and as GP to PO, fo is GO 
W to OH ; therefore the ratio of GL to LH is greater than the 
ratio of GO to OH ; wherefore the ratio of GL to LH is the 
greateſt of all otheys ; and conſequently the given ratio of the 
greater ſide to the leſs muſt not be greater than this ratio. 
| But if the ratio of the ſides be not the {ame with this great- 
eſt ratio of GM to LM, it muſt neceſſarily be leſs than it: 
Let any leſs ratio be given, and the ſame things being ſuppo- 
ſed, viz. that GH is the baſe, and K equal to the altitude of 
| the triangle, it may be found as follows. Divide GH in the 
point Q , ſo that the ratio of GQ to QH may be the ſame 
W with the given ratio of the ſides; and as GQ to OH, ſo make 
Cr to PQ, and fo willf PQ be to PH; wherefore the ſquare f 19. 5. 
WT of GP is to the ſquare of PO, asi the ſtraight line GP to 
FH: And becauſe GM, ML MH are proportionals, the ſquare 
cot GM is to the ſquare of ML, as i the ſtraight line GM to MH: | 
| But the ratio of GQ to QH, that is, the ratio of GP to PQ, 
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ein 

* is lefs than the ratio of GNM to ML; and therefore the ratio 

the of the ſquare of GP to the ſquare of PQ is leſs than the ratio 

{6 of the ſquare of GM to that of MIL; and conſequently the 

ade ratio of the ſtraight line GP to PH is leſs than the ratio of 

ed OM to MH; and, by diviſion, the ratio of GH to HP is leſs 

out chan that of GH to HM; wherefore * the ſtraight line HP is & 10. 3. 
enter than II Mf, and the rectangle GPH, that is, the ſquare 

ls ef PQ, greater than the rectangle GMH, that is, than the 

ri | Ss og ſquare 

tht 
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ſquare of ML, and the ſtraight line PQ_ is therefore greats 
than ML, Draw LR parallel to GP, and from P draw PR , 
right angles to GP: Becauſe PQ is greater than ML, or Pp 
the circle deſcribed from the centre P, at the diſtance PO 
muſt neceſſarily cut LR in two points; let theſe be O, 8, 
join OG, OH; SG, SH: each of the triangles OGH, S0 
have the things mentioned to be given in the propoſition: 
Join OP, SP; and becauſe as GP to PQ, or PO, fois 50 
to PH, the triangle OG is equiangular to HOP; as, there. 
fore, OG to GP, ſo is HO to OP; and, by permutation, x 
GO to OH, ſo is GP to PO, or PO: and ſo is „ H: 
Therefore the triangle OGH has the ratio of its ſides Y 
the ſame with the given ratio of GQ to QH: and the 
dicular has to the baſe the given ratio of K to GH, becauſe the 
perpendicular is equal to LM, or K: The like may be ſhewn in 
the ſame way of the triangle SGH. „„ 
This conſtruction by which the triangle OGH is found, is al 
ſhorter than that which would be deduced from the demonſtrs 0 
tion of the datum, by reaſon that the baſe GH is given in cl 
. poſition and magnitude, which was not ſuppoſed in the de. WWF 
monſtration : The ſame thing is to be obſerved in the next pro c 
as,” 5” e ; 
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F the ſides about an angle of a triangle be unequ 
and have a given ratio to one another, and if he 
perpendicular from that angle to the baſe divides i 
into ſegments that have a given ratio to one another, 
the triangle is given in ſpecies 


ia es ed na a. td © ©»: - By 


Let ABC be a triangle, the ſides of which about the angle 
BA are unequal and have a given ratio to one another, and 
let the perpendicular AD to the baſe BC divide it into the ſeg 
ments BD, DC which have a given ratio to one another, tht 
triangle ABC is given in ſpecies  _ 


Let AB be greater than AC, and make the angle CA 

cqual to the angle ABC; and becauſe the angle AEB is com- 

2 4.6. mon to the triangles ABE, CAE, they are * equiangular #0 
bone another; Therefore as AB to BE, ſo is CA to AL 7 


vy permutation, as AB to AC, ſo BE to 
FA, and ſo is EA ts EC: But the ratio of "X 
BA to AC is given, therefore the ratio e 
of BE to EA, as alſo the ratio of EA to E 4 


EC is given; wherefore d the ratio of B DC ep 2 
| BE to EC, as alſo© the ratio of EC to M: e Cor, ; 
| CB is given: And the rativ of BC to CD i: or 4 


| is given ©, aged non ratio of — 5 
Dis given; therefore the ratio of | 

_ on is given, and conſequently 4 the TC | KLH N £ 

ratio of DE to EC: And the ratio of EC EC. 

to EA was ſhown to be given, therefore b the ratio of DE to EA 

| is given: And ADE is a right angle, wherefore © the triangle © 46. du. 
| ADE is given in ſpecies, and the angle AED given: And the 

ratio of CE to EA ts given, therefore f the triangle AEC is gi- f 44. dat. 
ven in ſpecies, and conſequently the angle ACE is given, as 

alſo the adjacent angle ACB. In the ſame manner, becauſe the 

ratio of BE to EA is given, the triangle BEA is given in ſpe- 

| cies, and the angle ABE is therefore given: And the angle 
ACB is given; wheretore the triangle ABC is givens in ſpe-g 43. dat. 
cies. = TOs . 

But the ratio of the greater ide BA to the other AC muſt 
be leſs than the ratio of the greater ſegment BD te DC: Be- 
cauſe the ſquare of BA is to the ſquare of AC, as the ſquares 
of BD, DA to the ſquares of DC, DA; and the ſquares of BD, 
DA have to the ſquares of DC, DA a leſs ratio than the ſquare 
of BD has to the ſquare of DC +, becauſe the ſquare of BD is 
greater than the ſquare of DC; therefore the ſquare of BA has 
| to the ſquare of AC a lefs ratio than the ſquare of BD has to 
| that of DC: And conſequently the ratio of BA to AC is leſs 
than the ratio of BD to DC. 85 | 
This being premiſſed, a triangle which ſhall have the things 
| mentioned to be given in the propoſition, and to which the 
triangte ABC is ſimilar, may be found thus: Take a ſtraight 
line GH given in poſition and magnitude, and divide it ia K, 
ſo that the ratio of GK to KH may be the ſame with the given 
atio of BA to AC: Divide alſo GH in L, fo that the ratio 


+IfA be gre ter than B. and C ary thin D: Zut as A is to B, ſo A and C 
third mag tude; then A and Ctoge- to Bund D; and A and C have to-B 
Uher dave to B and C together a le ra-| and Ca lefs ratio than A and C have te 
A has 5 Iz and D, becauſe C is greiter than 

Let Abe to B asCto D, and de- D, therefore A and C have to Band & 
ule A is greater than B, C is greater 2 leG ratio than A to 1 


E e 4 
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2, def, cauſe it is ſimilar* to AB; therefore the tides of AG are g- 
2. and ven d: Each of the ſtraight lines AE, AF 'Þ 


b 60. dat, lines CA, AD is given d, therefore each of SJ. 
© 4. dat, the remainders EC, DF is given. 1 E 
Next let the parallelogram AG given in 


E Nn 


of GL to LH may be the ſame with the given ratio of BD to 
DC, and draw LM at right angles to GH: And becauſe the 
ratio of the ſides of a triangle is leſs than the ratio of the ſos, © 
ments of the baſe, as has been ſhewn, the ratio of GK to KH 
is leſs than the ratio of GL to LH; wherefore the point J. 


| 
muſt fall betwixt K and H: Alſo make as GK to KH, ſo GN 2 | 
to NK, and ſo ſhall NK be to NH. And from the centre N muſl 
at the diſtance. NK, deſcribe a circle, and let its circumference and 
meet LM in O, and join OG, OH ; then OGH is the triangle ide: 
which was to be deſcribed : Becauſe GN is to NK, or NO, 2 AD 
NO to NH, the triangle OGN is equiangular to HON; there. {am 
fore as OG to GN, ſo is HQ to ON, and, by permutation, a bot! 
GO to OH, ſo is GN to NO, or NK, that is, as GK to KH, ing 
that is, in the given ratio of the ſides, and by the conſtruction, the 
GL, LH have to one another the given ratio of the ſegments An 
of the baſe. | | = f . 6 wh 
wh 
PROP. LXXXIL. 

IF a parallelogram given in ſpecies and magnitude Wl | 
I be increaſed or diminiſhed by a gnomon given in | 


magnitude, the ſides of the. gnomon are given in mag. X 
i e 


Firſt, let the parallelogram AB given in ſpecies and mag: 
nitude be increaſed by the given gnomon ECBDFG, each «i 
the ſtraight lines CE, DF is given, | 

Becauſe AB is given in ſpecies and magnitude, and that tht 
gnomon ECBDFG is given, therefore the whole ſpace AG 
is given in magnitude: But AG is alſo given in ſpecies, be. 


'1s therefore given; and each of the ſtraight A 


ſpecies and magnitude, be diminiſhed by the FD A 
given gnomon ECBDEG, each of the ſtraight 
- Jines CE, DF. is gien. 


Becauſe the parallelogram AG. is given, as kn, 
alſo its gnomon ECBDFG, the remaining ſpace AB is given n 
TY N | | | m agnitude; 


4 


| j* a parallelogram equal to a given ſpace be applied 
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tude : But it is alſo given in ſpecies z, becauſe it js mile 9 . 26 
to A6; therefore its ſides CA, AD are given, and each of the f => | 
fraight lines EA AF is given; therefore EC, DF are each of b &. dat. | 


The gnomon and its ſides CE, DF may be found thus in 
che firſt cate. Let H be the given ſpace to which the gnomon 
uſt be made equal, and find a parallelogram ſimilar to AB , 1 
and equal to the figures AB and H together, and place its 
des AE, AF from the point A, upon the wes, ay lines AC, 
AD, and complete the nr: 4 A which is about the 
fame diameter © with AB; becauſe therefore AG is equal to, 26. 6. 
both AB and H, take away the common part AB, the remain- | 
ing gnomon ECBDFG is equal to the remaining figure H; 
therefore a gnomon equal to H, and its ſides CE, DF are found: 
And in like manner they may be found in the other caſe, in 
which the given figure H mult be leſs than the figure FE from 
which it is to be taken. "3, nes rs 8 
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to a given ſtraight line, deficient by a parallelogram 
given i ſpecies, the ſides of the detect are giren. 


Let the parallelogram AC equal to a given ſpace be applied 


to the given ſtraight line AB, deficient by the parallelogram * 
| BDCL given in ſpecies, each of the ſtraight lines CD, DB are 


given „ 8 N | 5 | A 
Bifect AB in E; therefore EB is given in magnitude, up- 


| on EB deſcribe* the parallelogram EF ſimilar to DL and ſimi- a 18. G. ” 


larly placed; therefore EF is given in 
rb and 1s about the ſame * * 5 G H F 
with DL; let BCG be the diameter, and | N 
conſtruct the figure; therefore, becauſe _K C * 
the figure EF given in ſpecies is deſerib- f | IN | 
ed upon the given ſtraight line EB, EEE — 


b 26. 6. 


is given © in magnitude, and the gnomon A E DB c 4 dat 
therefore © ſince EF is diminiſhed by the given gnomon ELH, 5 47 1 . 
the lides EK, FH of the gnomon are given; but EK is equal © v2: dat: 
| to DC, and FH to DB; wherefore C » DB arg cach of them 


ELH is equal to the given figure AC: . 


This 
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This demonſtration is the analyſis of the problem in th 
28th prop. of book 6. the conſtruction and demonſtration 9 


which propoſition is the compoſition of the analyſis; and be MRC e 
cauſe the given ſpace AC or its equal the gnomon ELH j; U ren! 
be taken from the figure EF deſcribed upon the half of Ay f. * B 
milar to BC, therefore AC muſt not be greater than EF, ae p 
ſhewn in the 27th prop. B. 6. tude 1 
| | Sa dd AB, « 
25 | 5 5 given 
69. PROP. LXXXIVV. pofiti 
bo e - 955 : „„ ſtraig 
F a parallelogram equal to a given ſpace be applet v 
to a given ſtraight line, exceeding by a parallels. 
_ gram given in ſpecies ; the ſides of the excels are give, T 
| | | tral 
Let the parallelogram AC equal to a gwen ſpace be applied ſpa 
to the given ſtraight line AB, exceeding by the parallelogran 1 
BDCL given in ſpecies ; each of the firaight lines CD, D Wi 
given. | | 
, Biſect AB in E; therefore EB is given in magnitude: Upon Wi . 
2 18. 6. BE deſcribe the parallelogram EF ſimilar to LD, and ſimila- | 
ly placed; therefore EF is given in ſpecies, and is about the ſp 


Þ 26. 6. ſame diameter d with LD. Let CBG be 
the diameter and conſtruct the figure: 
Therefore, becauſe the figure EF given 
in ſpecies is deſcribed upon the given £ 
ſtraight line EB, EF is given in magni- 
e $6. dat. tude®, and the gnomon ELH is equal K L 0 
4 16. and to the given figures AC; wherefore, 4 
43. 1. ſince EF is increaſed by the given gnomon ELI, its ſides EK, 
e 82. dat. FH are given; but EK is equal to CD, and FH to BD; there. 
fore CD, DB are each of them given. 
Ihis demonſtration is the analyſis of the problem in the 29th 
prop. book 6. the conſtruction and demonſtration of which i 
the compoſition of the analyſis 1 
Cor. If a parallelogram given in ſpecies be applied to a g. 
ven ſtraight line, exceeding by a parallelogram equal to a given 
ſpace; the ſides of the parallelogram are given. 
Let the parallelogram ADCE given in ſpecies be applied to 
the given ſtraight line AB exceeding by the parallelogran 
BDC equal to a given ſpace; the ſides AD, DC of the pari 
lelogram are given. i 1 CO Ry 


| Draw the diameter DE of the parallelogram AC, and con- 
ſruct the figure. Becauſe the parallelogram AK is equal * to 43. 1. 
BC which is given, therefore AK is E 


ren; and BK is ſimilar to AC, there - b 24. 6. 
fore BK is given in ſpecies. And fince t "x. | = 

the parallelogram AK given in magni- 1 YF K 

tude is applied to the given ſtraight line 5 * 


AB, exceeding by the parallelogram BK 8 


| given in ſpecies, therefore by this pro- R B D 


fition, BD, DK the ſides of the exceſs are given, and the 

ſtraight line AB is given; therefore the whole AD, as alſo DC, 

to which it has a given ratio is given. ha 5c 
P R O B. 


To apply a parallelogram ſimilar to a given one to a given 


ſtraight line AB, exceeding by a parallelogram equal to a given 
| ſpace. jo | 5 


To the given ſtraight line AB apply the parallelogram AT © = 6. 
equal to the given ſpace, exceeding by the parallelogram BK fi- | 
milar to the one given. Draw DF the diameter of BK, and 
through the point A draw AE parallel to BF meeting DF pro- 
duced in E, and complete the parallelogram Ac. 

The parallelograin BC is equal“ to AK, that is, to the given 
ſpacez and the parallelogram AC is ſimilar d to BK; therefore 
the parallelogram AC is applied to the ſtraight line AB ſimilar 
to the one given and exceeding by the parallelogram BC which 
js equal to the given ſpace. ms 1 5 


2 {traight lines contain a parallelogram given in ** 
magnitude, in a given angle; if the difference of 
the ſtraigut lines be given, they ſhall each of them be 


given. 


Let AB, BC contain the parallelogram AC given in magni y 


| tude, in the given angle ABC, and let the exceſs of BC above 
| AB be given; each of the ſtraight lines AB, BC is given. 


Let DC be the given exceſs of BC above A 


and becauſe AB is equal to BD, the ratio 
of AB to BD is given; and the angie ABD mn 
Is den, therefore the parallelogram AD is . 
den in ſpecies; and begauſe the given parallelogram AC is 
Abrede to the given ſtraight line DC, exceeding by the paral- 


| BA, therefore the remainder BD is equal / "JT 7 
to BA. Complete the parallelogram AD; / 5 2 . 
D C 


lelogram AD given in ſpecies, the ſides of the exceſs are given *: a 84. f 


therefore 
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1 therefore BD is given; and DC is given, wherefore the le C 
BC is given: And AB is given, therefore AB, BC are eq 2 ht 
| them given. ow 7 = 
5. PROP. LXXXVI. +: 
I two ſtraight lines contain a parallelogram giyenj 8 
magnitude, in a given angle; if both of then * 
gether be given, they ſhall each of them be given, 85 
Let the two ſtraight lines AB, BC contain the paralle! ge! 
AC given in magnitude, in the given angle ABC, and let 1 BD 
BC together be given; each of the ſtraight lines AB, BC ig 
Produce CB, and make DB equal to BA, and complete HH 
parallelogram ABDE. Becauſe DB is equal to BA, and d BC 
angle ABD given, becauſe the adjacent an- „ her 
gle ABC is given, the parallelogram AD is E. A Gal 
given in ſpecies: And becauſe AB, BC to- D 2 
gether are given, and AB is equal to BD; 4 
therefore DC is given: And becauſe the gi- 1 
ven parallelogram AC is applied to the given D B C | 
ſtraight line DC, deficient by the paral- FH 4 
a 83. dat. lelogram AD given in ſpecies, the ſides AB, BD of the de 2 
are given“; and DC is given, wherefore the remainder = 
A4 given; and each of the ſtraight lines AB, BC is therefore gi * 
5% pugo | 5 e e | 

8 PR OP. LXXXVII pA 
LL | e 1 _ 
| 1 two ſtraight lines contain a parallelogram giren uf 
magnitude, in a given angle; if the exceſs of ti: ; 
ſquare of the greater above the ſquare of the leſſer vM... 
given, each of the ſtraight lines ſhall be given, . 
| | =. 
Let the two ſtraight lines AB, BC contain the given par e 
logram AC in the given angle ABC; if the exceſs of the u 
of BC above the ſquare of BA be given; AB and BC are ed c 
of them given. ; Ce _. 
Let the given exceſs of the ſquare of BC above the {quit AF 
of BA be the rectangle CB, BD; take this from the ſqm Wy 
2 2.2. of BC, the remainder, which is“ the rectangle BC, CD © WR. 
5 gqual to the ſquare of AB; and becauſe the angle ABC d = 
the parallelogram AC is given, the ratio of the rec 

b 62, dat. of the ſides AB, BC to the parallelogram AC is given®; 1 


AC is given, therefore the rectangle AB, BC is given; an 
the rectangle CB, BD is given; therefore the ratio of the red 


7 


aße 5 
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cg; BD to the rectangle AB, BC, that is e, the ratio of the © 1+ 6 
5 ht line DB to BA is given 3 therefore d the ratio of the d 54. dats | 
are of DB to the ſquare of BA is gi= 


8 
And the ſquare of BA is equal to 1 
rectangle BC, CD: wherefore the ra-  / 4 4 


\ of the rectangle BC, CD to the ſquare W 
BD is given, as alſo the ratio of four B PD G 

nes the rectangle BC, CD to the ſquare © 
Ie BC, CD together with the ſquare of BC to the ſquare | 

W 3D is given: But four times the rectangle BC, CD toge- 

er with the ſquare of BD is equal f to the ſquare ot the ſtraight f 8. 2. 

es BC, CD taken together: therefore the ratio of the ſquare 

BC, CD together to the ſquare of BD is given; wherefore | 

the ratio of the ſtraight line BC together with CD to BD is g 58. dat. 
en: And, by compolition, the ratio of BC together with 

D and DB, that is, the ratio of twice BC to BD, is given 

terefore the ratio of BC to BD is given, as alſo© the ratio of 

» ſquare of BC to the rectangle CB, BD: But the rectangle 

B, BD is given, being the given exceſs of the ſquares of BC, 

\; therefore the ſquare of BC, and the ſtraight line BC is 

ren; And the ratio of BC to BD, as alſo of BD to BA has 

en ſhewn to be given; therefore b the ratio of BC to BA is h 9. dat. 

ven; and BC is given, wherefore BA is given. 

he preceding demonſtration is the analyſts of this problem, viz. 

WA parallelogram AC which has a given angle ABC being gi- 

En in magnitude, and the exceſs of the ſquare of BC one of 

des above the ſquare of the other BA being given; to find 


Wc ſides: And the compoſition is as follows. = 

Let EFG be the given angle to which the angle ABC is re- 
ed to be equal, and from any point E in FE, draw EG 
dendicular to FG; let the rect- yg © 
bgle EG, GH be the given ſpace __ 
which the parallelogram AC is 
de made equal; and the rectangle 
G, GL, be the given excefs of the 
juares of BC, BA. 33 


Take, in the ſtraight line Gk, F G LO HN 
K equal to FE, and make GM double of GK; join ML, 
dd in GL produced, take LN equal to LM: Biſe@ GN in O, 
Wd between GH, GO find a mean proportional BC: As OG 
WP GL, fo make CB to BD; and make the angle CBA equal 


STE 


* 
5 5-7 þ 2 - + < K Nn 1 f EA,» 
F De, ro OI 


wt 0 x NEE. 


o 
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a I. 6. 


the rectangle HG, GL: And the ſquare of 
rectangle, HG, GO, becauſe GO, BC, GH are proportiomb 


as twice OG, that is, GN to GL; and, by diviſion, N 


E U C L I D's 


to GFE, and as LG to GK ſo make DB to BA; and conte, 1 
the parallelogram AC: AC is equal to the rectangle EG, 8 5: 
and the exceſs of the ſquares of CB, BA is equal to the re ple ] 
angle HG, GL. | 285 , i 
Becauſe as CB to BD, ſo is OG to GL, the ſquare of " 3% 

is to the rectangle CB, BD as* the Re HG, Go vols» 
B is equal to th 


therefore the rectangle CB, BD is equal to HG, GL, ky F t 
becauſe as CB to BD, ſo is OG to GL; twice CB is to Bb 


together with CD is to BD, ſo is NL, that is, LM, to 16: quar 


e 42. 6. 


of BD, as the ſquare of ML to the ſquare of LG: But th 
ſquare of BC and CD together is equal d to four times WI L 


d 9. 2. 


draw AP perpendicular to BC, and becauſe the angle All 
is equal to the angle EFG, the triangle ABP is equiangule 


therefore this rectangle, that is, the given rectangle HG, Cl * 


ſo is (the ſtraight line BA to AP, and ſo is FE or 912 


Therefore © the ſquare of BC together with CD is to the (que em 


rectangle BC, CD together with the ſquare of BD; thereſm 


four times the rectangle BC, CD together with the ſquare (IP 


BD is to the ſquare of BD, as the ſquare of ML to the ſqm 
of LG: And, by diviſion, four times the rectangle BC, CD. 
to the ſquare of BD, as the ſquare of MG to the ſquare d 
GL; wherefore the rectangle BC, CD is to the ſquare of BI 


as (the ſquare of KG the half of MG to the ſquare of Gl] qua 


that is, as) the ſquare of AB to the ſquare of BD, becauſes ſs 


ILG to GK, ſo DB was made to BA: Therefore b the tem W*" 
gle BC, CD is equal to the ſquare of AB. To each of theſe all 


the rectangle CB, BD, and the ſquare of BC becomes equl 4 
to the ſquare of AB together with the rectangle CB, BD; BW 


is the exceſs of the ſquares of BC, AB. From the point 4 


to EFG: And DB was made to BA, as LG to GK; therefor Wi s 
as the rectangle CB, BD to CB, BA, fo is the rectangle HG I 


BPDC FgGt0 AN 
GL to HG, GK; and as the rectangle CB, BA to AP, Bt 


G, and ſo is) the rectangle HG, GK to HG, GE; therefore, 


ig quali, as the rectangle CB, BD to AP, BC, ſo is the rect- 
I le HG, GL to EG, GH: And the rectangle CB, BD is 


mal to HG, GL; therefore the rectangle AP, BC, that is, 
e parallelogram AC, is equal to the given rectangle EG, GH, 


PROP. IXXVII. 


toth 

r two ſtraight lines contain a parallelogram given in 
* magnitude, in a given angle; if the ſum of the 
e of its fides be given, the fides ſhall each of 
n jem be given. ps 7 12 

ede two ſtraight lines AB, BC contain the parallelogram 


BCD given in magnitude in the given angle ABC, and let the 


hem given. 4 | Sts lac Ea ks | . 
Firſt, let ABC be a right angle; and becauſe twice the rect- 


w F ole contained by two equal ſtraight lines is equal to both 

f 30 Wc ſquares ; but if two ſtraight lines are un- An 4 

Cb twice the rectangle contained by them is | [ 
eres than the ſum of their ſquares, as is evident B. C 5 
em om the 7th prop. B. 2. Elem; therefore twice * N 

ea e given ſpace, to which fpace the rectangle of which the ſides 

eure to be found is equal, muſt not be greater than the given 
BD; n of the ſquares of the ſides: And if twice that ſpace be 


qual to the given ſum of the fquares, the ſides of the rectangle 
huſt neceflarily be equal to one another: Therefore in this 


ts ſides AB, BC are thofe which were to be found: For the 
rectangle AC is equal to the given ſpace, and the ſum of the 


di the ſquares was required to be equal. 
But it twice the given rectangle be not equal to the given 
um of the fquares of the ſides, it muſt be leſs than it, as 
Was been ſhown. Let AßCD be the rectangle, join AC and 
lraw BE Fav more to it, and complete the rectangle 
AEBF, and deſcribe the circle ABC about the triangle ABC; 
\C is its diameter -: And becauſe the triangle ABC is fimi- 


xangle AC, BE is equal to AB, BC; and the rectangle AB, 


m of the ſquares of AB, BC be given; AB, BC are ea ch of 


aſe deſcribe a fquare ABCD equal to the given rectangle, and 


quares of its ſides AB, BC is equal to twice the rectangle Ac, 
at is by the hypotheſis, to the given fpace to which the ſum 


a Cor. J. 4. 
rb to AEB, as AC to CB ſo is AB to BE; therefore the 8. 6. 


BC 
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3 29, dat. 


K 16.4. 


B is given, wherefore AC, BE is given: And becauſe the fun 


E U C- Lt d, 


] 

of the ſquares of AB, BC is given, the ſquare of AC which; ar 

e 47. 1. equal to that ſum is given; and AC itſelf is therefore give rat 
in magnitude: Let AC be likewife given in poſition, and ꝶ 8 nl 
d 32. dat. point A; therefore AF is given in po- x ang 
——___ ſition: And the rectangle AC, BE is is f 
given, as has been ſhewn, and AC is / ng 

e 6r. dat. given, wherefore® BE is given in mag- 
nitude, as alſo AF which is equal to it; F | thu 
and AF is alſo given in poſition, and | fro 

f 30. dat. the point A is given, wherefore f the RE” A let 
| point F is given, and the ftraight line (© | K TT | ral 
g 37. dat. FB in poſitions : And the circumference e L [ Ly, 
h 28, dat. ABC is given in poſition, wherefore® the point B is given, ſu 
And the points A, C are given; therefore the ſtraight ling A 


AB, BC are given i in poſition and magnitude. of 

The ſides AB, BC of the rectangle may be found thus: In * 
the rectangle GH, GK be the given ſpace to which the red. li 
angle AB, BC is equal; and let GH, GL be the given ret my 
angle to which the ſum of the ſquares of AB, BC is equi: i ih 


Find k a ſquare equal to the rectangle GH, GL: And let Fl 


ſide AC be given in poſition; upon AC as a diameter deſeribe E 


the ſemicircle ABC, and as AC to GH, ſo make GK to A}, th 


rectangle CA, AF is leſs than the ſquare of AC, and the 


m 34, 1. 


d 8. 6. 


CA, AF which is equal to the given rectangle GH, GK: Au 
that is, to the given rectangle GH, GL. 


is, than the rectangle contained by the diameter AC and it 
half; wherefore AF is lets than the ſemidiameter of the circt 


parallel to AC muſt meet the circumference in two points: Lt 
B be either of them, and join AB, BC, and complete the rec 
angle ABCD, ABCD is the rectangle which was to be found: 


and from the point A place AF at right angles to AC: There g 
fore the rectangle CA, AF is equal! to GH, GK; and, h @ 
the hypotheſis, twice the rectangle GH, GK is leſs than GH, 


GL, that is, than the ſquare of AC; wherefore twice the 


rectangle CA, AF itſelf leſs than half the ſquare of AC, tha 


oe 


to 


and conſequently the ſtraight line drawn through the point! 


os © 2 


Draw BE perpendicular to AC; therefore BE is equal ® to Al, 
and becauſe the angle ABC in a ſemicircle is a right angle, tht 
rectangle AB, BC is equal b to AC, BE, that is, to the reCtangit 


the ſquares of AB, BC are together equal © to the ſquare of AG 
Du 


S 1 


But if the given angle ABC of the parallelogram AC be not 
a right angle, in this caſe, becauſe ABC is a given angle, the 
ratio of the rectangle contained by the ſides AB, BC to the pa- 


rallelogram AC is given; and AC is given, therefore the rect- n 6. dat! 


angle AB, BC is given; and the ſum of the ſquares of AB, BC 
is given 3 therefore the ſides AB, BC are given by the preced- 
ing caſe. 2 | 1 1 8 8 
The ſides AB, BC and the parallelogram AC may be found 
thus: Let EFG be the given angle of the parallelogram, and 
| from any point E in FE draw EG perpendicular to FG; and 
let the rectangle EG, FH be the given ſpace to which the pa- 
rallelogram is to be made equal, and let EF, o 
K be the given rectangle to which the A * D 
ſum of the ſquares of the ſides is to be equal. /\ 2 54 5 
And, by the preceding caſe, find the ſides ERC: 
of a rectangle which is equal to the given B 1 6 
rectangle EF, FH, and the ſquares of the © 
ſides of which are together equal to the gi- E. 
ven rectangle EF, FK; therefore, as was 
ſhewn in that caſe, twice the rectangle EF, 
FH muſt not be greater than the rectangle | 
EF, FK; 0 it be ſo, and let AB, BC be 
the fides of the rectangle joined in the an- — 1 
gle ABC equal to ha given angle EFG, F HG K 
| and complete the parallelogram ABCD, which will be that 
which was to be found: Draw AL perpendicular to BC, and 
| becauſe the angle ABL is equal to EFG, the triangle ABL is 
equiangular to EFG; and the parallelogram AC, that is, the 
rectangle AL, BC, is to the rectangle AB, BC as (the ſtraight 
line AL to AB, that is, as EG to EE that is as) the rectangle 
EG, FH to EF, FH; and, by the conſtruction, the rectangle 
AB, BC is equal to EF, FH, +herefore the rectangle AL, BC 
or, its equal, the parallelogram AC, is equal to the given rect- 
angle EG, FH; and the ſquares of AB, BC are together equal, 
by conſtruCtion, to the given rectangle EF, FR 
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86. PR OP. LXXXIX. 
S K la bh | APD F | | 
IF two ſtraight lines contain a given parallelogram in 
1 a given angle, and if the exceſs of the ſquare gf 
one of them above a given ſpace, has a given ratio tg 
the ſquare of the other; each of the ſtraight lines (hal 
be given. 

Let the two ſtraight lines AB, BC contain the given para. WW 1 
lelogram AC in the given angle ABC, and let the exceſs of te of 
ſquare of BC above a given ſpace have a given ratio to the th 
ſquare of AB, each of the ſtraight lines AB, BC is given. 8 

Becauſe the exceſs of the ſquare of BC above a given ſpace al 

has a given ratio to the ſquare of BA, let the rectangle CR, F. 

Bb be the given ſpace; take this from the ſquare of BC, the A 

* 2.2, remainder, to wit, the rectangle * BC, CD has a given ratio o WF u 

the ſquare of BA: Draw AE perpendicular to BC, and let the 01 

ſquare of BF be equal to the rectangle BC, CD, then, because tc 

the angle ABC, as alſo BEA is given, the P, | tc 

b 43. dat, triangle ABE is given® in ſpecies, and the TEA 

atio of AE to AB given: And becauſe the tl 

ratio of the rectangle BC, CD, that is, of = f. 

the ſquare of BF to the ſquare of BA, is gi- BED C £0 

ven, the ratio of the ſtraight line BF to BX | 

e 58. dat. is given“; and the ratio of AE to AB is given, wherefore® the 0 

d 9. dat. ratio of AE to BF is given; as allo the ratio of the rectangle i 2 

e 35, 1. AE, BC, that is? of the parallelogram AC to the rectangle e 

Fzg, BC; and AC is given, wherefore the rectangle FB, BC WR ! 

given. The exceſs of the ſquare of BC above the ſquare of Bf, a 

that is, above the rectangle BC, CD, is given, for it is equal* to t 

the given rectangle CB, BD; therefore, becauſe the rectangl: WF t 

contained by the ſtraight lines FB, BC is given, and allo thc 
ecxceſs of the ſquare of BC above the ſquare of BF; FB, BC 
187. dat, are each of them givenf; and the ratio of FB to BA is given; | 


HG, draw GK perpendicular to HK; let GK, HL be the re. 


enn 


therefore, AB, BC are given. 


The compoſition is as follows: 
Let GHK be the given angle to which the angle of the p- 


rallelopram is to be made equal, and from any point G in 


angie 


angie 
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|, .le to which the parallelogram is to--be-: G6 
5 equal, and let LH, HM be the rect- of 


le equal to the given ſpace which is to 
wy from the ſquare of one of the fides; 3 
ind let the ratio of the remainder to the I KM L 


| {quare of the other ſide be the ſame with the _ 
| ratio of the ſquare of the given ſtraight line NH to > the ſquare 
| of the given ſtraight line HG. 


By help of the 87th dat. find two ſtraight lines BC, BF 


which contain a rectangle equal to the given rectangle NH, 
HL, and ſuch that the exceſs of the ſquare F 
| of BC above the ſquare of BF be equal to Ps 


the given rectangle LH, HM; and join CB, * W 4 
BF in the angle FBC equal to the given 


angle GHK : And as NH to HG, fo make E ED. Cc 
FB to BA, and complete the parallelogram 
AC, and draw AE perpendicular to BC; then AC is equal to 


the rectangle GK, HL; and if from the ſquare of BC, the 


given rectangle LH, HM be taken, the remainder {hall 1 G20 
to the ſquare of BA the ſame ratio w hich the ſquare of NH has = 


| to the ſquare of HG. 


Becaute, by the conſtruction, the ſquare of BC is equal t to 


| the ſquare of BF together with-the rectangle LH, HM; if 


from the ſquare of BC there be taken the rectangle LH, HM, 
there remains the ſquare of BF which has s to ) the ſquare of g 22. 6. 
BA the ſame ratio which the ſquare of NH has to the ſquare 


4 of HG, becauſe, as NH to HG, fo FB was made to BA; but 
| as HG to GK, ſo is BA to AE, b the triangle GHK i iS 


equiangular to ABE ; Were ex æquali, as NH to GK ſo is 


TB to AE; wherefore® the rectangle NH, HL is to the rect- h 1. 6 5 


angle GK, HL, as the rectangle FB, BC to AE, BC; but by 


| the conſtruftion, the rectangle NH, HL is equal to FB, BC; 
| therefore i the rectangle GK, HL is equal to the Dn AE, i 14. 5. 


BC, that is, to the parallelogram AC. 
The analyſis of this problem miglit have heen made as in the 
60th prop. in the Greek, and the compoſition of 1 it may be made 


3 that which is in 1 pr op. 87th of this edition. 


Ff 2 PROP. 
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0. Pr. 1. 


FF two ſtraight lines contain a given parallelogrm 
I in a given angle, and if the ſquare of one of then 
together with the ſpace which has a given ratio to th 
fquare of the other be given, each of the ſtraight ling 
Mall be given... „ 


Let the two ſtraight lines AB, BC contain the given parals. 
fogram AC in the given angle ABC, and let the fone of Kot 
together with the ſpace which has a given ratio to the ſquare x Wi 
AB be given; AB, BC are each of them given. 

Let the ſquare of BD be the ſpace which has the given raj 

to the ſquare of AB; therciore, by the hypotheſis, the ſqum 

of BC together with the {ſquare of BD is given. Trom th 

| point A, draw AE perpendicular to BC; and becauſe the ange 
2 43. dit. ABE, BEA are given, the triangle ABE is given * in ſpecies; 
therefore the ratio of BA to AE is given: And becauſe the n. 

tio of the ſquare of BD to the ſquare of BA is given, the :;. | 

b 58.dat. tio of the ſtraight line BD to BA is given®; and the ratio d 
c 9. dat. BA to AE is given; therefore © the ratio of AE to BD is 
ven, as alfo the ratio of the rectangle AE, BC, that is, of th _ 
parallelogram AC to the rectangle DB, BC; and AC is vjven, WA: 
therefore the rectangle DB, BC is given; and the ſquare of | 


YE. 4 


4 


- BE EC wg 
d 88. det. BC together with the ſquare of BD is given; therefore * 
„ cauſe the rectangle contained by the two ſtraight lines DB, N ND 

is given, and the ſum of their ſquares is given: The ſtraq 

lines DB, BC are each of them given; and the ratio of 5» 


BA is given; therefore AB, BC are given. } | 
The compoſition is as follows: _ e. 

Let FGH be the given angle to which the angle of the . 
rallelogram is to be made equal, and from any point F in ! 
draw FH perpendicular to GH; and let the rectangle BMC 
GK be that to which the parallelogram is to be made equiv, 
and let the rectangle KG, GL be the ſpace to which the 197 1 


r 


of one of the ſides of the parallelogram together with the ſpace 


made equal; and let this given ratio be the ſame which the ſquare 
Ef the given ſtraight line MG has to the ſquare of GF. | 
By the 88th dat. find two ſtraight lines DB, BC which con- 
in a rectangle equal to the given rectungle MG, GK, and 
ſuch that the ſum of their {ſquares is equal to the given rect- 
W...1- KG, GL; therefore, by the determination of the pro- 


an 5 


ot be greater than the rectangle KG, GL. Let it beo, and 
on the ſtraight lines DB, BC in the angle DBC equal to the 
ien angle FGH 3 and, as MG to GF, ſo make DB to BA, 
: Und complete the parallelogram AC: AC is equal to the rect- 


the D, „ ä 
Dole n F | 
ces; - 1 9 RY 0 5 | 
CH- vid 2 EA ET | — ä — 
e 1. 1 GH. ; I 


een ratio which the ſquare of MG has to the ſquare of GF, 
Ws <qual, by the conſtruction, to the given rectangle KG, GL. 
ran AE perpendicular to BC. 8 | 


= Becauſe, as DB to BA, ſo is MG to GF; and as BA to AE, 
y to FH; ex æquali, as DB to AE, fo is MG to FH; 
berefore, as the rectangle DB, BC to AE, BC, fo is the rect- 
nol: MG, GK to FH, GK and the rectangle DB, BC is 
WE ual to the rectangle MG, GK; therefore the rectangle AE, 


nt © a ſtraight line drawn within a circle given in 


Wen angle; the ſtraight line is given in magnitude. 


he pt = | | | 

5 6! 3 In the circle ABC given in magnitude, let the ſtraight line 
le * A be drawn, cutting off the ſegment AEC which contains the 
equuß een angle AEC; the ſtraight line AC is given in magnitude. 


Lake D the centre of the circle, join AD 


3 
* — 


1 5 to 


«hich has a given ratio to the ſquare of the other fide, is to be 


lem in that propoſition, twice the rectangle MG, GK muſt 


1] C, that is, the parallelogram AC, is equal to the rectangle 


* . * . - * 
magnitude cuts off a ſegment which contains a gi- 
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g. "ge FH, GK; and the ſquare of BC together with the ſquare 
Wot BD, which, by the conſtruction, has to the ſquare of BA the 


8) . abatt 


88. 


and produce it a 1. 3. 
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to E, and join EC: The angle ACE being 
b zi. 3. a right® angle is given; and the angle 


e 43 · dat. AEC is given; therefore © the triangle | 


ACE is given in ſpecies, and the ratio of 
EA to AC is therefore given; and EA is 
given in magnitude, becanſe the circle is 


d . def. given! in magnitude; AC i is therefore gi- | 


e 2. dat. ven e in magnitude. 


20. P R O P. XCIL 


F a ſtraight line given in magnitude be drawn with. 


in a circle given 1n magnitude, it thall cut off ; 


ſegment containing a given angle. 


Let the ſtraight line AC given in magnitude be drawn wi 
in the circle ABC g given in magnitude; it ſhall cut off a ſegment 


containing a given angle 

Take I the centre of the circle, join 
AD and produce it to E, and join EC: 
And becauſe each of the ſtraight lines EA, 


4 1. dt. and s given, their ratio is given“; nd 
the angle ACE 1s a right angle, therefore 
d 46. dat. the triangle ACE is given“ in ſpecies, 


and conſe quently, the angle AIR. 1 is given. 


70 br em. 


B 


F from any point in the circumference of a circle 


given in polition two ſtraight 


lines be drawn, 


ieeting the circumference and containing a given 
angle ; ; ik the point in which one of them meets the 
clireumierence again be given, the point in which the 


other meets it is alſo given. 


From any point A in the circumference of a circle ABC g- 


ven in potition, let AB, AC be drawn to the circumference ma- 


king the given angle BAC: ; if the point B 
be given, the point C eis alto given. 

Fake D the centre of the circle, and 
join BD, DC; and becauſe each of the 


4 29. dat. points B, D is given, BD is given“ in po- 


tion; and becauſe the angle BAC is gi- 
b 20. 3. ven, the e BDC is given ®, therefofe 


1 


. 


th. 
F 3 


th. 


elit 


1 


| each of the points I, A is given, te 


| given in poſition, therefore the point 3 
b given®., The point A is alſo given: therefore the ſtraight © 28. dat 
une AB is given“ in poſition and magnitude. | I 


. 4575 


becauſe the ſtraight line DC is drawn to the given point D in 
e ſtraight line BD given in poſition in the given angle BDC, 
| DC is given © in poſition : And the circumference ABC is gi- c 32, dat. 
| (cn in poſition, therefore a the point C 1s given. | 428. du. 


P R OP. XIV. gr. 


WP a given point a ſtraight line be drawn touch- 


ing a circle given in poſition; the ſtraight line is 


given in poſition and magnitude. 


Let the ſtraight line AB be drawn from the given point A 
touching the circle BC given in poſition z AB is given in polt- 


tion and magnitude. 


Take D the centre of the circle, and join DA, DB: Becauſe | 


ſtraight line AD is given“ in poſition Md = a 29, dat. 
and magnitude: And DBA is a right b 18. 3. 
angle, wherefore DA is a diameter © of 1 
the circle DBA, deſcribed about the tri- R 
angle DBA; and that circle is therefore \ bet 
gixen in polition: And the circle BC is 4 6. def. 


| F R OP. Neu. nh PEE 
'n, I a ſtraight line be drawn from a given point with- 
en 1 out a circle given in poſition ; the rectangle con- 
the WF tained by the ſegments betwixt the point and the cir- 
the cumference of the circle is given. | 
: Let the ſtraight line ABC be drawn from the given point A 
g. "thout the circle BCD given in poſi. nag 
_ non, cutting it in B, C; the rectangle 


uſe 


4, AC is given. 


| the rectangle BA, AC is given. 


From the point A, draw AD touch- C 


| mg the circle; therefore AD is given ä 8 B K 17. 3. 
in polition and magnitude: And be- „ RET 
| cauſe AD is given, the ſquare of AD is 1 


given © which is equal d to the rectangle BA, AC: Therefore © 1 * 


„ PROP. 
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93. 


tained by the ſegments betwixt the point and the c. 


Ad and produce it to the points E, F: 


2 29. dat. | 


© 35. 3. 


ns. 


IF a ſtraight line be drawn within a circle given in 


both of them together have a given ratio to the ſtraight i 


below the baſe of the ſegment, ſhall be given. 


angle BAC, and let the angle BAC be biſected by the ftraght 
line AD; BA together with AC has a given ratio to AD; and 


| ſtraight line ED cut off from AD below BC the baſe of the N | 
ſegment, is given. og, : 


point A within the circle BCE given in poſition ; the red, 
angle BA, AC is given. N N 


ſtraight line produced till it meets the circumference, Wi 


E UCL 1-D% 


PROP OV -- 122 


F a ſtraight line be drawn through a given Poin 
within a circle given in poſition, the rectangle con. 


cumference of the circle is given. 


Let the ſtraight line BAC be drawn through the gia 1 


Take D the centre of the circle, join 


Becauſe the points A, D are given, the 
ſtraight line AD is given“ in poſition; 
and the circle BEC is given in poſition; B 
therefore the points E, F are given b; and 
the point A is given, therefore EA, AF F. 
are each of them given“; and the rect- 

angle EA, AF is therefore given; and it is equal to the ref 
angle BA, AC, which conſequently is given. Tn 


PROP. XVI. Ii 

magnitude cutting off a ſegment containing a give | ac: 
angle; if the angle in the ſegment be biſected by a MW 
the ſtraight lines which contain the given angle ſhall 
line which biſects the angle: And the rectangle con- 


tained by both theſe lines together which contain the . 
given angle, and the part of the biſecting line cut of 


Let the ſtraight line BC be drawn within the circle ABC g. 
ven in magnitude cutting off a ſegment containing the given 


the rectangle contained by BA and AC together, and the : 


Join BD; and becauſe BC is drawn within the circle AB 
; —_—_ 


DA 3:4 


Jen in magnitude cutting off the ſegment BAC, containing 
| 2 2 BAC; BC is given“ in magnitude: By thea gr. dat. 
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, ſon BD is given; therefore> the ratio of BC to BDb «. dat. 
ben: And becauſe the angle BAC is biſefted by AD, a2 
1 K to AC, ſois© BE to EC; and, by permutation, as AB e 3. 6. 


EK, FAC, and the angle ACE to“ F. 


oz, the triangle ACE is equiangu- 

red. r to the triangle ADB; therefore 5 
Ac to CE, ſo is AD to DB: But | 
Ac to CE, ſo is BA together with A 


WAC to BC; as therefore BA and AC 
Wo BC, ſo is AD to DB; and, by 
Permutation, as BA and AC to AD, 


Wor: the ratio of BA together with AC to AD is given. 

| Alſo the rectangle contained by BA and AC together, and 

Pk is given, ES 5 

W Becauſe the triangle BDE is equiangular to the triangle ACE, 

D to DE, ſo is AC to CE; and as AC to CE, 15 is BA 
Wind AC to BC; therefore as BA and AC to BC, ſo is BD to 


: ther, and DE, is equal to the rectangle CB, BD: But CB, BD 
Ws given; therefore the rectangle contained by BA and AC to- 
ether, and DE, is given, 5 5 . 
Otherwiſe, 

BS Produce CA, and make AF equal to AB, and join BF; 


WE BCA is equal to BDA, therefore the triangle FCB is equiangu- 
hr to ABD: As therefore FC to CB, ſo is AD to DB > and, 


of =) permutation, as FC, that is, BA and AC together, to AD, 
.ven i ſo is CB to BD: And the ratio of CB to BD is given, there- 
ugh 1 fore the ratio of BA and AC to AD is given, Zo 
And becauſe the angle BFC is equal to the angle DAC, 


: that is, to the angle DBC, and the angle ACB equal to the 


berefore FC to CB, ſo is BD to DE; therefore the rectangle 
ned by FC, that is, BA and AC together, and DE is e- 


Wo is BC to BD: And the ratio of BC to BD is given, there- 


r; wherefore the rectangle contained by BA and AC toge- 


; angle ADB; the triangle FCB is equiangular to BDE, as 


qual 


Br, fo is AC to CE; wherefore s as BA and AC together d 12. 5. 
J BC, ſo is AC to CE: And becauſe the angle BAE is equal 


e 21. 3, 


; and becauſe the angle LAC is doable * of each of the angles, $5-& 
rA, BAD, the angle BFA is equal to BAD; and the angle 


32, J. 
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P. 


F 


qual to the reQangle CB, BD, which is given, and therefy 
the rectangle contained by BA, AC together, and DE is given, 


15 equ⸗ 

BCAL 

| | | | 3 ar tO 

we, PROP. XCVII.L by pe 
| 4 - | | 10 is | 
FF a ſtraight line be drawn within a circle given n Net 
magnitude, cutting off a ſegment containing a gi. A 
ven angle: If the angle adjacent to the angle in th: mer 
ſegment be biſected by a ſtraight line produced till i 25} 
meet the circumf-rence. again and the baſe of the ſeg- cl 
ment; the exceſs of the ſtraight lines which contain the Vn: 
given angle ſhall have a given ratio to the ſegment of NA 


hall be given. 


the biſecting line which is within the circle; and the 
rectangle contained by the fam? excels and the ſe. 
ment of the biſecting line betwixt the bale produced 
and the point where it again meets the circumference, 


Let the ſtraight line BC be drawn within the circle ABC WW ir 
given in magnitude cutting off a ſegment containing the given Wi Te 


angle BAC, and let the angle CAF adjacent to PAC be biſett. Nj 


AC produced in G: And becauſe BC cuts off from the circle 


fore the ratio of BC to BO is given: 
And becauſe the angle CAE is equal 


nitude: By the ſame reaſon BD is 


ed by the ſtraight line DAE meeting the circumference again tt 


in D, and BC the baſe of the ſegment produced in E; the ex- Wh d. 

ceſs of BA, AC has a given ratio to AD; and the rectangle Wh r: 

which is contained by the ſame exceſs and the ſtraigat line ED, 

is given. : . 1 55 
Join BD, and through B, draw BG parallel to DE meeting 


ABC given in magnitude the ſeg— 
ment BAC containing a given an- 
gle, BC is therefore given“ in mag- 


given, becauſe the angle BAD is e- 
qual to the given ar g > EA: there-B 


to EAF, of which CAE is equal to | | | 
the alternate angle AGB, and EAF to the interior and oppoſite 
angle ABG; therefore the angle AGB is equal to ABG, and 
the ſtraight line AB equal to AG; fo that GC is the _ 


0 


fore 
Ven, 


| as allo the rectangle AD, EF. 


DATA; 
+ 34, AC: And becauſe the angle BGC is equal to GAE, 


chat is, to EAF, or the angle BAD: And that the angle BCG 


s equal to the oppoſite interior angle BDA of the quadrilateral 


BCAD in the circle; therefore the triangle BGC is equiangu- | 


r to BDA: Therefore as GC to CB, ſo is AD to DB; and, 
by permutation, as GC which is the exceſs of BA, AC to AD, 
BC to BD: And the ratio of CB to BD is given; there- 


re the ratio of the exceſs of BA, AC to AD is given. 
| And becauſe the angle GBC is equal to the alternate angle 
DEB, and the angle BCG equal to BDE; the triangle BCG is 
equiangular to BDE: Therefore as GC to CB, fo is BD to DE; 
and conſequently the rectangle GC, DE is equal to the rect- 


angle CB, BD which is given, becauſe its ſides CB, BD are gi- 
ven: Therefore the rectangle contained by the exceſs of BA, 


| AC and the ſtraight line DE is given. 5 


PROP. XCIX. 


ven in poſition, or in the diameter produced, a 
ſtraight line be drawn to any point in the circumfe- 


| rence, and from that point a ſtraight line be drawn at 
| right angles to the firſt, and from the point in which 
| this meets the circumference again, a ſtraight line be 
drawn parallel to the firſt; the point in which this pa- 
| rallel meets the diameter is given; and the rectangle 

| contained by the two parallels is given. 


In PC the diameter of the circle ABC given in poſition, or 


| in FC produced, let the given point D be taken, and from D 
ect a ſtraight line DA be drawn to any point A in the circum- 
| lerence, and let AE be drawn at right angles to DA, and from 
tne point E where it meets the circumference again let EF be 


draun parallel to DA meeting BC in F; the point F is given, 


49 


V from a given point in the diameter of a circle gi- 


Produce EF to the circumference in G, and join AG: Be- 


cauſe GEA is a right angle, the ſtraight line AG is* the dia-a Cor. 5 


meter of the circle ABC; and BC is alſo a diameter of it; 
therefore the point H where they meet is the centre of the 


circle, and conſequently H is given: And the point D is given, 


Wherefore DH 15 given in magnitude : And becauſe AD is pa- 


ralel 


95» 


4.5 
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b 6. rallel to FG, and GH equal to HA ; DH is equal b to HF, ane 
AD equal to GF: And DH is given, therefore HF js given in 


| magnitude; and it is alſo given in poſition, and the point H i 
e 30. dat. given, therefore © the point F is given. : 
And becauſe the ſtraight line EFG is drawn from a given 
point F without or within the circle ABC given in poſition, 
497. or 96 therefore d the rectangle EF, FG is given: And GF is equal to 
dat. AP, wherefore the rectangle AD, EF is given. 


2 FER OF. E. 

I from a given point in a ſtraight line given in po. 
J ſition, a ſtraight line be drawn to any point in the 
circumference of a cirele given in poſition; and from 
this point a ſtraight line be drawn making with the 
firſt an angle equal to the difference of a right angle, 
and the angle contained by the ſtraight line given in 
poſition, and the ſtraight line which joins the given 
point and the centre of the circle; and from the point 
in which the ſecond line meets the circumference 
again, a third ſtraight line be drawn making with 
the ſecond an angle equal to that which the firſt make: 
with the ſecond: The point in which this third line 
meets the ſtraight line given in poſition is given; as 
allo the reQangle contained by the firſt ſtraight line 
and the ſegment of the third betwixt the circumfe- 

"rence and the ſtraight line given in poſition, is given. 
Let the ſtraight line CD be drawn from the given point C 
in the ſtraight line AB given in poſition, to the circumference 
of the circle DEF given in poſition, of which G is the centre; 
join CG, and from the point D let DF be drawn making the 
angle CDF equal to the difference of a right angle and the 
angle BCG, and from the point F let FE be drawn —_ 


and 
n in 


eben; as alſo the rectangle CD, FH. 


| to EF; therefore the ſtraight line DM 


DATA Eo 
the gle DFE equal to CDF, meeting AB in H: The point H is 


Let CD, FH meet one another mn”. 
the point K, from which draw KL D 

perpendicular to DF; and let IF 7 
meet the circumference again in M, 
and let FH meet the ſame in E, and n 
join MG; GF, GH. | 

Becauſe the angles MDF, DFE are 
equal to one another, the circumfe- 
rences MF, DE are equal“; and add- — 
ing or taking away the common part 4 26.3, 
ME, the circumference DM 1s equal 
ö equal to the ſtraight line EF, and 
the angle GMD to the angle GFE; | 
and the angles GMC, GFH are equal 
to one another, becauſe they are ei- 
ther the ſame with the angles GMD, 
GFE, or adjacent to them: And be- 
cauſe the angles KDL, LKD are toge- 
ther equal © to a right angle, that is, 
by the hypotheſis, to the angles KDL, 3 5 
GCB; the angle GCB or GCH is "x C Roe ones HB 
qual to the angle (LKD, that is, to | 
the angle) LKF or GKH : Therefore the points C, K, H, 0 


. 


C 32. 1. 


are in the circumference of a circle; and the angle GCK 15 


therefore equal to the angle GHF; and the angle GMC is e- 


| qual to GFH, and the ſtraight line GM to GF; therefore 4 CG d 26. Y 


is equal to GH, and CM to HF: And becauſe CG is equal to 
GH, the angle GCH is equal to GHC; but the angle GCH is 
given: Therefore GHC is given, and conſequently the angle 


CH is given; and CG is given in poſition, and the point G 


therefore* GH is given in poſition; and CB is alſo — in e 32. dat; 
polition, whereof the point H 1s given. 
And becauſe HF is equal to CM, the rectangle DC, FH is e- 


qual to DC, CM: But DC, CM is given f, becauſe the point Cf 95. orgb, 


1s given, therefore the revtangle DC, FH Is given, 


% * 


r 
7 
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DEFINITION II. 


HIS is made more explicit than in the Greek text, to 
| prevent a miſtake which the author of the ſecond demon- 
ration of the 24th propoſition in the Greek edition has fallen 
into, of thinking that a ratio is given to which another ratio is 
ſhown to be equal, though this other be not exhibited in given 
magnitudes. See the notes on that propoſition, which is the 
13th in this edition. Beſides, by this definition, as it is now gi- 
en, ſome propoſitions are demonſtrated, which in the Greek 
are not ſo well done by help of prop. 2. 


D EF. IV. 


In the Greek text, def. 4. is thus: « Points, lines, ſpaces, 
« and angles are ſaid to be given in poſition which have always 
© the ſame ſituation ;“ but this is imperfect and uſeleſs, becauſe 
there are innumerable caſes in which things may be given accor- 
Ling to this definition, and yct their poſition cannot be found; 
for inſtance, let the triangle ABC be given in polition, and let 
| it be propoſed to draw a ſtraizht line BD from the angle at B 


O 


to the oppoſite ſide AC which ſhall cut A 

of the angle DBC which thall be the >” 
| !cventh part of the angle ABC; ſuppoſe 1 
| this is done, therefore the ſtraight lin 

BD is invariable in its poſition, that is, B 5 | C | 


| las always the ſame ſituation ; for an 1 
other ſtraight line drawn from the point B on either ſide of 

) cuts off an angle greater or leſſer than the ſeventh part of 
the augle ABC; therefore, according to this definition, the 
| Nraight line BD is given in poſition as alſo* the point D in a 28. dat. 
Which it mcets che ſtraight line AC which is given in poſition. | 
ut from the things here given, neither the ttraight line BD 
nor the point D can be found by the help of Euclid's Ele- 
| Rents only, by which every thing in his data is ſuppoſed may 


464 


_ amended it by adding, “ and which are either actually exhibite 


they are to be underſtood to be given geometrically, not always 


b 44. dat, 
8: dat. 


many other caſes. 


ven in Engliſh ſo as to have any tolerable ſenſe ; and, therefore, 


N O-T 2 6 ON 
be found. This definition is therefore of no uſe. We hate 
« or can be found ;” for nothing is to be reckoned given, which 
cannot be found, or is not actually exhibited. | 
The definition of an angle given by poſition is taken out & 


the 4th, and given more diſtin&ly by itſelf in the definition Wl 
marked A. 7 cs | 


DEF, XI. XII. XIII. XIV. XV. 


The 11th and 12th are omitted, : becauſe they cannot be g. 


wherever the terms defined occur, the words which expreſs 
their meaning are made uſe of in their place. _ 

The 13th, 14th, 15th are omitted, as being of no uſe, 

It is to be obſerved in general of the data in this book, that 


arithmetically, that is, they cannot always be exhibited in num- 
bers; for mſtance, if the ſide of a ſquare be given, the ratio of 
it to its diameter is given o geometrically, but not in numbers; 
and the diameter is given e; but though the number of any e- 
qual parts in the fide be given, for example 10, the number af 
them in the diameter cannot be given: And the like holds in 


PROPOSITION I. 

In this it is ſhown that A is to B, as C to D, from this, tha 
A is to C, as B to D, and then by permutation ; but it follow WF. 
directly, without theſe two ſteps, from 7. 5. r 
85 PROP. IL 


„„ ma 
The limitation added at the end of this propoſition between the 
the inverted commas is quite neceſſary, becauſe without it the Wh *® 


_ propoſition cannot always be demonſtrated : For the author 2 8 


a 1. def, 
b 2. def. 


having faid “, « becauſe A is given, a magnitude equal to i 
cc can be found; let this be C; and becauſe the ratio of A 

« Þ is given, a ratio which is the ſame to it can be found b, 
adds, © let it be found, and let it be the ratio of C to 4. 


Now, from the ſecond definition nothing more follows 


than that ſome ratio, ſuppoſe the ratio of E to Z, can be ; 


found, which is the ſame with the ratio of A to B; and 


ES 


when the author ſuppoſes that the ratio of C to 4, a 


7 gee Dr Gregory's Edition of the Data. 
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„L 1 . 

to the ſame with the ratio of A to B, can be found, he ne- 
cefarily ſuppoſes that to the three magnitudes E, Z, C, a 
fourth proportional A may be found ; but this cannot always 
be done by the Elements of Euclid; from which it is plain 
Faclid muſt have underſtood the Propoſition under the limita- 
tion which is now added to his text. An example will make 
this clear; let A be a given angle, gy 
and B another angle to which A has 
2 given ratio, for inſtance, the ratio 
of the given ſtraight line E to the gi- 
| ven one Z; then, having found an 
angle C equal to A, how can the an- 
| gle a be found to which C has the 
fame ratio that E has to Z Certain- 
ly no way, until it be ſhown how to 

find an angle to which a grven angle 
has a given ratio, which cannot be done 5 | 

by Euclid's Elements, nor probably by any Geometry known 
I his time. Therefore, in all the propoſitions of this book 
lich depend upon this ſecond, the above mentioned limita- 
tions muſt be underſtood, though it be not explicitly mentioned. 


The order of the Propoſitians in the Greek text between 
prop. 4. and prop. 25. is now changed into another which is 
more natural, by placing thoſe which are more ſimple before 
thoſe which are more complex; and by placing together thoſe 
which are of the ſame kind, ſome of which were mixed among 
others of a different kind. Thus, prop. 12. in the Greek is now | 
| made the 5th, and thoſe which were the 22d and 23d are made 
the 11th and 12th, as they are more ſimple than the propoſi- 
tons concerning magnitudes, the exceſs of one of which above 
a given magnitude has a given ratio to the other, after which 
theſe two were placed ; and the 24th in the Greek text is, for 
the ſame reaſon, made the 13th. „5 . 


PROP. VI. vn. 
| Theſe are univerſally true, though, in the Greek text, they 
emonſtrated by prop. 2. which has a limitation ; hey are 


Aerclore now ſhown without it, 
Gg PROP. 


Nor es 6 Nt 


PRO NMI. 0 


In the 23d prop. in the Greek text, which here is the 1th a 
the words, © wn Tv; ars di, are wrong tranſlated by Clay 


Hardy, in his edition of Euclid's Data, printed at Paris, ann tl 
1625, which was the firſt edition of the Greek text; and I h 


Gregory follows him in tranſlating them by the words, « eff 
non eaſdem,” as if the Greek had been « «a: wn Jug * 


as in prop. 9. of the Greek text. Euclid's meaning is, that 8 
the ratios mentioned in the propoſition muſt not be the fe ; 
for, if they were, the propaſition would not be true. Wha: 
ever ratio the whole has to the whole, if the ratios of the p 4 
of the firſt to the parts of the other be the ſame with this r. a 
tio, one part of the firſt may be double, triple, &c. of th f 
other part of it, or have any other ratio to it, and conſequenth ; 
cannot have a given ratio to it; wherefore, theſe words muſt N 1 
rendered by « non autem, eafdem,” but not the fame ratio 

as Zambertus has tranſlated them in his edition. "0 4 


PROP. III. | n 
> = cc 
Some very ignorant editor has given > eend dee a 


of this propoſition in the Greek text, which has been as ignt 
rantly kept in by Claud. Hardy and Dr Gregory, and has ben 

| retained in the tranſlations of Zambertus and others; Carol 
Renaldinus gives it only: The author of it has thought that: 
ratio was given, if another ratio could be ſhown to be the ſame i 
it, though this laſt ratio be not found : But this 1s altogether al 
ſurd, becauſe from it would be deduced that the ratio of th 
tides of any two ſquares is given, and the ratio of the diameter 
of any two circles, &. And it is to be obſerved, that the me 
derns frequently take given ratios, and ratios that are always ti 

| ſame, for one and the fame thing; and Sir Iſaac Newton 
fallen into this miſtake in the 15th Lemma of his Principia, ed! 
1713, and in other places; but this ſhould be carefully avoide 


as it may lead into other errors. 


PROP. XIV. XV. 


Euclid in this book has ſeveral propoſitions concerning ma 
nitudes, the exceſs of one of which above a given wag 


* 
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nude has a given ratio to the other; but he has given none 


concerning. magnitudes whereof one together with a given mag- 
nitude has a given ratio to the other; though theſe laſt occur 
as frequently in the ſolution of problems as the firſt ; the reaſon 


of which is, that the laſt may be all demonſtrated by help of 
the firſt; for, if a magnitude, together with a given magnitude, 


has a given ratio to another magnitude, the exceſs of this other 


above a given magnitude ſhall have a given ratio to the firſt, 
and on the contrary z as we have demonſtrated in prop. 14. 
And for a like reaſon prop. 15, has been added to the data. 
One example will make the thing clear ; ſuppoſe it were to be 
demonſtrated, that if a magnitude A together with a given 
magnitude has a given ratio to another magnitude B, that the 
two magnitudes A and B, together with a given magnitude, 


have a given ratio to that other magnitude B; which is the 
ſame propoſition with reſpect to the laſt kind of magnitudes 


above mentioned, that the firſt part of prop. 16. in this edition 


is in reſpect of the firſt kind: This is ſhewn thus, from the hy- 
potheſis, and by the firſt part of prop. 14. the exceſs of B above 


a given magnitude has unto A a given ratio; and, therefore, by 
the firſt part of prop. 17. the exceſs of B above a given magni- 
tude has unto B and A together a given ratio; and by the ſe- 
| cond part of prop. 14. A and B together with a given magni- 
tude has unto B a given ratioz which is the thing that was to 


be demonſtrated. In like manner, the other propoſitions con- 


cerning the laſt kind of magnitudes may be ſhewn. 


PROP. XVI. XVI. 


In the third part of prop. 10. in the Greek text, which is the 


16th in this edition, after the ratio of EC to CB has been 
thown to be given; from this, by inverſion and converſion the 


ratio of BC to BE is demonſtrated to be given; but without 


theſe two ſteps, the concluſion ſhould have been made only b 


citing the 6th propoſition. And in like manner, in the firit 
part of prop. 11. in the Greek, which in this edition is the 17th 
from the ratio of DB to BC being given, the ratio of DC to 


* ſhewn to be given, by inverſion and compoſition inſtead 
0 citing prop. 7. and the ſame fault occurs in the ſecond part 
the ſame prop. . : - 


G83 PROP. 


467. 
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Prop. 18. 1 


Y 
NOTES ON 


EE PROF. IK... xx. 
Theſe now are added, 7 being wanting to complete the ſub. 


Ject treated of in the four preceding propoſitions. 


PROP. XXIII. 


This, which is prop. 20, in the Greek text, was ſeparated 


from prop. 14. 15. 16. in that text, after which it thould have 
been immediately placed, as being of the ſame kind; it is now 


put into its proper place; but prop. 21. in the Greek is left out, 


as being the ſame with prop. 14. in that text, which is here 


P R O P. XXIV. 


This, which is prap. 13. in the Greek, is now put into it 


proper place, having been disjoined from the three following it 


Jn this edition, which are of the ſame kind. 


PROP. XXVIII. 


This, which in the Greek text is prop. 25. and feveral of the 


following propoſitions are there deduced from def. 4. which is 
not ſufficient, as has been mentioned in the note on that defini- 
tion: They are therefore now ſhewn more explicitly. 


PROP. XXXIV. XXVI. 


f Fach of theſe has a determination, which is now added, which 
_ occaſions a change in their demonſtrations. 105 


"PROP. XXVII. XXXIX. XI. XU. 
The 35th and 36th propoſitions in the Greek text are joined 
into one, which makes the 39th in this edition, becauſe the ſame 


enunciation and demonſtration ſerves both: And for the ſame 
reaſon prop. 37. 38. in the Greek are joined into one, which 


here is the 40. 5 „ 
Prop. 37. is added to the data, as it frequently occurs in the 
ſolution of problems; and prop. 41. is added to complete the 


reſt. - | 

„ ROF, VER 
This is Ford 39. in the Greek text, where the whole con- 
ſtruction of prop. 22. of book I. of the Elements 1s put, without 


peed, into the demonſtration, but is now only cited. 
PROF. LV. 
This is prop. 42. in the Greek, where the three ſtraight lines 
made uſe of in the conſtruction are faid, but not ſhewn, 10 be 
ſuch that any two gf them is greater than the third, which & 


PROP. 


* 


now dene. 


- 
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_ PROP. Hen. 1 
This is prop. 44+ in the Greek text; but the demonſtration 
of it is changed into another, wherein the ſeveral caſes of it are 
thewn, which, though neceſſary, is not done in the Greek. 
> IPRS AMT 
There are two caſes in this propoſition, ariſing from the two 


caſes of the third part of prop. 47: on which the 48th depends; 


and in the compoſition theſe two caſes are explicitly given. * 
5 „ rat 
The conſtruction and demonſtration of this, which is prop. 
48. in the Greek, are made ſomething ſhorter than in that text. 
. PROP. Int. - 
Prop. 63. in the Greek text is omitted, being only a caſe of 
prop. 49. in that text, which is prop. 53. in this edition. 
VVV 
This is not in the Greek text, but its demonſtration is con- 
tained in that of the firſt part of prop. 54. in that text; which 


| propoſition is concerning figures that are given in ſpecies: This 


58th is true of ſimilar figures, though they be not given in 
ſpecies, and, as it frequently occurs, it was neceſſary to add it. 


PR O P. IIX. LXI. 


This is the 54th in the Greek; and the 77th in the Greek, 


being the very ſame with it, is left out, and a ſhorter demon- 


{tration is given of prop. 61. 


PROP. LXII. 


This, which is moſt frequently uſeful, is not in the Greek, 
Ind is neceſſary to prop. 87. 88. in this edition, as alſo, though 
not mentioned, to prop. 86. 87. in the former editions. Prop. 
66. in the Greek text is made a corollary to it. | ; 


PROP. LXIV. 5 
This contains both prop. 74. and 73 in the Greek text ; the 
hrit caſe of the 74th is a repetition of prop. 56. from which it 
ls ſeparated in that text by many propoſitions; and as there 


is no order in theſe propolitions, as they ſtand in the Greek, 
are now put into the order which ſeemed moſt convenient 


and natural. 
6g3 2 EE The 
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N 0 TNS ON 


The demonſtration of the firſt part of prop. 73. in the Greek 
is groſsly vitiated. Dr Gregory ſays, that the ſentences he has 
incloſed betwixt two ſtars are ſuperfluous, and ought to be can- 


celled; but he has not obſerved, that what follows them is ab- 
ſurd, being to prove that the ratio [See his figure] of A x to 


T K is given, „ the hypotheſis at the beginning of the 
propoſition, is expreſsly given; ſo that the whole of this part 
was to be altered, which is done in this prop. 66. 


PROP. EXVIL LXVIT. 

Prop. 50, in the Greek text is divided into theſe two, for 
the ſake of diſtinctneſs; and the demonſtration of the 67th j; 
rendered ſhorter than that of the firſt part of prop. 70. in the 
Greek, by means of prop. 23. of book 6. of the Elements. 

PROP. LXX. 


This is prop. 62. in the Greek text; prop. 78. in that text 
is only a particular caſe of it, and is therefore omitted. 


Dr Gregory, in the demonſtration: of prop. 62. cites the 49th 


prop. dat. to prove that the ratio of the figure AEB, to the pa- 
rallelogram AH is given; whereas this was thewn a few lines 
before: And beſides, the 4gth prop. is not applicable to theſe 
two figures; becauſe AI] is not given in ſpecies, but is, by the 
itep for which the citation is brought, proved. to be given in 
ipecies. | 1 | | 


PROP. LEAXIA. 1 


Frop. $2. in the Greek text is neither well enunciated nor | 


demonſtrated. The 73d, which in this edition is put in place of 
it, is really the ſame, as will appear by conſidering [See Dr 
Gregory's edition] that A, By T, E in the Greek text are 
four proportionals; and that the propotition is to ſhew that 
A, which has a given ratio to E, is tor, as Bis to a ſtraight 
line to which A has a given ratio; or, by inverſion, that T 1s to 


A 8 ſtraight line to which A has a given ratio, is to B; that 


is, if the propertionals be placed in this order, viz. 7, E, A, B, 
that the tirit r is to A to which the ſecond E has a given ratio, 
as a ſtraight line to which the third A has a given ratio 15 10 
the fourth B; which is the cnunciation of this 73d, and was 
thus changed that it might be made like to that of prop. 72 
tiiis edition, Wiiich is the 82d in the Greek text: And the Ce- 
Te SE: monſtratian 


U 


E UCI ID's DAT A. 4 


nonſtration of prop. 73. is the ſame with that of prop. 72. on- 
y making uſe of prop. 23. inſtead of prop. 22. of book 5. of 
the Elements. | . e | 


| 
q 


to | | PN O P. LXXVII. 5 
This is put in place of prop. 79. in the Greek text, which 

is not a datum, but a theorem premiſed as a lemma to prop. 80. 

in that text: And prop. 79. is made cor. 1. to prop. 77. in 

this edition. Cl. Hardy, in his edition of the data, takes no- 

tice, that in prop. 80. of the Greek text, the parallel KL in the 

figure of prop. 77. in this edition, muſt meet the circumference, 

but does not demonſtrate it, which is done here at the end of 

cor. 3. prop. 77. in the conſtruction for finding a triangle ſimi- 

lar to ABC. | | oh, | 


ö LVL 
The demonſtration of this, which is prop. 80. in the Greek, 
is rendered a good deal ſhorter by help of prop. 77. | 


"PROP. LXXIX, U | LXXXY. 

Theſe are added to Euclid's data, as propoſitions which are 
often uſeful in the ſolution of problems. ASE 
PROP. LXXXI. 

This, which is prop. 60. in the Greek text, is placed before 
the 83d and 84th, which in the Greek are the 58th and goth, 
becauſe the demonſtration of theſe two in this edition are dedu- 
ced from that of prop. 82. from which they naturally follow. 


PROP. IXXXVIII. XC. 


are Dr Gregory, in his preface to Euclid's works, which he 
that publiſhed at Oxford in 1703, after having told that he had, 
ight lupplied the defects of the Greek text of the data in innume- 
js to rable places from ſeveral manuſcripts, and corrected Cl. Hardy's 
that 


tranſlation by Mr Bernard's, adds, that the 86th theorem, « or 
* Propoſition,” ſeemed to be remarkably vitiated, but which 


atio, could not be reſtored by help of the manuſcripts; then he 
is 10 gives three different tranſlations of it in Latin, according to 
| was which he thinks it may be read; the two firſt have no diſtinct 


meaning, and the third, which he ſays is the beſt, though it 
Gg4 contains 


N O TES ON 


contains a true propoſition, which is the goth in this edition, let 

has no connection in the leaſt with the Greek text. And it 15 th 

ſtrange that Dr Gregory did not obſerve, that, if prop. 86. "= 

was changed into this, the demonſtration of the 86th muſt be there! 

cancelled, and another put into its place: But the truth is, both the FC 

enunciation and the demonſtration of prop. 86. are quite entire 
and right, only prop. 87. which is more ſimple, ought to have 
been placed before it; and the deficiency which the Doctor 
juſtly obferves to be in this part of Euclid's data, and which 
no doubt, is owing to the careleſſneſs and ignorance of the 
Greek editors, ſhould have been ſupplied, not by changing 
prop. 86. which is both entire and neceifary, but by adding 
the two propoſitions, which are the 88th. and goth in this 

ecken. % ( VN 

AB, 

P R OP. XCVII. C. cl 

'Fheſe were communicated to me by two excellent geome- of th 

ters, the firſt, of them by the Right Honourable the Earl of recta 

Stanhope, and the other by Dr Matthew Stewart; to which I GL: 

have added the demonſtrations. (7. Ee ron 

Though the order of the propofitions has been in many places recta 

changed from. thut in former editions, yet this will be of little chat 

diſadvantage, as the ancient geometers never cite the data, and lelog 

the moderns very rarely. Es: 7, recta 

| | = ratio 

A. 5 that part of the compoſition of a-problem which is its the f 

"\ conſtruction may not be fo readily deduced from the ana- that 

lyfis by beginners :. For their ſake the following example is gi» BA 

ven in which the: derivation of. the ſeveral parts of the cons this | 

ſtruction from the analyſis is particularly ſhown, that they may the f 

be aſſiſted to do the like in other problems. "Y 

PR 0B E M. ve 

Having given the magritude' of a parallelogram, the angle of 5 

which ABC is given, and alſo the excefs of the ſquare of its "I 

ſide BC: above the ſquare of the {ide AB; to find its ſides and 510 

deſcribe it: e . peth 

The analyſis of this is the ſame with the demonſtration of fad 

the 8 7th prop. of the data, and the conſtruction that 1s given ſau; 

of the problem at the end of that propoſition is thus derived hes 


f:0.n the analyſis. 
5 Le 
44 


„ W Pies ERS ES . 


el, DATA. 
1 BFG be equal to the given angle ABC, and becauſe 
* analyſis it is ſaid that the ratio of the rectangle AB, 
Nu the APs, "ap AC is given by the .62d prop. dat. 
Aa 


therefore, | point in FE, the perpendicular EG is drawn 
10 us the atio of FE to EG is the ratio of the rectangle 1168 


” 
4-7-4 


BFDC FGL 


7 AI 


AB, 50 to the parallelogram AC by what is ſhown at the end 


of prop. 62. Next, the magnitude of AC is exhibited by ma- 
king the rectangle EG, GH equal to it; and the given exceſs 
of the ſquare of BC above the ſquare of BA, to which exceſs the 
rectangle CB, BD is equal, is exhibited by the rectangle HG, 
GCL: Then, in the analyſis, the rectangle AB, BC is faid to be 
given, and this is equal to the rectangle FE, GH, becauſe the 
rectangle AB, BC is to the parallelogram AC, as (FE to EG, 
that is, as the rectangle) FE, GH to EG, GH; and the paral- 
klogram AC is equal to the rectangle EG, GH, therefore the 
rectangle AB, BC, is equal to FE, GH: And conſequently the 
ratio of the rectangle CB, BD, that is, of the rectangle HG, 
GL, to AB, BC, that is, of the ftraight line DB to BA, is 
the ſame with the ratio (of the rectangle GE, GH to FE, GH, 
that is) of the ſtraight line GL to FE, which ratio of DB to 


| BA is the next thing ſaid to be : gon in the analyſis: From 
FF 


this it is plain that the ſquare o 1050 the ſquare of- GL, as 
the ſquare of BA, which is equal to the rectangle BC, CD, is 


to the ſquare of BD: The ratio of which ſpaces is the next = 
| thing ſaid to be given: And from this it follows that four times 


the ſquare of FE is to the ſquare of GL, as four times the rec- 
tangle BC, CD is to the ſquare of BD; and, by compoſition, 
four times the ſquare of FE together with the ſquare of GL, 
ls to the ſquare of GL, as four times the rectangle BC, CD 
together with the ſquare of BD, is to the ſquare of BD, that 
ls (8. 6.) as the ſquare of the ſtraight lines BC, CD taken to- 
gether is to the ſquare of BD, which ratio is the next thing 

faid to be given in the analyſis: And becauſe four times the 

(quare of FE and the ſquare of GL are to be added together; 
\kerefore in the perpendicular EG there is taken KG 1 | 


N 0 1 E 8 0 N 


FE, and MG equal to the double of it, becauſe thereby jy 
ſquares of MG, GL, that is, joining ML, the ſquare of I 
is equal to four times the ſquare of FE and to the ſquare; 
. GL: And becauſe the ſquare of ML is to the ſquare of I * 
as the ſquare of the ſtraight line made up of BC and CDH 
the ſquare of BD, therefore (22. 6.) ML is to LG, as BC 
gether with CD is to BD; and, by compoſition, ML and 10 
together, that is, producing GL to N, ſo that ML be equal u 
LN, the ſtraight line NG is-to GL, XG, 6 BC is to Df 


and by taking GO equal to the half of NG, GO is to GI, 
| BCto BD, the ratio of which is ſaid to be given in the 

ſis: And. from this it follows, that the rectangle HG, G05 
HG, GL, as the ſquare of BC is to the rectangle CB, N 
which is equal to the rectangle HG, GL; and therefore th 
ſquare of BC is equal to the rectangle HG, GO; and N. 
conſequently found by taking a mean proportional betwixt H 
and GO, as is ſaid in the conſtruction: And becauſe it u 
| ſhown that GO is to GL, as BC to BD, and that nov th 
three firſt are found, the fourth BD is found by 12. 6. | 
was likewiſe ſhown that LG is to FE, or GK, as DB to l 
and the three firſt are now found, and thereby the fourth By 
Make the angle ABC equal to EFG, and complete the pu 
 lelogram of which the ſides are AB, BC, and the conſtrucii 
is finiſhed ; the reſt of the compoſition contains the demonltt 


8 the propoſitions from the 13th to the 28th mi] 
thought by beginners to be leſs uſeful than the reſt, Wh 
cauſe they cannot fo readily ſee how they are to be made uſe d 
the ſolution of problems; on this account the two following 
blems are added, to ſhow that they are equally uſeful with 
other propoſitions, and from which it may be eaſily judged di 
many other problems depend upon theſe propoſitions. 


PROBLEM TI. 


No find three ſtraight lines ſuch, that the ration 
1 the firſt to the ſecond is given; and if a gn 
ſtraight line be taken from the ſecond, the. ratio of Wn" 
remainder to the third is given; alſo the rectangle c 
tained by the firſt and third is given. 


EVUCLID's DATA. 


by Let ah be the firſt ſtraight "WY CD the ſecond, and r che 
n: And becauſe the ratio of AB to CD is given, and that 
a given ſtraight line be taken from CD, the ratio of the re- 


* 


f a inder to EF is given; therefore“ the exceſs of the firſt AB a 24. 4. 
Dit Jove a given ſtraight line has a given ratio to the third EF: 
1 BH be that given ſtraight line ; therefore AH, the exceſs 


AB above it, has a given ratio to EF; and A 3, = 
paſequently > the rectangle BA, AH, has a . 
ren ratio to the rectangle AB, EF, which | PTE 
| rectangle is given by the hypotheſis ; c 0 9 5 
anah erefore © the rectangle BA, AH is given, E F 22. dat. 
Ds BH the excels of its ſides is given; where- 3 
Mae ſides AB, AH are given d: And be- NML 9 d 85. 
ode the ratios of AB to CD, and of AH to 
are geen, CD and EF are © en. 


qual t 
0 308 
JL, 


** * — —_— 


The — 


Let the given ratio of KL to KM be that which AB is requi- 
d to have to CD; and let DG be the given ſtraight line which 
: to be taken from CD, and let the given ratio of KM to KN 
n that which the remainder muſt have to EF; alſo let the gi- 
rectangle NK, KO be that to which the rectan gle AB, EF 
required to be equal: Find the given ſtraight line BH which 5 
to be taken from AB, which is done, as plainly appears from 
rop. 24. dat. by making as KM to KL, ſo GD to HB. To 
e given ſtraight line BH apply © a rectangle equal to LK, KO e 29. 6. 
xceeding by a ſquare, and let BA, AH be its ſides: Then i " 
IB the firſt of the ſtraight lines required to be found, and by 
king as LK to KM, fo AB to DC, DC will be the ſecond : 
4 laſtly, make as KM to KN, ſo CG to EF, and EF is the 
For as AB t to CD, fo is HB to GD, wh of theſe ratios be- 
g the ſame with the ratio of LK to KM; - thereforef AH is f 19. 5: 
d CG, as (AB to CD, that is, as) LK to KM; and as CG 
EF, ſo is KM to KN; wherefore, ex quali, as AH to EF, 
d is LK, to KN: And as the rectangle BA, AH to the rectan- 
ie BA, EF, ſo is s the rectangle LK, KO to the rectangle KN, g 1. 6 
O: And by the conſtruction, the rectangle BA, AH is equal 
LK, KO: Therefore the rectangle AB, EF is equal to the h 14. 5 
ven rectangle NE, KO: And AB has to CD the given ratio of _ 
to KM; and from CD the given ſtraight line GD being 
een, the remainder CG has to EF the given ratio of KM to 
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b 44. dat. 


0 32. dat, 
4 47. 1. 


2 dat! 


f 28. dat. 
t 33. dat. 


NOTES ON 
VV 


O find three ſtraight lines ſuch, that the ratio of 


I. the firſt to the ſecond is given; and if a given 
ſtraight line be taken from the ſecond, the ratio of the 
remainder to the third is given; allo the ſum of the 


ſquares of the firſt and third is given, 


Let AB be the firſt ſtraight line, BC the ſecond, and BD the 
third: And becauſe the ratio of AB to BC is given, and that if 


a given ſtraight line be taken from BC, the ratio of the remain. 
der to BD is given; therefore“ the exceſs of the firſt AB above 


a given ſtraight line, has a given ratio to the third BD: It 
AR be that given ſtraight line, therefore the remainder EB has 
a given ratio to BD: Let BD be placed at right angles to EB, 
and join DE; then the triangle EBD is® given in ſpecies; 
wherefore the angle BED is given: Let AE which is givenin 
magnitude, be given alſo in poſition, as alſo the point E, and 
the ſtraight line ED will be given“ in poſition : Join AD, and 
becauſe the ſum of the ſquares of AB, BD, that is d, the ſquare 
of AD is given, therefore the ſtraight line AD is given in mag- 
nitude ; and it is alſo given © in poſition, becauſe from the g. 
ven point A it is drawn to the ſtraight line ED given in poſition: 
Therefore the point D, in which the two ſtraight lines AD, ED 
given in poſition, cut one another, is given f: And the ſtraight 
line DB, which is at right angles to AB, is given in polition, 
and AB is given in poſition, therefore f the point B is given: 


h 29. dat. And the points A, D are given, wherefore ® the ſtraight lines 


i 2, dat, 


AB, BD are given: And the ratio of AB to BC is given, and 
therefore i BC is given. yy 
„ The Compaſition. 

Let the given ratio of FG to GH be that which AB is requi- 
red to have to BC, and let HK be the given ſtraight line 
which is to be taken from BC, and let the ratio which the te. 


D L 


— 


A EB BN CET 1 


mainder is required to have to BD be the given ratio of HG 


to LG, and place GL at right angles to FH, and join LF, LH: 


| Next, 


FUCLID's DATA. 


Next, as HG is to GF, ſo make HK to AE; produce AE to 
V. ſo that AN be the ſtraight line to the ſquare of which the 
hs of the ſquares of AB, BD is required to be equal; and 


make the angle NED equal to the angle GFL; and from the 


entre. A at the diſtance AN deſcribe a circle, and let its cir- 
cunference meet ED in D, and draw DB perpendicular to AN, 


and DM making the angle BDM equal to the angle GLH. ; 
laſtly, produce BM to C, fo that MC be equal to KH; then is 


AB the firſt, BC the fecond, and BD the third of the ſtraight 
lines that were to be found, 555 I 
For the triangles EBD, FGL, as alſo DBM, LGH being 


equiangular, as EB to BD, ſo is FG to GL; and as DB to 
BM, ſo is LG to GH; therefore, ex zquali, as EB to BM, 


as (FG to GH, and fo is) AE to HRK or MC; wherefore%, k us. $3 


AB is to Bs as AE to HK, that is, as FG to GH, that is, | 


in the given ratio; and from the ſtraight line BC taking MC, 
which is equal to the given ſtraight line HK, the remainder 


BM has to BD the given ratia of HG to GL; and the ſum of | 
the ſquares of AB, BD is equal d to the ſquare of AD or AN, 4 47. 1. 


which is the given ſpace. Q. E. D. 


| believe it would be in vain to try to deduce the preceding 


conſtruction from an algebraical ſolution of the proplem. 
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LEMMA x, Fic. 1. 


Er ABC be « a reQlineal angle, if about the point Ba as a 
centre, and with any diſtance BA, a circle be deſcribed, 
ing BA, BC, the raight lines including the , angle ABC 
A C; the angle ABC will be to four right angles, as the 
AC to the whole circumference. 

Produce A; till it meet the circle again in F, and through B 
w DE perpendicular to AB, meeting the circle in W 
By 33. 6. Elem. the angle ABC is to a right angle ABD, as 
me 44 AC to the 2 AD; and quadrupling the conſe- 
ents, the angle ABC will be to four right ws as the 
ch AC to Jour times the arch AD, or to the whe circum- 


ce | 


N x n 


LEMMA U. Fi. 2. 


Er ABC be 2 pla ne reftilineal angle as before: About B 

as 2 centre with any two diſtances BD, BA, let two cir- 
Wes be deſcribed meeting BA, BC, in D, E, A, e. z the arch 
C will be to the whole e ee * hich it is an arch, 
ty arch DE | is to the whoſe circumference of which i it is an 


78 Lemma 1. the arch AC is to the whole ci of 
hich it is an arch, as the angle ABC is to four right angles; 
d by the ſame Lemma 1. the arch DE is to the whole. cir- 
umference of which it is an arch, as the angle ABC is to four 
pht angles; therefore the arch AC i is to the whole circumfe- | 
ice of which it is an arch, as the arch DE to the whole Cir. 
mference of which it is an arch. 


DEFINITIONS. Fic. 3. 


* 
ET ABC be a plane rofdilivcal angle; ; if about B as a 
centre, with BA any diſtance, a circle ACF be deſcribed _ 
eeting BA, BC, in A, G; the arch AC i Is called the meaſure 7 5 
the angle ABC. OO ry | 
The dreumſerence of a circle is foppoſl to be Kivided into 
Hh ; 369 


Con. Whatever be the radius of the circle of which the ner 


Chr, which, together with ABC, is equal to two right ar 
A ſtraight line CD drawn through C, one of the extremities of 


Cox. The Sine of a quadrant, or of a right angle, is equal to 


The ſegment DA of the diameter paſſing through A, one er 


The ſtraight line BE between the centre and the extremity of 


PLANE TRIGONOMETRY. 


360 equal parts called degrees, and each degree into 60 equal | 


parts called minutes, and each minute into 60 equal parts p 

called ſeconds, &c. And as many degrees, minutes, ſeconds 
K. as are contained in any arch, of ſo many degrees, minutes, 

ſeconds, &c. is the angle, of which that arch is the meaſure, 

ſaid to be, „„ iz 15 L 


ſure of a given angle is an arch, that arch will contain the 
ſame number of degrees, minutes, ſeconds, &c. as is manifeſt 
from Lemma 2. e ee N 8 
Rog ö | LE 1 

Let AB be produced till it meet the circle again in F, the angle 


gles, is called the Supplement of the angle ABC. 
| . 


the arch AC perpendicular upon the diameter paſling through 
the other extremity A, is called the Sine of the arch AC, or 

of the angle ABC, of which it is the meaſure. : 
the radius. | 
. V. 


O a. wh & + wr a. a. ace a ſs 


tremity of the arch AC between the fine CD, and that ei- 
tremity, is called the Verſed Sine of the arch AC, or angle 
ABC. Om | 
A ſtraight line AE touching the circle at A, one extremity of 
the arch AC, and meeting the diameter BC paſſing through 
the other extremity C in E, is called the Tangent of the arch 
AC, or of the angle ABC. 


VII. 


cu 


gle ABC. | 3 | 
Cor. to def. 4. 6. 7. the ſine, tangent, and ſecant of any angle 
| ABC, are likewiſe the ſine, tangent, and ſecant of its ſupple- WW ace 
| ment CBF. Xo „5 | | | | 
It is manifeſt from def. 4. that CD is the fine of the angle CBE. 
| Let CB be produced till it meet the circle again in G; and Wl get 
it is manifeſt that AE is the tangent, and BE the ſecant, of 


. 


ihe angle ABC or EBF, from det. 8. 7. 


the tangent AE, is called the Secant of the arch AC, or an. 


Cox, 
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al WM Cos to def. 4. 5. 6. 7. The fine, verſed fine, tangent, and ſe- 
ts cant, of any arch which is the meaſure of any given angle 


Is, ABC, is to the fine, verſed fine, tangent, and ſecant, of any 
es, other arch which is the meaſure of the ſame angle, as the 
re, radius of the firſt is to the radius of the ſecond, © 
I (et AC, MN be meaſures of the angle ABC, according to def. 
ea- 1. CD the fine, DA the verſed fine, AE the tangent, and 
the BE the ſecant of the arch AC, adcording to def. 4. 5. 6. 7. 
eſt and NO the ſine, OM the verſed fine, MP the tangent, and 

' BP the ſecant of the arch MN, according to the ſame defini- 

| tions. Since CD, NO, AE, MP are parallel, CD is to NO 
ole as the radius CB to the radius NB, and AE to MP as AB to 
an- BM, and BC or BA to BD as BN or BM to BO; and, by 


converſion, DA to MO as AB to MB. Hence the corollary 
is manifeſt ; therefore, if the radius be ſuppoſed to be divid- 
ed into any given number of equal parts, the ſine, verſed 


S of line, tangent, and ſecant of any given angle, will each con- 
ugh tain a given number of theſe parts; and, by trigonometri- 
0 cal tables, the length of the ſine, verſed fine, tangent, and 
ſecant of any angle may be found in parts of which the ra- 
al to dius contains a given number; and, vice verſa, a number ex- 
- preſſing the length of the fine, verſed fine, tangent, and ſe- 
Y cant being given, the angle of which it is the fine, verſed 
ex- une, tangent, and ſecant may be found. . 
PE CC 
ngl 


+: M8; : e e 


+ of Ie difference of an angle from a right angle is called the 
4 complement of that angle. Thus, if BH be drawn perpendi- 
arch WM cular to AB, the angle CBH will be the complement of the 
" WM gle ABC, or of CBF. Fs EI 


t HK be the tangent, CL or DB, which is equal to it, the 
line, and BK the ſecant of CBH, the complement of ABC, 
according to def. 4. 6. 7. HK is called the co-tangent, BD 
the co-ſene, and BK the co-ſecant of the angle ABC. . 
OR. 1. The radius is a mean proportional between the tan- 
gent and co-tangent 3 : 
or, fince HK, BA are parallel, the angles HKB, ABC will 
de equal, and the angles KHB, BAE are right; therefore 
Con. Tm AT = | the 
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the triangles BAE, KHB are fimilar, and therefore Ak is to 
AB, as BH or BA to HK. As "Pt 
Cor. 2. The radius is a mean proportional between the co-ſine 
And ſecant of any angle AC. Any 
* CD, AE are parallel, BD is to BG or BA, as BA to 


'PROP.'L Mis. 


IN a right angled plain triangle, if the hypothenuſe 
be made radius, the ſides become the fines of the 
angles oppoſite to them; and if either fide be made 
radius, the remaining ſide is the tangent of the angle 
oppoſite to it, and the hypothenuſe the lecant of the 
fame angle. 5 a, OS 


Let ABC be a right angled triangle; if the hypothenuſe BC 
be made radius, either of the ſides AC will be the fine of the 
angle ABC oppoſite to it; and if either {ide BA be made n. 
dius, the other ſide AC will be the tangent of the angle ABC 
oppoſite to it, and the hypothenuſe BC the ſecant of the ſame 
. TO 925 . | 

p 7 B as a centre, with BC, BA for diſtances, let two 
circles CD, EA be deſcribed, meeting BA, BC in D, E: Since 
CARB is a right angle, BC being radius, AC is the ſine of the 
angle ABC, by def. 4. and BA being radius, AC is the tangent, 
and BC the ſecant of the angle ABC, by def. 6. 7. 

Cos. 1. Of the hypothenuſe a ſide and an angle of a right 
angled triangle, any two being given, the third is alſo given. 

Cor. 2, Of the two ſides and an angle of a right angled tr. 
angle, any two being given, the third is alſo given. 5 


7 PRO P. H. Fig. 6, J. 


HE ſides of a plain triangle are to one another, 
as the ſines of the angles oppoſite to them. 


In right angled triangles, this prop. is manifeſt from prop. , 
for if the hypothenuſe be made radius, the ſides are the fines d 
the angles oppoſite to them, and the radius is the fine of a fig 
angle (cor. to def. 4.) which is oppoſite to the hypothenuſe. ö 


is to 


fine 
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In any oblique angled triangle ABC, any two fides AB, AC 
ville to one anotber as the fines of the angles Ach, ABC 
which are oppoſite to them. | | 

From C, B draw CE, BD perpe 
des AB, AC produced, if need be. Since CEB, CDB are 
right angles, BC being radius, CE is the fine of the angle CBA, 
and BD the fine of the angle ACB ; but the two triangles CAE, 
DAB have each a right angle at D and E; and likewiſe the 
common angle CAB; therefore they are fimilar, and conſe- 


quently, CA is to AB, as CE to DB; that is, the fides are as 


the ſines of the angles * to tgem. 5 
Cox. Hence of two ſides, and two angles oppoſite to them 
in a plain triangle, any three being given, the fourth is alfs 
6 


PROP. I. Fic 8. . : YO 


Let ABC be a plain triangle, the ſum of any two ſides AB, | 
AC will be to their difference as the tangent of half the ſum of 


the angles at the baſe ABC, ACB to the tangent of half their 
difference. e | | e 


About A as a centre, with AB the greater ſide for a diſtance, 


kt a circle be deſcribed, meeting AC produced in E, F, and 


IC in D; join DA, EB, FB: and draw FG parallel to BC, 


meeting EB in G. 


The angle EAB (32. 1.) is equal to the ſum of the angles 
at the baſe, and the angle EFB at the circumterence is equal 


to the half of EAB at the centre (20. 3.); therefre EFB is 
half the ſum of the angles at the baſe; but the angle ACB 


(32. 1.) is equal to the angles CAD and ADC, or ABC to- 


gether ; therefore FAD is the difference of the angles at the 
daſe, and FBD at the circumference, or BFG, on account of 
the parallels FG, BD, is the half of that difference; but ſince 


the angle EBF in a ſemicircle is a right angle (1. of this) FB 


being radius, BE, BG, are the tangents of the angles EFB, 
BFG; but it is manifeſt that EC is the ſum of the ſides BA, 


AC, and CF their difference; and fince BC, FG are parallel 


(2: 6.) EC is to CF, as EB to BG; that is, the ſum of the 
>  Hl3 | e we ES 


zndiculir upon the oppette 


N a plain triangle, the ſam. of any two ſides is to their 
difference, as the tangent of half the ſum of the an- 
gles at the baſe, to the tangent of half their difference. 


} 
j 
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ſides is to their Gfference, as the tangent of half the ſam of 


the angles at the baſe to the tangent of half their difference. 

4. 4Þ OBI) 1... 
* any plain triangle BAC, whoſe two ſides are BA, 
AC and baſe BC, the lels of the two ſides which let 


be BA, is to the greater AC as the radius is to the tan- 


gent of an angle, and the radius is to the tangent of 


the exceſs of this angle above half a right angle as the 


tangent of half the ſum of the angles B and C at the 
baſe, is to the tangent of half their difference, 


At the point A, draw the ſtraight line EAD perpendicular 
to BA; make AE, AF, each equal to AB, and AD to AC; 
join BE, BF, BD, and from D, draw DG perpendicular upon 
or. And becauſe BA is at right angles to EF, and EA, AB, 
AF are equal, each of the angles EBA, ABF is half a right 


angle, and the whole EBF is a right angle; (alſo 4. 1. El.) EB 
is equal to BF. And fince EBF, FGD are right angles, EB is 
parallel to GD, and the triangles EBF, FGD are fimilar; 
therefore EB is to BF as DG to GF, and EB being equal to 
BF, FG muſt be equal to GD. And becauſe BAD is a right 


angle, BA the leſs fide is to AD or AC the greater as the ra- 


dius is to the tangent of the angle ABD; and becauſe BGD is 


% 


a right angle, BG is to GD or GF as the radius is to the tan- 


gent of GBD, which is the exceſs of the angle ABD above 
ABF half a right angle. But becauſe EB is parallel to GD, BG 


is to GF as ED is 10 DF, that is, ſince ED is the ſum of the 
ſides BA, AC and FD their difference, (3. of this), as the tan- 


gent of half the ſum of the angles B, C, at the baſe te the tan- 


gent of half their difference. Therefore, in any plain triangle, 


&c. Q. E. D. 
PROP. V. Fic. 9. and 10. 


IN any triangle, twice the rectangle contained by 
any two ſides is to the difference of the ſum of the 


ſquares of theſe two ſides, and the ſquare of the bale, 
as the radius is to the co-line of the angle included by 


the two ſides, 
Leet ABC be a plain triangle, twice the rectangle ABC con- 


tained by any two ſides BA, BC is to the difference of the fon 


* r oa ingen „„ 
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of the ſquares of BA, BC, and the ſquare of the baſe AC, as 
the radius to the co-ſine of the angle ABC. . 
From A, draw AD perpendicular upon the oppoſite ſide BC, 


then (by 12. and 13. 2. El.) the difference of the ſum of the | 
ſquares of AB, BC, and the ſquare of the baſe AC, is equal to 


twice the rectangle CBD; but twice the rectangle CBA is to 
twice the rectangle CB D; that is, to the difference of the ſum 
of the ſquares of AB, BC, and the ſquare of AC, (i. 6.) as AB 
to BD; that is, by prop. 1. as radius to the ſine of BAD, which 


is the complement of the angle ABC, that is, as radius to the 


co-ſine of ABC; | 
PROP. VI. Fs. 11. 


þ nn 


and baſe BC, the rectangle contained by half the 
perimeter, and the exceſs of it above the baſe BC, is to 
the rectangle contained by 
the half of the | | 
AB, AC, as the ſquare of the radius is to the ſquare of 
the tangent of half the angle BAC oppoſite to the baſe. 


Let the angles BAC, ABC be biſected by the ſtraight lines 
the fide AB, tet the exterior 'angle 


AG, BG; and producing 
CBH be biſected by the ſtraight line BK, meeting AG in K; 
and from the points G, K, let their be drawn perpendicular 


upon the ſides the ſtraight lines GD, GE, GF, KH, KI, 


Since therefore (4. 4.) G is the centre of the circle in- 


ſcribed in the triangle ABC, GD, GF, GE will be equal, and 


AD will be equal to AE, BD to BF, and CE to CF. In like 


manner KH, KL, KM will be equal; and BH will be equal 


to BM, and AH to AL, becauſe the angles HBM, HA are bi- 
ſefted by the ſtraight lines BRK, KA: And becauſe in the tri- 


angles KCL, KCM, the ſides LK, KM are equal, KC is com- 


mon and KLC, KMC are right angles, CL will be equal to 
CM: Sinee therefore BM is equal to BH, and CM to CL; 
BC will be equal to BH and CL; together ; and, adding AB 


and AC together, AB, AC, and BC will together be _ 
to AH and AL together: But AH, AL are equal: Wherefore | 
each of them is equal to half the perimeter of the triangle 


ABC: But fince AD, AE are equal, and BD, BF, and alfo 
CE, CF, AB together with FC, will be equal to half the pe- 
rimeter of the triangle to which AH or AL was ſhewn to be 


equal; taking away therefore the common AB, the remain- 


Hh 4 der 


the ſtraight lines by which 
perimeter exceeds the other two ſides 


, : 

1 

\ 
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der FC will be equal to the remainder BH : In the ſame 1 


ner it is demonſtrated, that BF is equal to CL: And ſince the 


points B, D, G, F, are in a circle, the angle DGF vill be e. 


qual to the exterior and oppoſite angle FBH, (22. 3.); where. 
fore their halves BGD, HBK will be equal to one another: 
The right angled triangles BGD, HBK will therefore be e. 


quiangular, and GD will be to BD, as BH to HK, and the 


rectangle contained by GD, HK will be equal to the rectangle 
DBH or BFC: But fince AH is to HK, as AD to DG, the 


rectangle HAD (22. 6.) will be to the rectangle contained by 


HK, DG, or the rectangle BFC, (as the ſquare of AD is to 


the ſquare of DG, that is) as the {quare of the radius to the 
ſquare of the tangent of the angle DAG, that is, the half of 
BAC: But HA is half the perimeter of the triangle ABC, and 
AD is the exceſs of the ſame above HD, that is, above the 


baſe BC; but BF or CL is the exceſs of HA or AL above the 


ſide AC, and FC, or HB is the exceſs of the ſame HA above 
the ſide AB; therefore the- rectangle contained by half the pe- 
rimeter, and the exceſs of the ſame above the baſe, viz. the 
rectangle HAD, is to the rectangle contained by the ſtraight 


lines by which the half of the perimeter exceeds the other two 


ſides, that is, the rectangle BFC, as the ſquare of the radius is 
to the ſquare of the tangent of half the angle BAC oppoſite to 


„„ DS O# Fi Ke bs ns 


N a plain triangle, the baſe is to the ſum of the ſides 
as the difference of the ſides is to the ſum or dif. 
ference of the ſegments of the baſe made by the per- 
pendicular upon it from the vertex, according as the 
ſquare of the greater fide is greater or leſs than the 
{um of the ſquares of the leſſer ſide and the bale. 


Let ABC be a plain triangle ; if from A the vertex be drawn 
a ſiraight line AD perpendicular upon the baſe BC, the baſe 
BC will be to the ſum of the fides BA, AC, as the difference 
of the ſame ſides is to the ſum or difference of the fegments CD, 
BD, accordiag as the ſquare of AC the greater fide is greater 


or leſs than the ſum of the ſquares of the leſſer fide AB, and 


the baſe BC. 3 5 3 31 | 

About A as a centre, with AC the greater fide for a di- 
ſtance, let a circle be deſcribed meeting AB produced in E, 
r, and CBin G: It is manifeſt that FB is the fum and = 


min WF” 
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the difference of the ſides; and ſince AD is perpendicular to 
GC, GD, CD will be equal; conſequently GB will be equal 
to the ſum or difference of the ſegments CD, BD, according 


s the perpendicular AD meets the baſe, or the baſe produced; 


that is, (by Conv. 12. 13. 2.) according as the ſquare of. AC is 

ter or lefs than the 
35. 3.) the rectangle CBG is equal to the rectangle EBF; that 
is, (16. 6.) BC is to BF, as BE is to BG; that is, the baſe is to 
the ſum of the ſides, as the difference of the ſides is to the ſum 
or difference of the ſegments of the baſe made by the perpen- 
dicular from the vertex, according as the ſquare of the greater 
fide is greater or leſs than the ſum of the ſquares of the leſſer 
ide and the baſe. Q. E. D. 71 l 


PROP. VL P R O0 B. FIS. 14. 


HE ſum and difference of two magnitudes being 
1 given, to find them, _ e 
Half the given ſum added to half the given difference, will 


be the greater, and half the difference ſubtracted from half the 


ſum, will be the leſs. _ 
For, let AB be the given ſum, AC the 


greater, and BC the 


leſs. Let AD be half the given ſum; and to AD, DB, which 
are equal, let DC be added, then AC will be equal to BD, 
and DC together; that is, to BC, and twice DC; conſequent- 
ly twice DC is the difference, and DC half that difference; 


but AC the greater is equal to AD, DC; that is, to half the 

ſum added to half the difference, and BC the leſs is equal to 

the excels of BD, half the ſum above DC half the difference. 
>". CH 011001 ee 
Of the ſix parts of a plain triangle (the three ſides and three 


angles) any three being given, to find the other three is the bu- 


ſineſs of plane trigonometry; and the ſeveral caſes of that pro- 
blem may be reſolved by means of the preceding propoſition, 


| in the two following, with the tables annexed. In theſe, 
the ſolution is expreſſed by a fourth proportional to three given 


lines ; but if the given parts be expreſſed by numbers from tri- 


gonometrical tables, it may be obtained arithmetically by the 
SOLUTION, 


common Rule of Three. 


„Nerz. In the tables the following abbreviations are uſed : R, is put for the 
$; T, for Tangent; and 8, for Sine, Degrees, minutes, ſeconds, &c. 
are written in tbi- manner: 39? 2s 1305 &e. which ſignifies 30 degrees, 25 mi- 


: 


ates, x3 ſeconds, Ke. 


m of the ſquares of AB, BC: But (by 


4% 
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SOLUTION of the Casts of right angled 


N Ps a right angled triangle, of the three ſides and 


angle, the other three may be found, except when the 
two acute angles are given, in which caſe the ratios of 


= tios of the lines of 
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GENERAL PROPOSITION. 


three angles, any two being given beſides the right 


the ſides are only gi given, being the ſame with the ra. 
the angles oppoſite to them. 5 


=— an O62, 8 


It is manifeſt from 47. 1. that of the two Gdes ind hypothe- 


nuſe any two be given, the third may alſo be found. It is alſo 
manifeſt from 32. 1. that if one of the acute angles of a right 
angled triangle be given, the other is alſo given, for it is the 


complement of the former to a right angle. 
If two angles of any triangle be given, the third i is alſo gi- 


ven, being the lupplement. of the two given angles to two 
right angles. 


The other caſes - may. be reſolved 7 help of the preceding 


propghations, as in the int table: 


4 1 ZSovcnr. n 2 
1 | Two ſides, AB, The angles) AB: AC:: R: T, By of 
AC. B, C. which Cisthecomplement 


2 | AB, BC, a fide and The 2 BC: BA:: R. 8, C, of 
© {the hypothenuſe. B. C. 1 hwhich Bisthecomplemen. 


2 | - AB, B, a fide and} "The other R . B: : BA: AC| 
jan angle: hs fide AC. 1 


— 0” 


4 "AB and B, a fide The hypo- 11 
Fend an angle. Wy henuſe BC. | 5 


s BC and B, the] The ade R :8,B::BC: CA 
hypothenuſe and an AC. . 


ge: | 5 0 4 1 


* 


Theſs five caſes are e by prop. Ie 
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led LUTION of the Caszs of OBLIQUE-ANGLED 
TRIANGLES, a 


GENERAL PROPOSITION. 


and 
right [* an ebene nde triangle, of the three ſides and 
1 the three angles, any three being given, the other "a 


0s of WW three may be found, except when the three angles are 
e. given; in which caſe the ratios of the ſides are only 
2 iven, being the ſame with the ratios of the ſines of 
£ te angles oppolite to them. | 
othe. 8 


oh 5 Givxx. 5 Sovenr. bh | 

might 4 1 and there- | BC, AC. | S,C:5S 8 3 

"= AB. 1 | AC. (2.) * 

o gi- 6] . | 

I 2 "AB, "IC EY B, The an . AC : AB:: 8, B, 8, C. 

din two ſides and an/A and c. (2.) This caſe admits =. 

2 angle oppoſite to one two ſolutions ; for C may | 
f them. SI WE be greater or leſs than a] — 
1 > nd. quadrant. (Cor. to def. 4) 5 

off i; "AB, AC, and A, A, The angles AB+AC: AB—AC: T, 0 l 

nt, two ſides, and the B and C. C B.: T, CB : 63. „ | 

. 8 N - he th ſum and difference o 

nt. b_ 'r the angles C, B, being“ 

1 | 83 | | Igiven, each of them is gi- : 

\C. C ven. (J.) Otherwiſe. FIG. 

1 5 „„ . | | 

— 1 . 5 BA: AC:: R: T, ABC, 

b- IP bs Fa ſand alſoR: T, ABC—45? 

I. * 1 therefore B and C are gi. 

1 en as before. (7.) | 
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| | 4 c geh 
| 


Given. * Sovenr. 


ABC ho eater tha 
| 5 AB. Cn; I6. . 
. = | 2 ACXCB: ABg—acf 
OY |—-CBq+::R:CoS, C. If 
4 Az, BC, ca, 'B c, the ABg be greater than 075 
[the three ſides. {three angle Cle Fis. (17. 4.) 


L + Otherwiſe. | 
| 1 Let  AB+BC+AC=22] 
| [P+P—AB : PAC + 
| : P—EC : R 17. x G 
ol SR | and hence C is known. (x) 
4 22 O.tßberwuiſe. | 
Let AD be perpendicul: 
to BC. 1. If ABy be leſdlf 
than ACq+CBg. Fic, 16 
BC: BA + AC : : BA 
Ac: BD—DC, and BC 
he ſum of BD, DCis given; 
therefore each of chem is 
| (given. (J.) 
„ . | 2. If ABg be greater than 
| 1 407 141. Fi. 17. BC 
2 . BAT AC:: BA—AC : BD 
| []+DC; and BC the differ 
 ____ ſence of BD, DC is give 
therefore each of them ii 
given. (7.) LN 
h | And CA: CD:: R: Conn 
5 3 8, C. (1.) and C being 
Ih = 7 found, A and B are foun 
1 by caſe 2. or 3. 
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SPHERICAL TRIGONOME TRV. 


DEFINITIONS. 


HE p pole of a circle of the ſphere is a point in the ſuper- LOS 
ficies of the ſphere, from which all ſtraight lines drawn 
to the circumference of the circle are equal. | 
II. 5 
A great circle of the ſphere is any whoſe Slane paſſes through 

the centre of the ſphere, and whoſe centre —— 1 the 

ſame with that of the ſphere. "© 
. III. JJ 
A ſpherical triangle is a figure upon the ſuperficies of a . | 

_ comprehended by three arches of three great circles, each of 

which is leſs than a ſemicircle. 


A ſpherical angle is that which on a the ſuperficies of a ſphere i is 
contained by two arches of great circles, and is the ſame with | 
"the inclination of the planes of theſe great circles. : 


P R 0 r. 1 


Gur circles biſe& one another, 


«6 1 have a common centre cher common ſetion wil be 
a diameter of each which will biſect them. 


PROP, u. Flic. 1 1. 


E arch of a great circle betwixt the 1 and 
the circumference of another 1 is a umm. - 


"Tee ABC be a great drde,” nd D its pole; if a at circle 
DC paſs through P, and meet ABC in C, the arch IC will be 
a quadrant. 
Let the great circle CD meet ABC again in A, and let 
AC be K common ſection of the great circles, which will 


_ pals 
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paſs through E the centre af the ſphere : Join DE, DA, DC: 


By def. 1. DA, DC are equal, and AE, EC are alſo equal, and 


DE is common; therefore (8. 1.) the angles DEA, DEC are 
. equal; wherefore the arches DA » DC are _ and conſe- 
8 each of them is a quadrant. Q. E. D 


PROP. III. Fi. 2. 


oO 
8 


Let 1 
n DA 
ie ſtra 
nd dra 
ED; t! 
inclinat 
with th 
0 DB, 
HG a 


Becauſ 


T* a great circle be deſcribed meeting two preat cir- 


cles AB, AC paſling through its pole A in B, C, the 
angles at the centre of the ſphere upon the circumfe. 


rence BC, is the ſame with the ſpherical angle BAC, 
and the arch BC is called the meaſure of the IPUErICAl 


— BAC. 


Let the planes of the great circles AB, AC interſ cet one an- 
other in the ſtraight line AD paſſing through D their common 
centre; join DB, DC. 


Since A is the pole of BC, AB, AC vill be quadrants, and 
the angles ADB, ADC right angles; therefore (6. def. 11.) the 
angle CDB is the inclination of the planes of the circles 8 | 


AC; that is, (def. 4.) the ſpherical angle BAC. Q. E. D 

Cox. If through the point A, two quadrants A \ AC; be 
drawn, the point A will be the pole of the great circle BC, 
paſſing through their extremities B, C. 

Join AC, and draw AE a ſtraight line to any other point E 
in BC; join DE: Since AC, AB are quadrants, the angles 
ADB, 'ADC are right angles, and AD will be perpendicular to 
the plane of BC: Therefore the angle ADE is a right angle, 


and AD, DC are equal to AD, DE, each to each; therefore 


AE, AC, are equal, and A is the pole of BO, * def. 1. 


bein | 


. 


PROP. Tv. Fi6. 3. 


Pp; iſolceles ipherical rriangles, the angles at the baſe 


are equal. 


Let ABC be an | ifoſceles ha; and AC, CB the equal 
 fdes; the angles BAC, ABC, at the baſe AC, are equal. 


Let 


lar to 


perpen 
the {a1 


ADB 
EEG, 
md | 


oP 


SPHERICAL TRIGONOMETRY. 


1 Let D be the centre of the ſphere, and join DA, DB, DC; | 
n DA take any point E, from which draw, in the plane ADC, - 


and 
are 
He- 


ie ſtraight line EF at right angles to ED meeting CD in F, 
ED ; therefore the rectilineal angle FEG is (6. def. 1 1.) the 


vith the ſpherical angle BAC: From F draw FH perpendicular 
o DB, and from H draw, in the plane ADB, the ſtraight line 
1G at right angles to HD meeting EG in G, and join GF. 
Becauſe DE is at right angles to EF and EG, it is perpendicu- 
ar to the plane EFG, (4. 11.) and therefore the plane FEG is 
perpendicular to the plane ADB, in which DE is: (18. 1 1.) In 
the ſame manner the plane FH G is perpendicular to the plane 


ind becauſe the angle FHG is the inclination of the planes 
BDC, BDA, it is the ſame with the ſpherical angle ABC; and 


angles EDF, HDF, which ſtand upon them at the centre of 
N ne ſphere, are equal; and in the triangles EDF, HDF, the 
4 fide DF is common, and the angles DEF, DHF are right 


angles ; therefore EF, FH are equal ; and in the triangles FEG, 


„ equal by the 47. 1. and therefore the angle FEG is equal to 
FHG ; (8. 1.) that is, the ſpherical angle BAC is equal to the 

4 ſpherical angle ABC. a OE 8 2 

„ 

2 © eB 

; PRO P. V. Bis. 3. 

» %%% 


to them are equal. 


Read the conſtrntiien and demonſtration of the preceding 


propoſition, unto the words, © and the ſides of AC, CB,” &c. 
and the reſt of the demonſtration will be as follows, viz. 


And the ſpherical angles BAC, ABC, being equal, the 


rectilineal angles FEG, FHG, which are the ſame with them, 
are equal; and in the triangles FGE, FGH the angles at G 
are right angles, and the fide FG oppoſite to two of the equal 


an gles ; 


nd draw, in the plane ADB, EG at right angles to the ſame 


nclination of the planes ADC, ADB, and therefore is the ſame 


. — " 
: — 
- — CEC cots - - 


ADB; and therefore GF the common ſection of the planes 
al EG, FHG is perpendicular to the plane ADB; (19. 11.) 


the fides AC, CB of the ſpherical triangle being equal, the 


— 
. W A ET | OY ns Es OAT > > 1 WP 


© BFHG the fide GF is common, and the ſides EG, GH will be 


F, in a ſpherical triangle ABC, two of the angles 
I BAC, ABC, be equal, the ſides BC, AC oppoſite 
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poſed to the 
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| angles 1 is common; * 26. 1.) EF i is equal to FH: Andi 


in the right angled triangles DEF, DHF the fide DF is com- 
mon; Wherefore (47. 1.) ED is equal to DH, and the angles 


EDF, HDF, are therefore equal, (4. 1.) and conſequently the 


tides AC, BC of the ſpherical triangle are — 


PROP. VI. pid. 4. 


N Y two \ ſides of 4 ſpherical triangle are greater 
than the third. 5 


Let ABC be a ſpherical wiaugle, any two ſides AB, BC will 


be greater than the other ſide AC. 


Let D be the centre of the ſphere: Join DA, DB, DC. 
The ſolid angle at D, is contained by three plane angles, 


ADB, ADC, BDC; and by 20. 11. any two of them ADB, | 
B C are 

AB, BC of the ſpherical ge 35 are greater than the 
third AC. | 


greater than the third ADC; 3 that is, any two fides 


PROP. vll. Fic 4 


"HE three ſides of a ſpherical rriangle are % than 
a circle. | 


Let ABC be a ſpherical triangle as before, the three fides 


AB, BC, AC are leſs than a circle. 


Let D be the centre of the ſphere : The ſolid angle. at Dis 
contained by three plane angles BDA, BDC, ADC, which to- 
gether are leſs than four right angles, (21. 11.) therefore the 


ſides AB, BC, AC together, will I be leſs than four quadrants; : 
: that i is, leſs than a circle. : 


PROP. vit. rie. 5 


I a ſpherical triangle the greater angle is oppoſite 
to the greater ſide; and converſely. 


Let ABC be a ſpherical triangle, the greater angle A; is op- 
greater ſide BC. 


Let the angle BAD be made equal to the angle B, and 
then BD, DA will be equal, (5. of this) and therefore "De 


And 
om. 
gles 
the 


ter 


an 


te 


SPHERICAL TRIGONOMETRY. 


DC are equal to BC; but AD, DC are greater than AC, (6. 


of this), therefore BC is greater than AC, that is, the greater 
angle A is oppoſite to the greater fide BC. The converſe is 


demonſtrated as Prop. 19. I. El. k E. * 


P R O P. Fig. 6. 


N any ſpherical triangle ABC, if the ſum of the ſides 
AB, BC, be greater, equal, or leſs than a ſemicircle, 
the internal angle at the baſe AC will be greater, e- 
qual, or leſs than the external and oppoſite BCO; and 
therefore the ſum of the angles A and ACB will be 


greater, equal, or leſs than two "Ow angles. ” 


Let AC, AB produced meet in D. 

1. If AB, BC be equal to a ſemicircle, that i is, to AD, BC, 
BD will be equal, that is, (4. of this) the angle D, or the —_ g 
A 1 be equal to the angle BCD. 

. If AB, BC together be greater than a ſemicirele, that is 
b than ABD, BC will be greater than BD; and there- 
fore (8. of this) the angle D, that is, the angle A * greater 
than the angle BCD. 

In the ſame manner is it Ann chat if AB, BC together 
be leſs than a ſemicircle, the angle A is leſs than the angle 
BCD. And ſince the angles BCD, BCA are equal to two 
right angles, if the angle A be greater than BCD, A and ACB 
together will be greater than two right angles. If A be equal 
to BCD, A and AC; together will be equal to two right an- 
ples ; and if A be leſs han BCD, A and ACB will be leſs than 


two right angles. 2 E. D. 


PROP. X. rie. 7: 
F the ke points A, B, C of the ſpherical trian- 
gle ABC be the poles of three great circles, theſe 
great circles by their interſections will form another 
triangle FDE, which is called ſapplemental to the for- 


ner; that is, the ſides FD, DE, EF are the ſup- 
11 <0 plements 


if 
| 

| 

| 
| 


— 


—̃̃——— ( ——§O—H̃ ̃ TITS — 


ol the fides AC, BC, BA, in the triangle ABC. 


ther, are equal to a ſemicircle. 
ML is the meaſure of the angle BAC, conſequently FE is the 


* 
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| plements of the meaſures of the oppoſite ingles C, B, A, 
of the triangle ABC, and the meaſures of the angles 


F, D, E of the triangle FDE, will be the ſupplements 


* 


Let AB produced meet DE, EF, in G, M, and AC meet 


FD, FE in K L, and BC meet FD, DE in N, H. 


Since A is the pole of FE, and the circle AC paſſes through 
A, EF will paſs through the pole of AC, > (13: 15. 1. Th.) and 
ſince AC paſles through C, the pole of FD, FD will paſs 
through the pole of AC; therefore the pole of AC is in the 
point F, in which the arches DF, EF interſe& each other. In 
the fame manner, D is the pole of BC, and E the pole of AB. 

And ſince F, E are the poles of AL, AM, FL and EM are 
quadrants, and FL, EM together, that IS, FE and ML toge- 
But ſince A is the pole of ML, 


ſupplement of the meaſure of the angle BAC. In the ſame 
manner, ED, DF are the ſupplements of the meaſures of the 


angles ABC, BCA. 


Since likewiſe CN, BH are quadrants, CN, BH together, 
that i is, NH, BC together are equal to a bn ele ; and ſince 


D is the pole of NH, NH is the meaſure of the angle FDE, 


therefore the theaſnrs of the angle FDE is the ſupplement of 
the fide BC. In the ſame manner, it is ſhown that the mea- 
{ures of the angles DEF, EFD are the ſupplements of the ſides 
AB, AC, in the triangle ABC. Q. * 


PROP. XI. Fic. 7. 


FT HE three angles of a ſpherical triangle are greater 
k than two right angles, and lels than ſix at 


The meaſures of the angles A, B, c, in the REO ABC, 
together with the three ſides of the ſupplemental triangle DEF, 
are (10. of this) equal to three ſemicircles; but the three ſides 
of the triangle FDE, are (J. of this) leſs than two ſemicircles; 

therefore 


| SPHERICAL TRI GONOMETRY. 


therefore the meaſures of the an gles A, B, C are greater chan 
a ſemicircle; and hence the angles A, B, C are * than 
two right angles. 

All the external and internal angles of any triangle are equal 
tq ſix right angles; therefore all the n angles are leſs 
5 ſix — angles. 


| "8 %.0 P. III. Fig. EL 


a 


7 from any point 0. which. is. 501 the pole of the 
great circle ABD, there be drawn arches of great 


circles CA, CD, CE, CF, &c. the greateſt of theſe 3 is 
CA, which paſſes through H the pole of ABD, and 


CB the remainder of ACB is the leaſt, and of any o- 
thers CD, CE, CF, &c. CD, which 1s nearer to CA, is 


greater than ck, which i is more remote. 


Let the common ſedction of the planes of the great circles 


ACB, ADB be AB; and from C, draw CG perpendicular to 


AB, which will alſo be perpendicular to the plane ADB; (4. 
def. 11.) join GD, GE, GF, CD, CE, CF, CA, CB. 
Of all the ſtraight lines drawn Gram G to the KS FRETBO 

ADB, GA is the 8 and GB the leaſt; (7. 3.) and GD, 
Which! is nearer to GA, is greater than GE, which is more 
remote. The triangles CGA, CGD are right-angled at G, 


and they have the common fide CG therefore the ſquares of 8 
CG, GA together, that is, the ſquare of CA, is greater than 


the ſquares of CG, GD together, that is, the ſquare of CD: 
And CA is greater than CD, and therefore the arch CA is 
greater than CD. In the fond manner, ſince GD is greater 
than GE, and GE than GF, &c. it is ſhown that CD is 
greater than CE, and CE than c, &c. and conſequently, the 
arch CD greater than the arch CE, and the arch CE greater 
than the arch CF, &c. And ſince GA is the greateſt, and GB 
the leaſt of all the ſtraight lines drawn from G to the circum- 

ference ADB, it is manifeſt that CA is the greateſt, and CB 

the leaſt of all the ſtraight lines drawn from C to the circum- 
ference : And therefore the arch CA is the greateſt, and CB 

the leaſt of all the circles drawn 2 C, W ADB. 


E. D. 


"oy 


Fig. * 


; | Ib. 4 right. angled ſpherical riengle the ſides are of 


| 
| Fig. 10. 
| 
| 
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P R. O P. XIII. Fic. g. 


the ſame affection with the oppoſite angles; that 


is, if the ſides be greater or leſs than quadrants, the 
Wer angles will be | qo or leſs than right angles. | 


Let ABC be a ſpherical triangle right-angled at A, any ſide 


Az, will be of the ſame affection with the oppoſite angle ACB. 


Caſe 1. Let AB be lefs than a quadrant, let AE be a qua- 
dram, and let EC be a great circle paſſing through E, C. 


Since A is a right angle, and AE a quadrant, E is the pole 
of the great circle AC, and ECA a right angle; but ECA is 


greater than BCA, therefore BCA is leſs than a right angle, 
E. D. 


Caſe 2. Let AB be greater than a quadrant, make AE a qua- 


drant, and let a great circle paſs through C, E, ECA is a right 


angle as before, and BCA is greater than ECA, that is, greater 
than a right angie, % E. J. | 


PROP. XIV. 


F the two ſides of a right-angled ſpherical hen he 

of the ſame affection, the hypothenuſe will be leſs 

than a quadrant; and if they be of different affection, 
the bypothenuſe will be greater than a quadrant. 


Let ABC be a right-angled ſpherical triangle, if the two ſides 


AB, AC be of the ſame or of different affection, the hypothe- 
nuſe BC will be leſs or greater than a quadrant. 


Caſe 1. Let AB, AC be each leſs than a quadrant. Let 
AE, AG be quadrants; G will be the pole of AB, and E the 
pole of AC, and EC a quadrant; but, by prop. 12. CE is 
greater than CB, ſince CB is farther off from CGD than CE. 


In the ſame manner, it is ſhown that CB, in the triangle CBD, 
where the two ſides CD, BD are each greater than a * 


is leſs than CE, that is, leſs than a quadrant, Q. E. "A 
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bY 


Caſe 2. Let AC be leſs, and AB greater than a quadrant ; Fig. 10. 


then the hypothenuſe BC will be greater than a quadrant; for 
let AE be a quadrant, then E is the pole of AC, and EC will 


be a quadrant. But CB is greater than CE by 225 12. ſince 
AC paſſes through the pole of ABD. Q E. D 


PROP. . 


＋ the 0 by a right. es Wiang be 


greater or leſs than a quadrant, the ſides will be of 
different or the ſame affection. 0 


This is the converſe of che preceding, and demonſtrated ir in 


the ame manner. 


PROP. XVI. 


'N any e Wiang ABC, if the e 
AD from A upon the baſe BC, fall within the tri- 
angle, the angles B and C at the baſe will be of the 


ſame affection; and if the perpendicular fall without 


the triangle, the angles Band C will be of different 


affection. 


* 


1. Let AD fan within the triangle; then (13. of this) fince pig. 11. 


ADB, ADC are right-angled {; pherical triangles, the angles B, 
C muſt each be of the ſame affection as AD. 


2. Let AD fall without the triangle, then (13. of this) the Fig. 12. | 


angle B is of the fame affection as AD ; and by the ſame the 


angle ACD is of the ſame affection as AD; therefore the angle 


ACB and AD are of different affection, and the angles B and 
AC; of different affection. 


Cor. Hence if the angles B and C be of the ſame affectlon, 2 0-4 


the perpendicular will fall within the baſe; for, if it did not, 


(16. of this) B and C would be of different affection. And if 


the angles B and C be of oppoſite affection, the perpendicular 


will fall without the triangle; for, if it did not, (16. of this), 


the angles B and C would be of the ſame affection, contrary to 
the ſuppoſition, 


Fs PROP. 
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P RO P. XVI. ric. 13. 


IN right: angle 1 dh the ſine of either 
of the ſides about the right angle, is to the radius 


of the ſphere, as the tangent of the remaining ſide is 
to the tangent of the apgle oppoſite to that — 


Let ABC be a triangle, having the right 1 at A; and 
let AB be either of the ſides, the ſine of the ſide AB will be 


to the radius, as the tangent of the other ſide AC to the tan- 


gent of the angle ABC, oppoſite to AC. Let D be the cen- 
tre of the ſphere; join AD, BD, CD, and let AE be drawn 


perpendicular to BD, which therefore will be the ſine of the 
arch AB, and from the point E, let there be drawn in the 


plane BDC the ſtraight line EF at right angles to BD, meeting 


De in F, and let AF be joined. Since therefore the ſtraight 


line DE is at right angles to both EA and EF, it will alſo be 


at right angles to the plane AEF, (4. 11.) wherefore the plane 


ABD, which paſſes through DE is perpendicular to the plane 
AEF, (18. 11.) and the plane AEF perpendicular to ABD: The 
plane ACD or AFD is alſo perpendicular to the ſame ABD: 
Therefore the common ſection, viz. the ſtraight line AF, is at 
(19. 11.) And FAE, FAD are 
right angles; (3. def. 11.) therefore AF is the tangent of the 
arch AC; and in the rectilineal triangle AEF having a right 


angle at, A, AE will be to the radius as AF to the tangent of the 


angle AEF, (1 Pl. Tr.); but AE is the ſine of the arch AB, 


and AF the tangent of the arch AC, and the angle AEF is the 


inclination of the planes CBD, ABD, (6. def. 11.) or the ſphe- 


rical angle ABC: Therefore the fine of the arch AB is to the 


radius as the tangent of the arch AC, to the Fg of the 


5 oppoſite angle ABC. 


Cor. 1. If therefore of the two ſides, and an angle oppo- 


ite to one of them, any two be given, the third will alſo be 


wen. 


Cor. 2. And Gnce by this propoſition the ſine of the fide 
AB is to the ra dius, as the tangent of the other ſide AC to the 


| tangent 


SPHERICAL TRIGONOMETRY. 
tangent of the angle ABC oppoſite to that fide; and as the 


radius is to the co-tangent of the angle ABC, ſo is the tangent 


of the ſame angle ABC to the radius, (Cor. 2. def. Pl. Tr.) 


by equality, the fine ot the fide AB is to the co-tangent of the 


angle ABC adjacent to wth as the tangent of the other fide AC 
to the radius. 5 | 


PROP. II. rie. 13. 


N right. angled ſpherical triangles the fine of the hy- 
1 pothenuſe is to the radius, as the fine of either fide 
is to the fine of the angle oppolite to that hide. 


Let the WEIL ABC be cight-angled at A, and let AC be 


either of the ſides; the ſine of the hypothenuſe BC will be to 
the radius as the ſine of the arch AC is to the ſine of the angle 


ABC. 


Let D be the centre of the ſ phere, and let CG be drawn per- 


pendicular to DB, which will therefore be the ſine of the hy- 
pothenuſe BC; and from the point G let there be drawn in the 


plane ABD the ſtraight line GH perpendicular to DB, and let 
CH be joined ; CH will be ar right angles to the plane ABD, as 


was ſhown in the preceding propoſition of the ſtraight line FA: 
Wherefore CHD, CHG are right angles, and CH is the ſine of 


the arch AC; and in the triangle CHG, having the right angle 


CHG, CG is to the radius as CH to the ſine of the angle 
CGH: (1. Pl. Tr.) But ſince CG, HG are at right angles to 
DGB, which is the common ſection of the planes CBD, ABD, 
the angle CGH will be equal to the inclination of theſe planes; | 
(6. def. 11.) that is, to the ſpherical angle ABC. The ſine 
therefore, of the hypothenuſe CB is to the radius as the fine of 
the fide AC is to the fine of the oppoſite angle ABC. Q. E. DP). 
Cox. Of theſe three, viz. the hypothenuſe, a fide, and the 


anole oppoſite to that fide, . two being given, Ng third 1s 
alfo Poon by prop. 2. 


VVV 
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P R OP. XIX. Fic. 14. 


IN right-engled ſpherical triangles, the co-fine of 
the hypothenuſe is to the radius as the co-tangent 
of either of the angles is to the tangent of the remain- 


ing angle. 


Let ABC be a ſpherical. triangle, having a right age. at A, 
the co-ſine of the hypothenuſe BC will be to the radius as the 
co-tangent of the angle ABC to the tangent of the angle ACB. 

Deſcribe the circle DE, of which B is the pole, and let it 
meet AC in F and the We BC in E; and ſince the circle BD 


paſſes through the pole B of the circle DF, DF will alſo paſs 


through the pole of BD. (13. 18. 1. Theod. Sph.) And ſince 
AC is perpendicular to BD, AC will alſo paſs through the pole 


of BD; wherefore the pole of the circle BD will be found in 


the point where the circles AC, DE meet, that is, in the point 


F: The arches FA, FD are therefore quadrants, and likewiſe 


the arches BD, BE: In the triangle CEF, right-angled at the 
point E, CE is the complement of the hypothenuſe BC of the 


triangle ABC, EF is the complement of the arch ED, which is 


the meaſure of the angle ABC, and FC the hypothenuſe of the 
triangle CEF, is the complement of AC, and the arch AD, 
which is the meaſure of the angle CFE, is the complement of 


AB. 


But (17. of this) in the triangle CEF, the fine of the fide 


CE is to the radius, as the tangent of the other ſide is to the 


tangent of the angle ECF oppoſite to it, that is, in the triangle 


ABC, the co-ſine of the hypothenuſe BC is to the radius, as 


the co-tangent of the angle ABC is to the tangent of the ane 
AB. E. VD. 

Cor. 1. Of theſe three, viz. the hypothenuſe and the two 
angles, any two being given, the third will alſo be give 

CoR. 2. And ſince by this propoſition the co-ſine of the 


| Hypothenuſe BC is to the radius, as the co-tangent of the 


angle ABC to the tangent of the angle ACB. But as the ra- 
dius is to the co-tangent of the angle ACB, fo is the tangent 
of the ſame to the radius; (Cor. 2. def. Pl. Tr.) and, ex 
quo, the co-line of the hypothenuſe BC is to the * 

| J 
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f the angle —_ as the co-tangent of the angle ABC to the 
radius. | 


PROP. 8 Fic. 14. 


I right angled ſpherical triangles, the coſine of an 
angle is to the radius, as the tangent of the fide ad- 


jacent To that angle is to the — of the n 9 


1 | 


The "TR N remaining; ; in the triangle CEF, 
7. of this) the ſine of the ſide EF is to the radius, as the tan- 
gent of the other fide CE is to the tangent of the angle CFE 
loppoſite to it; that is, in the triangle ABC, the co-ſine of the 
[ngle ABC is to the radius as (the co-tangent of the hypothe- 
Inuſe BC to the co-tangent of the fide AB, adjacent to ABC or 
is) the tangent of the ſide AB to the tangent of the hypothe- 
J=uſe, ſince the tangents of two arches are reciprocally 9 
tional to their co-tangents. (Cor. 1. def. Pl. Tr.) 

| Cor. And ſince by this propoſition the co-ſine of the angle | 
[ABC is to the radius, as the tangent of the fide AB is to the - 
tangent of the hypothenuſe BC; and as the radius is to the co- + 
tangent of BC, ſo is the tangent of BC to the radius; by equa- 
lity, the co-line of the angle ABC will be to the co-tangent of 
5 hypothenuſe BC, as the tangent of the fide *** adjacent to 
the angle ABC, to che radius. 


| 
| 25 3 | 
P R O P. XXI. Fic. 14. 


]* right- angled ſpherical triangles, the co-ſine of ei- 
ther of the ſides is to the radius, as the co-ſine of 
the hypothenuſe 1 is to the co-line of the other de. 


The ſame ad. remaining; in the triangle CEF, the 
fine of the hypothenuſe CF is to the radius, as the fine of the | 
ide CE to the fine of the oppoſite angle CFE; (18. of this) 
that is, in the triangle ABC the co-ſine of the fide CA is to the 


radius as the co- ſine of the hypothenuſe BC to the co- ſine " 


the other fide BA. Q E. P. 


PROP. 


* 
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PROD. XXI. Fic. 14. 


N right-angled ſpherical triangles, the co-ſine of ei. 
1 cher of the ſides is to the radius, as the co- ſine o 
the angle oppoſite to that hide 1 1s to te fine of the other 


” The ſame conſtruction remaining; in che triangle CEF, the 
ne of the hypothenuſe CF is to the radius as the ſine of the 
g ſide EF is to the ſine of the angle ECF oppoſite to it; that is 
in the triangle ABC, the co-ſine of the ſide CA is to the ra- 
dius, as the co-ſine of che angle ABC oppoſite to it, is to the 
fine of the other angle. 2 E. D. 


* 
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Of the CIRCULAR PARTS. 


Ir. any right - angled ſpherical triangle ABC, the complement Pls, is. 
of the hypothenuſe, the complements of the angles and the 
Iwo ſides are called The circular parts of the triangle, as if it 
: were following each other in a circular order, from whatever 
er part we begin: Thus, if we begin at the complement of the 
hypothenuſe, and proceed towards the ſide BA, the parts fol- 
lowing in order will be the complement of the hypothenuſe, the 
the complement of the angle B, the fide BA the fide AC, (for the 
the right angle at A is not reckoned. among the parts), and, laſtly, 
t is the complement of the angle C. And thus at whatever part we 5 
ra- begin, if any three of theſe five be taken, they either will be 5 
the all contiguous or adjacent, or one of them will not be conti- | 
guous to either of the other two: In the firſt caſe, the part ; 
which is between the other two is called the Middle part, and | 
the other two are called Adjacent extremes. In the ſecond caſe, 
the part which is not contiguous to either of the other two is 1 
called the Middle part, and the other two Oppoſite extremg. 5 
For example, if the three parts be the complement of the hy- "I 163 
Of pothenuſe BC, the complement of the angle B, and the fide 15 
BA; ſince theſe three are contiguous to each other, the com- . 15 
plement of the angle B will be the middle part, and the com- 
plement of the hypothenuſe C and the fide BA will be adjacent 
extremes: But if the complement of the hypothenuſe BC, and 
the ſides BA, AC be taken; ſince the complement of the hypo- 
thenuſe is not adjacent to either of the ſides, viz. on account 
of the complements of the two angles B and C intervening be- 3 5 
tween it and the ſides, the complement of the hypothenuſe BC „ 
will be the middle part, and the ſides, BA, AC oppoſite ex- ow OS 
tremes. "The moſt acute and ingenious Baron Napier, the in- 3 | 
ventor of Logarithims, contrived the two owing rules con- 
cerning theſe parts, by means of which all the cafes of right- 
angled ſpherical triangles are reſolved with the greateſt eaſe. 
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"RULE L 


The rectangle contained by the is and the fine of the | 110 


middle part, is equal to the rectangle contained by the tangents : 
of the afJacent parts, 


RULE 


Theſe rules are demonſtrated in the following manner: 


therefore the complement of the angle B, and the fide AC will | 
be adjacent extremes. And by cor. 2. prop. 17. of this, 8, BA 


tyre RxCo-9S, B=Co-T, BCT, BA. 


middle part, and the complements of the angles B, C, will be 
adjacent extremes: But by cor. 2. prop. 19. Co-S, BC is to 


prop. 21. Co-S, AC is to the radius, Co-S, BC to Co-S, BA; 
therefore RxCo-8, BC = =Co-S, BAx Co-, AC. Q E. 'D. 
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Oo SOL 
R ULE II. 
The rectangle contained by the radius, and the fine of che 
middle part is equal to the rectangle contained oF _ co- 
ſines of the oppoſite parts. IN a 


Firſt, Let either of the ſides, as BA, be the middle part anc 


is to the Co-T, B, as T, AC is to the radius, and therefore n the 


| RxS, BA Co-T, BxT, AC. cedi 


The ſame ſide BA being the middle part, the complement may 


of the hypothenuſe, and the complement of the angle C, are op- moi 
poſite extremes; and by prop. 18. S. BC is to the radius, as 8, | mo1 


BA to 8, C; therefore RS, BA=S, BCXS, C. 
Secondly, Let the complement of one of the angles, as B, be Caſe 
the middle part, and the complement of the hypothenuſe, and | 


the fide BA will be adjacent extremes: And by cor. prop. 20. 
Co-S, Bis to Co-T, BC, as T, BA is to the radius, and there- 


Again, Let the complement of the angle B be the middle 
part, and the complement of the angle C, and the fide AC will 
be oppoſite extremes: And by prop. 22. Co-S, AC is to the ra- 
dius, as Co-8, Bi is to 8, C: And therefore Rx Co-8, B=Co-9, 
ACXx5, „ 

Thirdly, Let the complement of the hypothenuſe be the 


Co-T, B as Co-T, B to the radius: Therefore R * Co » BC= 
Co-T, CxCo-T, C. | 


Again, Let the complement i the bypothenuſe be the raiddle 
part, and the ſides AB, AC will be oppoſite extremes: But by 


a 
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SOLUTION of the Sixteen CASES of RicuT- 
 ANGLED SPHERICAL TRIANGLES. 
the GENERAL PROPOSITION. 


EN a right angled herical triangle, of the three ſides 
and three angles, any two being given, beſides the 
ight GE, the other three may be found. 


n the following Table the ſolutions are derived from the pre- 

ceding propoſitions. It is obvious that the ſame ſolutions 
nent may be derived from Baron Napier's two rules above de- 
op- monſtrated, which, as they are eaſily wee are com- 
S 8, monly uſed i in practice. 


Caſe. Given. [Sought. | 


R: CoS, AC::8, C: Cos, B: And B i 
| lof the ſame ſpecies with CA, by 22. and 3. Eu 


lo I 4 AC, C | 


dae 2 | AC, B 5 5 AC:R::CoS, B:S, C: By 22. | 


„ P.:, B:: R Cos, AC: By 22. and 
o-S, 1 3 * AC AC i is of the fame ſpecies with B. 13. 


„ IR: Cos, BA:: Cos, AC: Cos, BC. 21. an 

| be 8 ſif both AB, AC be greater or leſs than af 
S to 4 |BA, AC | BC |quadrant, BC will be leſs than a quadrant] 
= - Cn But if they be of different affection, BC 
we 3. will be greater than a quadrant. 14. 
b I (Cos, BA:R :: Cos, BC, Cos, AC. 214 
A; Wm if BC be greater or leſs than a qua- 


5 | BA, BC. AC drant, BA, AC will be of different orf 
5 the ſame affection: By 15. = 2 


) N 2 SFM BA:R: 'T, CA;T, B. r7. and Bi | 
10 Bs Ar} 1 of the ſame affection with AC. 13. 


bre 


<0 


SPHERICAL TRIGONOMETR Y, 


Caſe. Given. S mh 
R: 8, BA: T. B. T, AC 17. And AC 
7 BA, BAC is of the ſame affection with B. 13. 
8 Ac, B BA T, B: R. : T, CA: 8, BA. 17. 
8 CA. 20. If BC 
' A be leſs or greater than a quadrant, C and 
8.7 Lon, C1 AG will be of the ſame or different affec- 
3 ion. 15. 13. 
we ss, C: KT, AC: T. BC. 20. And 
| BC is leſs. or greater than a quadrant, ac- 
$01.85 F Bo ording as C and AC or C and B are of 
5a ſame or different alle Lon. 14. 1. 
1 2 "BC: R: T. CA: CoS. C. 20. If BO 
In 00 be leſs or greater than a quadrant. CA 
* 50, en 0 and AB, and therefore CA and C, are 
3 of the ſame or different affection. 1 
ne Rs, Bc. s, B: S, AC. 18. And AC 
425 is of the ſame affection with B. 
13 |AC, B| Be 5, B:S, Ac: : R. 8, BC: 18. 
| + 8, BC: 'R::S, AC:S, B: 18s. And Bis 
14 PAN of the ſame affection with AC. TT” 
[T. c: R: Co T, B: : CoS, BC. 19. And 
ic B, C | BC according as the angles B and E are of 
5 . © © \different or the ſame affection, BC will be 
13 | * or leſs than a quadrant. 14. 
„ 1. C: Cor, R. 19. I B 
16 BC, C B ſe leſs or greater than a quadrant, C and B 
| willbe of the — affection. 15. 


— 


\C 
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The ſecond, ' eight, and thirteenth caſes, which are common- 
called ambiguous, admit of two ſolutions : For in theſe it is 
ot determined whether the ſide or meaſure of the angle ſought 
greater or leſs than a quadrant. ESR. Ne 
p RO. XXIII. Fic. 16. 
N ſpherical triangles whether right-angled or oblique- 


he ſine of the angle C. | 
of either of the ſides BC, will be to the ſine of either of the 


he ſine of the angle B oppoſite to the fide CD. Through the 
point C, let there be drawn an arch of a great circle CA per- 


jendicular upon BD; and in the right-angled triangle ABC 


18. of this) the ſine of BC is to the radius, as the ſine of AC 


to the ſine of the angle B; and in the triangle ADC (by 18. of 


this) : And, by inverſion, the radius is to the fine of DC as the 


ine of the angle D to the ſine of AC: Therefore ex æquo per- 


turbate, the ſine of BC is to the fine of DC, as the ſine of the 
mgle D to the ſine of the angle B. Q. E. D. | 


L056 5 


PR OP. XXIV. Fic. 17. 18. 


N oblique-angled ſpherical triangles having drawna 


perpendicular arch from any of the angles upon the 


oppoſite ſide, the co-ſines of the angles at the baſe are 


proportional to the ſines of the verticle angles. 


Cc 
* »=_ 


angled, the fines of the ſides are proportional to 
he ſines of the angles oppoſite to them. 5 2 


Firſt, Let ABC be a right-angled triangle, having a right 
nple at A; therefore by prop. 18. the ſine of the hypothenuſe 
is to the radius (or the fine of the right angle at A) as the 
ine of the ſide AC to the ſine of the angle B. And in like man- 
ger, the fine of BC is to the fine of the angle A, as the ſine of 
AB to the fine of the angle C; wherefore (11. 5.) the fine of 
he ſide AC is to the fine of the angle B, as the ſine of AB to 


ther two CD, as the fine of the angle D oppoſite to BC is to 


an 


Secondly, Let BCD be an oblique-angled triangle, the ſine rig. 13.18. 


312 


the baſe BD; the co-ſine of the angle B will be to the co-ſi 
angle DCA. 


angle BCA as (the co-ſine of the fide AC is to the radius; the 
is, by prop. 22. as) the co-ſine of the angle D to the fine oft 


is to the co-ſine of the angle D, as the ſine of the angle BC! 
to the fine of the angle DCA. Q. E. D. | 


OD is to the co-ſine of AD: Wherefore, by permutation, the 
co- ſines of the ſides BC, CD are proportiental to the 8 of 


| 12 ſame conſtruction remaining, the ſines of the 


of AC to the tangent of the angle B; and by 17. and inverſion 


SPHERICAL TRIGONOMETRY. | 
Let BCD be a triangle, and the arch CA perpendicular t 


of the angle b, as the line of the angle BCA to the fine of th 


For by 22. the co-ſine of the angle Bi is to the fine of th 


angle DCA; and, by permutation, the co-ſine of the angle 


PROP. XXV. ric. 17. 18. 


HE ſame things remaining, the co- ge! of th 
ſides BC, CD, are Proportional to the co-ſines 0 
the baſes BA, AD. * 


For by 21. the co- ſine of BC i is to the co-ſine of BA, as (the 
co-fine of AC to the radius; that is, by 21. as) the co-ſine o 


the baſes BA, AD. QE. D. 


e 
A 
A 
A 


PROP. XVI. Fic. 17. 18. 


baſes BA, AD. are reciprocally proportional to 
on tangents of the angles B and D at the baſe, 


A 


For by 17. che fine of BA is to the radius, as the vena 
the radius is to the fine of AD, as the tangent of D to the tan- 


gent of AC: Therefore ex æquo perturbate, the fine of BA is 
to the fine of AD, as the tangent of D to the tangent of B. 


PROB. 
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PROP. XXVII. Fre. 17. 18. 


W to the tangents of the ſides. 


For by prop. 20. the coſine of the angle BCA, is to the ra- 
os as the tangent CA is to the tangent of BC; and by the 


ſame prop. 20. and by inverſion, the radius is to the co- ſine of 


the angle DCA, as the tangent of DC to the tangent of CA: 


Therefore, ex æquo perturbate, the co- ſine of the angle BCA 


is to the co-ſine of the angle DCA, as che tungen of DCi is to 


ME tangent of BC. . D. 


LEMMA. FiG. 1g. 20. 


N right. il plain triangles, the hypothenuſe is to 
the radius, as the exceſs of the hypothenuſe above 


I 


either of the fides to the verſed fine of the acute angle 
adjacent to that ſide, or as the ſum of the hypothenuſe, 
and either of the ſides to the verſed ſine of the exterior 


angle of the triangle. 


Let the triangle ABC have a PAR A. at B; AC will be 
to the radius as the exceſs of AC above AB, to the verſed ſine 


of the angle A adjacent to AB; or as the ſum of AC, ABto 


the verſed ſine of the exterior angle CAK. 


With any radius DE, let a circle be deſcribed, and from D 
the centre let DF be drawn to the circumference, making the 


angle EDF equal to the angle BAC, and from the point F, let 
FG be drawn perpendicular to DE: Let AH, AK be made 


equal to AC, and DL to DE; DG therefore is the co-ſine of 


the angle EDF or BAC, and GE its verſed ſige : And becauſe 


of the equiangular triangles ACB, DFG, AC or AH is to DF 
or DE, as AB to DG: Therefore (19. 5.) AC is to the radius 
DE as BH to GE, the verſed fine of the angle EDF or BAC: 


And ſince AH is to DE, as AB to DG, (12. 5.) AH or AC 
will be to the radius DE as KB to LG, the verſed ine of the 


8 or Ac. 2 E. D. 
WE, PROP. 


Wl 1 co ſines of the vertical angles are reciprocally 3 


2 
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r R 0 P. xxVIII. FiG. 21. 22. 


N any ſpherical triangle, the rectangle contained by 


the ſines of two ſides, is to the ſquare of the radius, 
as the exceſs of the verſed fines of the third fide or 
baſe, and the arch, which is the exceſs of the ſides, is 
to the verſed fine of the angle opppite to the baſe. 


= 
Let ABC be a ſpherical triangle, the Ceftungle . by 


the ſines of AB, BC will be to the ſquare of the radius, as the 
exceſs of the verſed ſines of the baſe AC, and of the arch, 
which is the exceſs of AB, BC to the verſed ſine of the angle 


ABC oppoſite to the baſe. 


Let D be the centre of the ſphere, and let AD, BD, CD be 
Joined, and let the fines AE, CF, CG of the arches AB, BC, 
AC be drawn; let the fide BC be greater than BA, and let BH 


be made equal to BC; AH will therefore be the exceſs of the 


ſides BC, BA; let HK be drawn perpendicular to AD, and 
ſince AG is ahi verſed ſine of the baſe AC, and AK the verſed 


ſine of the arch AH, KG is the exceſs of the verſed ſines of the 
| baſe AC, and of the arch AH, which is the exceſs of the ſides 


BC, BA: Let GL likewiſe be drawn parallel to KH, and let 


it meet FH in I., let CL, DH be Joined, and let AD, FH meet 
each other in M. 


Since hive in the triangles CDF, HDF, De, DH 


are equal, DF is common, and the angle FDC equal to the 
angle FDH, becauſe of the equal arches BC, BH, the baſe 
HF will be equal to the baſe FC, and the angle HFD equal 


to the right angle CFD: The ſtraight line DF therefore (4. 


I1.) is at right angles to the plain CFH : Wherefore the plain 


CH is at right angles to the plain BDH, which paſſes through 
Df, (18. 11.) In like manner, fince DG is at right angles to 


both GC and GL, DG will be perpendicular to the plane 
CGL; therefore the plane CGL is at right angles to the plane 


BDII, which paſſes through DG: And it was ſhown, that the 


plane CFH or CFL was perpendicular to the ſame plane 


DH; therefore the common ſection of the planes CFL, 
_ CGL, viz. the ſtraight line CL, is perpendicular to the plane 


BDA, (19. 11.) and therefore CLF is a right angle: In the 
triangle EL L LES. the right mga CLF, by the lemma CF 


is 


* 
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is to the radius as LH, the exceſs, viz. of CF or FH FR . 
FL, is to the verſed fine of the angle CFL; but the angle CFL. 


is the inclination of the planes BCD, BAD, ſince FC, FL are 
drawn in them at right angles to the common ſection BF: The 
ſpherical angle ABC is therefore the ſame with the angle CFL; 


and therefore CF is to the radius as LH to the verſed ſine of 
the ſpherical angle ABC; and ſince the triangle AED is equi- 


angular (to the triangle MF, and therefape) to the triangle 


_ MGL, AE will be to the radios of the ſphere AD, (as MG to 


ML ; chat is, becauſe of the parallels as) GK to LH: The ratio 
therefore which is compounded of the ratios of AE to the ras 
dius, and of CF to the ſame radius; that is, (23. 6.) the ratio 


of the rectangle contained by AE, CF to the {quare of the ra- 
dius, is the ſame with the ratio compounded of the ratio of GR 


to LH, and the ratio of LH to the verſed ſine of the angle 


ABC; that is, the ſame with the ratio of GK. to the verſed. 


ſine of the angle ABC; therefore, the rectangle contained by 
AE, CF, the ſines of the ſides AB, BC, is to the ſquare of 


the Talis as GK, the exceſs of the verſed fines AG, AK, of 
the baſe AC, and: the arch AH, which is the exceſs of the fides 
to the verſed fine of the — ABC oppoſite to the e baſe AC. 


Q. E. D. 


PROP. XXIX. bie. 23; 


HE tecgangle contained by half of the 0 and 
the excels of the verſed ſines of two arches, is 
equal to the rectangle contained by the {ines of half the 


ſum, and halt the difference of the ſame arches. 


Let AB, AC, W two arches, and let AD be made equal 


to AC the leſs; the arch DB therefore is the ſum, and the arch 


CB the difference of AC, AB: Through E the centre of the 


circle, let there be drawn a diameter DEF, and AE joined, and 
CD likewiſe perpendicular to it in G; and let BH be perpendi- 
cular to AE, and AH will be the val ſine of the arch AB, 


and AG the verſed fine of AC, and HG the exceſs of theſe 


_ verſed ſines: Let BD, BC, BF be Joined, and FC 1110 meeting 
BH in K. 


Since therefore BH, CG are parallel, the eee angles 
BKC, KCG will be equal; but KCG is in a ſemicircle, and 


therefore 


4 * 
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angle oppoũte to ) the bale. 
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therefore a right angle; therefore BKC is a right angle; and 


in the triangles DFB, CBK, the angles FDB, BCK, in the ſame 


ſegment are equal, and FBD, BEC are right angles; the tri- 
angles DFB, CBK are therefore equiangular; wherefore DF is 
to DB, as BC to CK, or HG; and therefore the rectangle con- 


tained by the diameter DF, and HG is equal to that contained 


by DB, BC; wherefore the rectangle contained by a fourth 
part of the diameter, ; and HG, is equal to that contamed by the 


halves of DB, BG: But half the chord DB is the fine of half the 
arch DAB, that | is, half the ſum of the arches AB, AC; and 


half the chord of BC is the fine of half the arch BC, which is 


the rente of AB, AC. Whence the me coo is | manifeſt. l 


PR 0 P. XXX. Fic. 19. 24. 
"HE rectangle contained hs Half of the radius, and 


the verſed fine of any a, is equal to the ſquare 
4 the ſine of half the lame arch. 15 1 


Let AB by an arch of a ade, c its centre, and AC, GB, 
BA being joined: Let AB be biſected in D, and let CD be 


: 3 which will be perpendicular to BA, and biſect it in E, 


1.) BE or AE therefore is the fine of the arch DB or AD, 


4 half of AB: Let BF be perpendicular to AC, and AF will 


be the verſed fine of the arch BA; but, becauſe 2 the ſimilar 
triangles CAE, BAF, CA is to AE as AB, that is, twice AE to 


AF; and by balving the antecedents, half of the radius CA is 
to AE the fine of the arch AD, as the ſame AE to AF the ver- 
| ſe) fine of the arch AB. Wherefore by 16. 6. the 8 


Js maniſeſt. 


PROP, XXXI. Fid. 25. 


N a ſpherical triangle, the reQangle contained by the 


ſines of the two ſides, is to the ſquare of the ra- 


| dius, as the rectangle contained by the ſine of the arch 
which is half the ſum of the baſe and the exceſs of the 


id es, and the fine of the arch, which is half the differ- 
ence of the ſame to the {quare of the line of half the 


— ago; e-ca.a © 
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Let ABC be a ſpherical triangle, of which the two ſides are 


AB, BC, and bafe AC, and let the leſs fide BA be produced, 
ſo that BD ſhall be equal to BC: AD therefore is the exceſs o 

BC, BA; and it is to be ſhown, that the rectangle contained by 
the ſines of BC, BA is to the ſquare of the radius, as the rec- 
tangle contained by the ſine of half the ſum of AC; AD, and 
the ſine of half the difference of the ſame AC, AD to the 


ſquare of the ſine of half the angle ABC, oppoſite to the baſe 


A2 fe 


| Since by prop. 28. the rectan gle contained by the fines. of 7 
the ſides BC, BA is to the ſquare of the radius, as the exceſs 
of the verſed fines of the baſe AC and AD, to the verſed fine 


of the angle B; that is, (1. 6.) as the rectangle contained by 
half the radius, and that exceſs, to the rectangle contained by 


half the radius, and the verſed ſine of B; therefore (29. 30.) of 


this), the rectangle contained by the fines of the ſides BC, BA 


is to the ſquare of the radius, as the rectangle contained by the 


fine of the arch, which js half the ſum of AC, AD, and the 


fine of the arch which is half the difference of the ſame Ac, 
Ab is to the ſquare of the fine of half the angle ABC. Q. E. D. 


SOLUTION 


* 


6 


Fig. 26.27. 
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SOLUTION 65 the twelve 4685 of OnL1QUt- 
| Ax SPHERICAL TRIANGLES. | 


GENERAL PROPOSITION. 
JP: an z oblique. angled ſpherical triangle, of the three 


ſides and three angles, any three. TE given, the 


other three may be found. 


| ſoles and the| 
{ide between] 
8 | | 


4 9. and alſo by 24. 8, BCA : 8. DCA 


| "Cen." Pought. 3 1 
B, D, and C. FP Bc : R Cor, B: T. CA. 
De, ee 9. Likewiſe by 24. Cos, B: 8, BCA: 
2 les and a- G8, D :S, DCA; 1 BCD 
de oppoſite is the ſum or difference. of the angles 
one of them. DCA, BCA according as the perpen- 
2 5 teu CA falls within or without the 
{triangle BCD; that is, (16. of this,) 
according as the angles B, D are of the| 
| ſame or different alke&tion, We 
B, C, and D. Cos, BC; R: - CoT, B: T. BCA, 

IBC two an-| 


Cos, B: Cod, D; and according as 


ſthe angle BCA is leſs or greater than 
BCD, the perpendicular CAfalls within 


or withoutthe trian gleBCD; and there- 


tore (16. of this,) the angles B, D will] 


be of the ſame or different affe@tion. 


, BD. 


| ſum or difference of BA, DA. 


R Cos, B: 
: CoS, 


DC : Cos, DA. 25. and BD is the 


j| CD. 


R: Cos, B: T, BC : T, BA. 
20. and Cos, BA: Cos, BC : : Cod, 


| 24 :T, BC: T, BA. 20. 
land Cos, BC : Cos, BA : 


DA : Cos, DC. 2 5 and according as 


5 DA, AC are of the ſame or different 
: alice, DC will be leſs or greater | 


— a quadrant. 14. 


6 


2 


E- 


SPHERICAL TRIGONOMETRY.: 


Given. Sought. . | 8 eee ti AS 

5 | B, D'andDB.| R:CoS,B::T, BC:T, BA. 20, 
BC. and T. D: T, B: 8, BA: 8, DA. 26. 

oc and BD is the fum or difference of BA | 

| Js | | : 4 | 

6 BC, 5D D. by R : CoS, B : T, BC: T, BA. 20. 

| and B. | and 8, DA: 8, BA:: T, B: T, D; anc 

according as BD is greater or lefs th 
BA, the angles B, D are of the ſame 
| or different affection. 16. 

„ Be, DC| C. ces, BS: R :: CoT, B: T. BSA 
and B 19. and T,. DC: T, BC: Cos, BCA 
5 Cov, DCA, 27. the ſum or differen 

f the angles _ DCA is n | 
the angle BCD. 1 | 4 
3 B, C De CoS, BC: R : CoT, B T. BCA, 
. Ep 19. alſo by 27. Cos, DCA: Cos, BCA 
* T, e:, DC. 27. if BCA and B 
be of the ſame affection ; that is, (13.) 
if AD and CA be fimilay, DC will be 
[leſs than a quadrant. 14. and if AD, 
CA be not of the ſame affection, DC 
Þ is grantee than a — 14. 

o| BC, De D. S,CD:8, 'B::8, BC: SD: -- 
and B | | 1 | 

19] B, D and[DC. | 8, D:S, BC::8, B:S, DC. 

BC. + „ *õ 

110 B. BA, B. 8, ABXS, BC: Rg :: 8, AC+AD| 
AC | 1 2 
Fig. 23. X 9, 2 Sg ABC. See Fig. 24, 

AD bang: the difference of the ſides] 
RES. BC, —— 


SPHERICAL TRIGONOMETRY: 


1 


Given. Sought. 


1o |A, B, C.] The 


| Fig. 7. ſides. 


eee 
* 


are reſpectively the i upplements of the 


See Fig 
10 the triangles DEF. DE, EF, FD 


ſthe triangle BAC; the ſides of the tri- 


| [may be found, and the ſides BC, BA, AC, 
_ fare the ſupplements of the meaſures of 


eaſures of the given angles B, A, C in 


gle DEF are therefore given, and by 
he preceding caſe the angles D, E, F 


theſe * 


The 3d, 5th, th, oth 1 oth, ble which are commonly called 
ambiguous, admit of two ſolutions, either of which will anſwer 
the conditions required ; for, in theſe caſes, the meaſure of the 
angle or fide ſought, may be either greater or leſs than a quad- 
rant, and the two ſolutions will * fupplements to each other, 
| (Cor. to def. 4. 6. Pl. Tr.) 
If from any of the angles of an oblique-angled N tri 
angle, a perpendicular arch be drawn upon the oppoſite ſide, 
moſt of the caſes of oblique-angled triangles may be reſolved 
by means s of 1 N s rules. 
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